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Abstract. We present a new construction that allows us to break off large-degree ratio-
nal curves from families of higher genus curves. Our construction and results deepen the
connection between rational curves and positivity of the anticanonical divisor. Specifically,
we show that varieties with large Fujita invariant admit large families of rational curves.
We also construct free rational curves on certain singular Fano varieties. As an explicit
consequence of our results, we prove that for a general Fano hypersurface of index at least
3, all spaces of genus g curves of sufficiently large degree have the expected dimension.

1. Introduction

Mori’s celebrated Bend-and-Break Theorem is a critical tool for understanding the bira-
tional geometry of projective varieties. It says that a family of maps from an irrational curve
that fixes the image of a point must limit to a map from a reducible curve with at least
one rational component. One challenge with applying this theorem is that classical versions
do not give much information about the reducible curve. For example, when the image of
the fixed point is general then Bend-and-Break produces a rational curve that deforms in a
dominant family but does not provide much information about its degree.

Our main result is a new breaking technique for dominant families of irrational curves on
a projective variety Y . When Y is a smooth Fano, our technique produces a free rational
curve whose cohomology class is very close to the cohomology class of the original curve
(see Theorem 3.1). For arbitrary Y , the correct analogue is to produce a rational curve
that deforms as much as the original curve. The following theorem achieves this over an
algebraically closed field of characteristic 0.

Theorem 1.1. Let Y be a projective variety and C be a smooth projective curve. Suppose
that M ⊂ Mor(C, Y ) is a subvariety such that dimM > dimY and M parameterizes a
dominant family of maps s : C → Y .

Then there is a subvariety N ⊂ Mor(P1, Y ) parameterizing a dominant family of maps
f : P1 → Y such that

dimN ≥ dimM

and s∗C − f∗P1 is algebraically equivalent to an effective 1-cycle.

The key idea in the proof of Theorem 1.1 is to break a family of curves that are highly
tangent to a general divisor at a fixed general point of Y . We will record the tangency
information at this point by sequentially blowing-up Y to obtain a “tower” of exceptional
divisors on a birational model Yk → Y . We carry out the breaking argument on Yk and
carefully analyze how the constructed rational curves interact with the exceptional divisors
to obtain the lower bound in Theorem 1.1.
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Theorem 1.1 is useful both in explicit examples and for developing general theory. The
rest of the introduction is devoted to describing several applications of the construction used
for our main result. In particular, we address:

• the existence of free rational curves in the smooth loci of certain singular Fano vari-
eties,

• the close relationship between the dimension of families of curves and Fujita’s invari-
ant, and

• new results about curves on general Fano hypersurfaces.

1.1. Existence of free rational curves. By combining our breaking results with the recent
techniques of [JLR26] and [JLR25], we obtain new families of rational curves on mildly
singular Fano varieties. The following theorem is a simplified version of Theorem 4.1.

Theorem 1.2. Let X be a terminal Fano variety of dimension n ≥ 3. For a general point
p ∈ X and for any integer Θ ≥ 1, there is a rational curve s : P1 → X that passes through
p and satisfies

• Θ ≤ −KX · s∗P1 ≤ Θ+ n; and
• s(P1) meets the singular locus of X at most n− 2 times.

A famous conjecture of [KM99] predicts that a terminal Fano variety will contain free
rational curves in its smooth locus. Theorem 1.2 proves something a little weaker: it yields
rational curves of arbitrarily large degree which meet the singular locus a bounded number
of times. We can use it to prove new cases of the conjecture of [KM99].

Theorem 1.3. Let X be a terminal Fano variety. Suppose X is either:

(1) smoothable (as specified in Theorem 5.4), or
(2) a fourfold with LCIQ singularities.

Then there is a free rational curve s : P1 → Xsm in the smooth locus Xsm ⊂ X.

In many cases we can prove the existence of a very free rational curve in the smooth locus;
for example, Theorem 5.6 verifies this property for terminal Fano threefolds. Combined with
the results of [Tia12], this yields:

Corollary 1.4 ([Tia12, Theorem 1.9]). Suppose that X is a terminal Fano threefold. Then
there is a resolution of singularities ϕ : X ′ → X such that X ′ is symplectic rationally
connected.

Even when X is a smooth Fano variety, Theorem 1.1 yields new insight into the properties
of rational curves on X. The following result resolves an important open question in the
study of Geometric Manin’s Conjecture (see [LRT25, Remark 4.14]).

Theorem 1.5. Let X be a smooth Fano variety. Then every rational ray in the interior of
Nef1(X) is generated by the class of a very free rational curve.

1.2. Curves and Fujita invariants. Next, we use Theorem 1.1 to strengthen the connec-
tions between an invariant of the minimal model program and the existence of curves. The
key notion is the Fujita invariant.

Definition 1.6. Let Y be a smooth projective variety and let L be a big and nef Q-Cartier
divisor on Y . The Fujita invariant of (Y, L) is

a(Y, L) = min{t ∈ R | KY + tL is pseudo-effective }.
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The Fujita invariant plays an important role in various areas of birational geometry, in-
cluding Fujita’s classification theory (see e.g. [Fuj89], [Hör10]) and the effective study of
Iitaka fibrations (see e.g. [DC14], [BZ16]). It also is important in arithmetic geometry due
to its close connection with the geometry of dominant families of curves on varieties (see
e.g. [HTT15], [LT19a], [LRT25]). Our focus is the latter topic: we complete the story begun
in earlier work by showing that varieties with large Fujita invariants carry large families of
curves.

Prior work, which we summarize in Proposition 6.2, shows that if s : C → Y is a member
of an irreducible component M ⊂ Mor(C, Y ) parameterizing a dominant family of genus
g curves on Y , then dimM ≤ a(Y, L)s∗C · L + 2g + dimY . We prove a type of converse
statement: there will exist infinitely many families M so that the inequality above is almost
satisfied.

Theorem 1.7. Let Y be a smooth uniruled projective variety, let L be a big and nef Cartier
divisor on Y , and let C be a smooth curve of genus g. There are infinitely many irreducible
components N ⊂ Mor(C, Y ) parameterizing dominant families of curves s : C → Y with

dimN > a(Y, L)(L · s∗C)− 2g dimY.

In particular, the case C = P1 shows one can compute the Fujita invariant of a variety
from the properties of the rational curves that it carries, answering an open question of
[LT19a, Section 6.4]. For stronger versions of Theorem 1.7, see Proposition 6.3 and Theorem
6.5.

Our results are particularly useful for studying curves on a Fano varietyX. In combination
with [LRT26], Theorem 1.7 shows that the subvarieties Y ⊂ X with Fujita invariant greater
than 1 are the “accumulating subvarieties” which admit curves that deform much more than
expected. In particular, by leveraging the dictionary between Fujita invariants and curves,
we can relate the geometric properties of curves on X of different genera.

Theorem 1.8. For a smooth Fano variety X, the following are equivalent.

(1) For every closed subvariety Y ⊊ X, a(Y,−KX |Y ) ≤ 1.
(2) There exists a smooth projective curve C such that the dimension of every irreducible

component of Mor(C,X) is at most g(C) dimX more than the expected dimension.
(3) For every smooth projective curve C and every irreducible componentM ⊂ Mor(C,X)

the dimension of M is at most g(C) dimX more than the expected dimension.

Theorem 6.9 proves a related statement for Fano varieties for which every closed subvariety
Y ⊊ X has a(Y,−KX |Y ) < 1.

1.3. Hypersurfaces. Finally, we demonstrate how Theorem 1.1 can be applied to examples
by studying curves on general Fano hypersurfaces. These moduli spaces have been studied
extensively in their own right as well as for their applications to Gromov-Witten theory.
Recently there has been a renewed interest due to connections with arithmetic geometry via
the geometric circle method.

Our key result shows that there are no “accumulating subvarieties” for general Fano hy-
persurfaces in the largest possible degree range. It strengthens a recent result of [HL25]
which established the same property in a more limited degree range by leveraging techniques
from arithmetic geometry.
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Theorem 1.9. Let X ⊂ Pn be a general hypersurface of degree at most n − 2. Then for
every closed subvariety Y ⊊ X we have a(Y,−KX |Y ) < 1.

Theorem 1.9 implies several strong structural results about curves on general Fano hy-
persurfaces. First, by combining it with Theorem 1.8 and the results of [RY19] we obtain a
dimension bound.

Theorem 1.10. Let X ⊂ Pn be a general Fano hypersurface of degree at most n− 2. Then
for every curve s : C → X we have

dim[s] Mor(C,X) ≤ −KX · s∗C + n− 1.

Second, Theorem 1.9 can be used to show that most irreducible components of Mor(C,X)
parameterize free curves. Recall that a morphism s : C → X is said to be free if the minimal
slope of a non-zero quotient of s∗TX is at least 2g(C). The following is a special case of
Theorem 6.11 applied to hypersurfaces using Theorem 1.9.

Corollary 1.11. Let X ⊂ Pn be a general hypersurface of degree at most n− 2. There is a
quadratic function d(g) such that, for every non-negative integer g, if s : C → X is a genus
g curve of degree ≥ d(g) then a general deformation of s is free.
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2. Preliminaries

Throughout we work over a ground field K that is algebraically closed of characteristic
0. We will only work with schemes which are separated and whose connected components
have finite type over the ground field. A variety is irreducible and reduced. A pair (X,∆)
will consist of a normal variety X and an effective Q-Weil divisor ∆ such that KX + ∆
is Q-Cartier. We say the pair is reduced if every irreducible component of ∆ occurs with
coefficient 1.

For a projective variety X, we let N1(X)R denote the space of numerical equivalence
classes of R-Cartier divisors and let N1(X)R denote the dual space of numerical equivalence

classes of R-1-cycles. We denote by Eff
1
(X) the pseudo-effective cone of divisors and by

Nef1(X) the dual cone of nef curves.
Given a smooth projective curve C and a projective variety X, we denote by Mor(C,X)

the moduli space of morphisms from C to X. We letMg,n(X) denote the Kontsevich stack of
n-pointed genus g stable maps and Mg,n(X) denote the open substack of maps with smooth
irreducible domain. If we want to specify the numerical class α ∈ N1(X)R of the curves, we
write Mor(C,X, α) or Mg,n(X,α).
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2.1. Positive curves.

Definition 2.1. Let X be a quasiprojective variety and let C be a smooth projective curve.
Fix a non-negative r ∈ R. A nonconstant morphism s : C → X is said to be r-free if s(C) lies
in the smooth locus of X and every non-zero quotient of s∗TX has slope at least 2g(C) + r.

When we say a curve is r-free, we are implicitly assuming r ≥ 0. In some cases, it will
be useful to work with curves satisfying a weaker positivity condition intended to describe
curves that are r-free in fibers of morphisms.

Definition 2.2. Let X be a projective variety and let r be a non-negative number. We say
that a curve s : C → X is almost r-free if there is a smooth open subset U ⊂ X, a smooth
morphism π : U → Z, and a fiber F of π such that s has image in F and is an r-free curve
in F .

3. Exceptional Towers

In this section we present our main breaking technique, Theorem 3.1. Theorem 1.1 is
an immediate consequence: apply Theorem 3.1 to an irreducible component of Mor(C, Y )
containing the subvariety M from Theorem 1.1.

Theorem 3.1. Let Y be a projective variety and C be a smooth projective curve. Suppose
M ⊂ Mor(C, Y, α) is an irreducible component parameterizing a dominant family of maps.
If dimM > dimY , then there is a component N ⊂ Mor(P1, Y, β) such that:

(1) dimN ≥ dimM ;
(2) α− β is algebraically equivalent to an effective 1-cycle; and
(3) N parameterizes a dominant family of maps.

If Y is smooth, then we can also ensure that

−KY · β ≥ −KY · α− g dimY.

In particular, if Y is smooth and Fano then α−β is contained in a bounded subset of N1(Y )R
that does not depend on α or β.

In fact, the proof will show that maps in M degenerate to a stable map s : C ′ → Y
such that the general map in N is a smoothing of the restriction of s to some connected
subcurve of C ′. The following definition identifies the main construction in our argument.
This construction will allow us to observe the behavior of curves very closely at a smooth
point in Y .

Definition 3.2. Let Y be a projective variety. An exceptional tower over Y is a sequence

Yk
ϕk−→ Yk−1

ϕk−1−−−→ . . .
ϕ1−→ Y0

ϕ0−→ Y

of blow-ups ϕi whose centers Si−1 and exceptional divisors Ei satisfy the following conditions:

• The map ϕ0 : Y0 → Y is the blow-up of a smooth point p ∈ Y with exceptional
divisor E0;

• The map ϕ1 : Y1 → Y0 is the blow-up of a hyperplane S0 ⊂ E0
∼= PdimY−1 with

exceptional divisor E1;
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• For i > 1, suppose we have constructed Si−2
∼= PdimY−2 and the (i− 1)st exceptional

divisor Ei−1 is isomorphic to PSi−2
(O⊕O(i)). Then the center Si−1 ⊂ Yi−1 of the blow-

up ϕi : Yi → Yi−1 is a minimal moving section of the P1-bundle ϕi−1|Ei−1
: Ei−1 →

Si−2. In particular Si−1
∼= PdimY−2 and Ei

∼= PSi−1
(O ⊕O(i+ 1)).

We call p the base and k the height of this exceptional tower. We use the notation Φ(Y, p, k)
to denote such an exceptional tower on Y (for some unspecified choice of blow-ups ϕ1, . . . , ϕk).

Notation 3.3. Let (Y,∆) be a pair with reduced boundary; if no boundary ∆ is specified
we take ∆ = ∅. Given a point p in the smooth locus of Y \ ∆ and an exceptional tower
Φ(Y, p, k) as in Definition 3.2:

• for 0 ≤ i < j ≤ k, we denote by Ẽi the strict transform on Yj of the exceptional

divisor Ei for ϕi : Yi → Yi−1 and we also set Ẽk = Ek for convenience;
• for 0 ≤ i ≤ k, we let ∆i ⊂ Yi be

(
ϕ1 ◦ . . . ◦ ϕi

)∗
(E0 + ϕ∗

0∆);
• for 1 ≤ i ≤ k, we denote by ℓi the class of the strict transform on Yk of a general line
in a fiber of the projective bundle ϕi|Ei

: Ei → Si−1 and we denote by ℓ0 the class of
the strict transform of a general line in E0;

• given a smooth projective curve C and a nonconstant map s : C → Y , for each
0 ≤ i ≤ k we let si : C → Yi denote the strict transform of s mapping to Yi.

A straightforward computation yields:

Lemma 3.4. Let Y be a projective variety. Consider an exceptional tower over Y as in
Definition 3.2. Then for 0 < i < k we have

Ẽi · ℓi = −2 Ẽi · ℓi−1 = Ẽi · ℓi+1 = 1

and Ẽi · ℓj = 0 if |i− j| ≥ 2. If k > 0, we also have

Ek · ℓk = −1 Ek · ℓk−1 = 1 Ẽ0 · ℓ0 = −2 Ẽ0 · ℓ1 = 1.

The following provides geometric intuition for exceptional towers. For any exceptional
tower Φ(Y, p, k), there is a very ample divisor A ⊂ Y such that p ∈ Asm and for all i < k the
strict transform of A in Yi intersects Ei along Si. Curves in Y that are k-fold tangent to A
at p are precisely those whose strict transforms in Yk meet Ek. The language of exceptional
towers allows us to study specializations of these curves as pointed stable maps.

3.1. Local multiplicities. We next define and describe a notion of multiplicity for maps
that is local on the source rather than the target. This will be helpful for describing how
curves with a marked point interact with exceptional towers.

Definition 3.5. Let Y be a variety, C be a smooth curve, and s : C → Y be a nonconstant
map. Let Z ⊂ Y be a smooth closed subscheme contained in the smooth locus of Y such
that s(C) ̸⊆ Z. For any point q ∈ C, the local intersection multiplicity multq(s, Z) of Z with
s at q is the maximal r ≥ 0 such that (s−1IZ · OC)mq ⊂ (mr

q)mq where the subscript ( )mq

denotes localization.

We analyze deformations of maps that preserve certain local multiplicities. The following
sheaf records the infinitesimal structure of such deformations.
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Definition 3.6. Let (Y,∆) be a log smooth pair with reduced boundary. Let C be a
smooth projective curve and let Q ⊂ C be a finite set of points. Suppose that s : C → Y is
a morphism such that s(C) ̸⊂ ∆. Consider the standard exact sequence of coherent sheaves
on Y

0 → TY (− log∆) → TY → N∆.

We define the local log tangent sheaf s∗TY (− log(s,Q) ∆) to be the kernel of the natural map

s∗TY → (s∗N∆)Q

where for a torsion sheaf T on C, TQ denotes the part of T supported along Q.

With notation as in Definition 3.6, the image of the natural map TY → N∆ is the direct sum
⊕r

i=1N∆i
of the normal sheaves of the irreducible components {∆i}ri=1 of ∆. Therefore global

sections of s∗TY (− log(s,Q) ∆) correspond to infinitesimal deformations of s that preserve the
local intersection multiplicities of ∆ with s along Q.

We will need to understand how local log tangent sheaves interact with the blow-ups
defining exceptional towers.

Remark 3.7. Let π : Y → X be the blow-up of a smooth subvariety Z ⊂ X. Let E be the
exceptional divisor of π and consider E as the relative Grassmannian π|E : E → Z of lines
in the vector bundle NZ . The universal quotient bundle on E is isomorphic to TE/Z(E). The
cokernel of dπ : TY → π∗TX may be identified with the composition of the standard map
π∗TX → π∗NZ and the tautological quotient-bundle map π∗NZ → TE/Z(E).

Lemma 3.8. Let (Y,∆) be a log smooth pair with reduced boundary. Let p ∈ Y \ ∆ be
a point. Let C be a smooth projective curve and Q ⊂ C be a finite set of points. Fix an
exceptional tower Φ(Y, p, k) with Notation 3.3. Consider a nonconstant map s : C → Y with
s(C) ̸⊂ ∆ and let P be the set of points in s−1(p) not contained in Q.

(1) There is an exact sequence

0 → s∗0TY0(− log(s0,Q) ∆0) → s∗TY (− log(s,Q) ∆)⊗O
(
−
∑
q∈Q

multq(s, p)·q
)
→
(
s∗TE0(E0)

)
P → 0.

(2) For each integer 0 ≤ i < k, we have an exact sequence

0 → s∗i+1TYi+1
(− log(si+1,Q)∆i+1) → s∗iTYi

(− log(si,Q) ∆i)
τ−→
(
s∗i+1TEi+1/Si

(Ei+1 − Ẽi)
)
Q ⊕

(
s∗i+1TEi+1/Si

(Ei+1)
)
P → 0.

Proof. Since the desired exact sequences can be checked on the preimage of an open neigh-
borhood of p in Y , we may replace Y by Y \∆ to assume that ∆ = 0.
(1) We claim that the log tangent bundle TY0(− logE0) may be described as the kernel of

the standard map φ : ϕ∗
0TY → ϕ∗

0Np. Consider the commuting diagram

0 // F //

f

��

ϕ∗
0TY

φ //

=

��

ϕ∗
0Np

//

g

��

0

0 // TY0

dϕ0 // ϕ∗
0TY // TE0/p(E0) // 0

where the bottom row is the standard exact sequence for a smooth blow-up, F is defined as
the kernel of φ, and the morphism g : ϕ∗

0Np → TE0/p(E0) is the tautological quotient-bundle
map as in Remark 3.7.
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The kernel of g is the tautological subbundle of ϕ∗
0Np, namely OE0/p(−1) = NE0 . By the

snake lemma, we see that the cokernel of f is also isomorphic to NE0 and that the map
TY0 → NE0 is induced by φ ◦ dϕ0 and thus is the natural quotient. We conclude that F is
isomorphic to TY0(− logE0). This proves our claim.

Note that the entire diagram above remains exact upon pulling back via s0. Observe that
the local log tangent sheaf combines the behavior of the restricted tangent sheaf s∗0TY0 near
P and the log tangent sheaf s∗0TY0(− logE0) near Q. Transitioning from the pullback of the
log tangent sheaf to the local log tangent sheaf, we obtain a diagram

0 // s∗0TY0(− log(s0,Q)E0) //

��

s∗TY //

=

��

(s∗Np)Q ⊕ (s∗TE0/p(E0))P //

��

0

0 // s∗0TY0
// s∗TY // s∗TE0/p(E0) // 0

Furthermore, since Np = TY ⊗OY
(OY /mp) the kernel of s∗TY → (s∗Np)Q can be identified

with the twist s∗TY (−
∑

q∈Q multq(s, p) · q). Finally, because p /∈ ∆, the intersection of

s∗0TY0(− log(s0,Q)E0) with s
∗TY (− log(s,Q) ∆) is the desired sheaf s∗0TY0(− log(s0,Q) ∆0). This

proves (1).
(2) We have a commuting diagram with exact rows

0 // TYi+1
(− log∆i+1) //

dlogϕi+1

��

TYi+1
//

dϕi+1

��

NEi+1
⊕NẼi

⊕i−1
j=0 NẼj

//

ι

��

0

0 // ϕ∗
i+1TYi

(− log∆i) // ϕ∗
i+1TYi

// ϕ∗
i+1NEi

⊕i−1
j=0 NẼj

// 0

All three vertical maps are injective, and the cokernel of ι is naturally the restriction
ϕ∗
i+1NEi

|Ei+1∩Ẽi
. Letting K denote the cokernel of dlogϕi+1, we obtain an exact sequence

of cokernels

0 → K → TEi+1/Si
(Ei+1) → ϕ∗

i+1NEi
|Ei+1∩Ẽi

→ 0.

The identification of TEi+1/Si
(Ei+1) with the tautological quotient bundle of ϕ∗

i+1NSi
shows

TEi+1/Si
(Ei+1)|Ei+1∩Ẽi

= ϕ∗
i+1NEi

|Ei+1∩Ẽi
. Thus, K ∼= TEi+1/Si

(Ei+1 − Ẽi). Pulling back via

si+1, we may glue the restriction of s∗i+1TYi+1
(− log∆i+1) to C\P together with the restriction

of s∗i+1TYi+1
to C \ Q using the natural isomorphism over C \ (P ∪ Q). The resulting sheaf

is the local log tangent sheaf s∗i+1TYi+1
(− log(si+1,Q)∆i+1). □

3.2. Curves on general exceptional towers. We will say that an exceptional tower
Φ(Y, p, k) is general among those based at p if the choice of each Si ⊂ Ei lies in an open subset
of |OEi

(Si)| that depends on previously specified quantities. For our purposes, these quanti-
ties will be a smooth projective curve C, a finite set of points Q ⊂ C, and a quasi-projective
subvariety M ⊂ Mor(C, Y ) as discussed in Lemmas 3.9 and 3.11.

Lemma 3.9. Let (Y,∆) be a log smooth pair with reduced boundary. Let p ∈ Y \ ∆ be a
closed point. Fix a smooth projective curve C and a finite set of points Q ⊂ C. Fix a quasi-
projective subvariety M ⊂ Mor(C, Y ). Then a general exceptional tower Φ(Y, p, k) based at
p has the following property.
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Suppose s : C → Y is a nonconstant map parameterized byM whose image is not contained
in ∆. Let i < k be a nonnegative integer. Let Ti ⊂ H0

(
C, s∗iTYi

(− log(si,Q) ∆i)
)
be the

preimage of TsM ⊂ H0(C, s∗TY ) under the natural inclusion map. Then there is a global
section ϵ ∈ Ti such that the composition

OC
ϵ−→ s∗iTYi

(− log(si,Q) ∆i)
ρ−→
(
s∗i+1TEi+1/Si

(Ei+1 − Ẽi)
)
Q

is surjective (where the rightmost map ρ is induced by the map τ in Lemma 3.8).

Proof. The strict transforms of maps in M to Yi are parameterized by finitely many sub-
varieties of Mor(C, Yi). Each subvariety is stratified by finitely many locally closed subsets
wherein the intersection number multqj(si, D) is fixed for each qj ∈ Q and each irreducible
component D ⊂ ∆i. Let Mi ⊂ Mor(C, Yi) be the stratum containing si. The tangent space
to Mi at si corresponds to Ti.

Let qj ∈ Q. We first find a section ϵj ∈ Ti such that ρ◦ϵj : OC → (s∗i+1TEi+1/Si
(Ei+1−Ẽi))|qj

is surjective. If si+1(qj) /∈ Ei+1, then (s∗i+1TEi+1/Si
(Ei+1 − Ẽi))|qj = 0 and so we set ϵj = 0.

Otherwise, consider the map evqj :Mi → Ei given by [h : C → Yi] 7→ h(qj). We may stratify
Mi by locally closed subsets N1, . . . , Nt ⊂Mi such that for all r ≤ t the subset Nr is smooth
and the map devqj : TNr → ev∗qjTEi

has constant rank. Since there are finitely many choices

for Mi and Nr, by Bertini’s Theorem Si ⊂ Ei will be transverse to each evqj(Nr) ⊂ Ei for a
general choice of Φ(Y, p, k).
Let Nr be the stratum of Mi containing si. The assumption that si+1 maps qj into Ei+1

implies pj := si(qj) lies in Si∩evqj(Nr). However, Si and evqj(Nr) are transverse subvarieties
of Ei and by construction devqj |si : TsiNr → Tpjevqj(Nr) is surjective. Thus, we may find a
section ϵj ∈ Ti such that v⃗ := devqj |si(ϵj) satisfies v⃗ /∈ TpjSi.

We claim ρ◦ϵj : OC → (s∗i+1TEi+1/Si
(Ei+1−Ẽi))|qj is surjective. Indeed, the fiber F of Ei+1

over pj is isomorphic to P1. The tautological quotient-bundle map ϕ∗
i+1NSi

→ TEi+1/Si
(Ei+1)

restricts to a surjective map O⊕2
F → OF (1). The tangent vector v⃗ corresponds to a nonzero

global section v ∈ H0(F,O⊕2
F ) whose image in OF (1) vanishes over F ∩ Ẽi. Hence, v⃗ is

a nonzero global section of TEi+1/Si
(Ei+1 − Ẽi)|F ∼= OF . Any nonzero global section of OF

generates every stalk of OF . Pulling back by si+1, we obtain a nonzero section that generates

the stalk of s∗i+1TEi+1/Si
(Ei+1 − Ẽi) over qj.

Let ϵ =
∑

qj∈Q ajϵj be a general linear combination of the ϵj obtained above. By con-

struction, ϵ ∈ Ti and ρ ◦ ϵ : OC → (s∗i+1TEi+1/Si
(Ei+1 − Ẽi))|Q is nonvanishing over any point

of Q that maps into Ei+1. Since TEi+1/Si
(Ei+1 − Ẽi) is locally the quotient of a line bundle

on Yi+1, (s
∗
i+1TEi+1/Si

(Ei+1 − Ẽi))Q is the quotient of a line bundle on C as well. Thus, any

map OC → (s∗i+1TEi+1/Si
(Ei+1 − Ẽi))|Q which is nonvanishing over each nontrivial stalk of

(s∗i+1TEi+1/Si
(Ei+1 − Ẽi))|Q will be surjective. □

Corollary 3.10. Adopt the notation of Lemma 3.9 and distinguish a point q ∈ Q. Let

Mj = {s ∈M | the strict transform sj : C → Yj of s maps q into Ej}.
For any j ≥ 1 and any map s ∈Mj, dimsMj < dimsMj−1 and thus dimsM0 ≥ dimsMj + j.

Proof. Since Mj is a subvariety of Mj−1, it suffices to prove that no irreducible component
of Mj−1 lies in Mj. This follows from our application of Bertini’s Theorem in the proof of

9



Lemma 3.9: every map s ∈ Mj belongs to a stratum Nr ⊂ Mj−1 such that evq(Nr) ⊂ Ej−1

is transverse to Sj−1. □

The following lemma describes when a family of curves contains members that meet the
“top” of a general exceptional tower. This will be used to find subfamilies that satisfy the
hypotheses of Lemma 3.13.

Lemma 3.11. Let Y be a smooth variety and C be a smooth curve. SupposeM ⊂ Mor(C, Y )
is a quasi-projective subvariety that parameterizes generically injective maps. Let q ∈ C be
a general point. Let p ∈ Y be a general point in the subvariety of Y swept out by s(q) as we
vary s ∈M . Let Φ(Y, p, k) be a general exceptional tower based at p. For 0 ≤ j ≤ k set

Mj = {s ∈M | the strict transform sj : C → Yj of s maps q into Ej}.
Suppose that for a general map s ∈M , the tangent space TsM ⊂ H0(C, s∗TY ) of M at s and
the height k of Φ(Y, p, k) satisfy one of the following hypotheses:

(1) the image of ds : TC → s∗TY intersects the subsheaf of s∗TY generated by TsM only
along the zero section, and k ≤ dimM0;

(2) the intersection of TsM with the image of ds∗ : H0(C, TC) → H0(C, s∗TY ) is a
subspace of dimension r > 0, and k ≤ dimM0 + 1− r; or

(3) there is a subsheaf F ⊂ s∗TY such that TsM = H0(C,F), and k ≤ dimM0−2
rk(F)

− 2g(C).

Then Mk is nonempty and of dimension dimM0 − k.

We will apply Lemma 3.11 to spaces M parameterizing graphs of maps, in which case
3.11(1) is satisfied; to componentsM ⊂ Mor(P1, Y ), in which case 3.11(2) is satisfied; and to
very specific subfamilies of free curves for which 3.11(3) is satisfied. The following example
of Eric Larson shows that if none of 3.11(1)–(3) hold for TsM , then Mk may be empty or
have dimension less than dimM0 − k.

Example 3.12. Let L ⊂ P2 be a line and G ⊂ PGL(3) be the subgroup that fixes L
pointwise. Let s : P1 → P2 be the embedding of a conic. Consider the orbitM ⊂ Mor(P1,P2)
of s under G. Then, with the notation of Lemma 3.11, we claim M0 is nonempty and of
dimension 1, but M1 is empty. Indeed, the G-stabilizer of a point p ∈ P2 \ L is isomorphic
to Gm and it acts by scaling on lines through p. Thus, deformations of s that fix the image
of a point q ∈ P1 also fix the tangent line to the curve at p = s(q).

Note that Lemma 3.11 does not apply since the tangent space TsM and the value k = 1 do
not satisfy any of 3.11(1)–(3). Indeed, the tangent space to G in the automorphism group of
P2 corresponds to the space of global sections H0(P2, TP2(−L)). The image of this space of
sections in H0(P1, s∗TP2) is TsM . Moreover, the Euler sequence on P2 shows TsM generates
the subsheaf s∗TP2(−L) inside s∗TP2 . The image of ds : TP1 → TP2 intersects s∗TP2(−L) along
TP1(−s∗L) showing 3.11(1). Only finitely many elements of G fix the image of s. Hence the
intersection of TsM with the image of ds∗ : H0(P1, TP1) → H0(P1, s∗TP2) is zero showing
3.11(2) fails. In particular, TsM does not contain the image of H0(P1, TP1(−s∗L)) under ds∗,
and thus TsM ⊊ H0(P1, s∗TP2(−L)) showing 3.11(3) fails. This proves our claim.

Proof of Lemma 3.11. We first construct a specific exceptional tower Φ(Y, p, k) such that
dimMk = dimM0−k. We use Notation 3.3 throughout our proof to describe this tower. We
finish the proof by generalizing the choices of p and Si that define this tower and appealing
to upper semicontinuity of fiber dimension.

10



Consider a general pair (f, q) ∈M ×C. By generality of (f, q), the fiber of the evaluation
map ev :M × C → Y × C is smooth at (f, q) and f(C) is smooth at p = f(q).
Let ϕ0 : Y0 → Y be the blow-up of Y at p. Because f(C) is smooth at p, the strict

transform f0 : C → Y0 of f meets E0 transversely and only at one point, the image of q.
Observe that f ∗

0TY0(− log(f0,{q}) ∆0) ∼= f ∗TY (−q) by Lemma 3.8.

We now describe some properties of the tangent space TfM . Let T̃C ⊂ f ∗TY be the
saturation of the image of df : TC → f ∗TY . Since f ∈ M is general, by [HM98, Lemma
3.41] the intersection of TfM and H0(C, T̃C) inside H

0(C, f ∗TY ) is contained in the image
of df∗ : H

0(C, TC) → H0(C, f ∗TY ). Let R ⊂ TfM be this intersection and set r = dimR.
Let V ⊂ f ∗TY be the subsheaf generated by TfM . Note that in the case where (3) is

satisfied, V ⊂ F and so H0(C, V ) = TfM . As rk(V ) ≤ rk(F), it suffices to consider the
special case F = V .
Let V be the image of V in f ∗TY /T̃C . Since V is generated by TfM , V is generated by

the image of TfM in H0(C, V ) as well. By an incidence correspondence argument, a general
element of a space of global sections that generates a vector bundle on C of rank at least two
is nowhere vanishing. It follows that there is a subspace T ⊂ TfM of dimension rk(V ) − 1
such that the natural map ι : T ⊗OC → V is an inclusion with saturated image. Let Q be
the (rank 1) cokernel of ι and let π : V → Q be the induced map. Observe that the kernel
of π∗ : TfM → H0(C,Q) is the linear subspace R + T .
Consider the image W ⊂ H0(C,Q) of TfM under π∗. By the preceding paragraphs, we

conclude dimW = dimM− rk(V )+1−r. Using the equality dimM0 = dimM− rk(V ), and
the fact that r can only be nonzero when rk(V ) < rk(V ), we see that dimW > k whenever
hypothesis (1), (2), or (3) holds.

The Plücker formula for ramification sequences [EH16, Theorem 7.13] shows that the
weight of a linear system is finite; since q ∈ C is general its weight with respect to the linear
system W ⊂ H0(C,Q) is 0. In particular, the natural map

θW : W → Q|(k+1)q

is surjective because dimW > k. We will use the map θ : TfM → Q|(k+1)q induced by θW
to construct the desired exceptional tower.

Define ψ : TfM → Q|(k+1)q ⊕ V |q to be the map coming from θ and the evaluation of
sections at q. Let ψi : TfM → Q|(i+1)q ⊕ V |q be the truncation of ψ for all 0 ≤ i ≤ k.
Observe that the image of ψi is contained in the preimage Gi of the diagonal under the
natural map Q|(i+1)q ⊕ V |q → Q|q ⊕Q|q. Our first goal is to show that the image of ψi is Gi

for all 0 ≤ i ≤ k.
If either hypothesis (1) or (2) holds, the kernel of θ surjects onto the kernel of V |q → Q|q.

It immediately follows that the image of ψi is Gi in these cases. Hence, we may suppose
hypothesis (3) holds instead. In fact, since the upper bounds on k in hypotheses (1) and (2)
are greater than or equal to the upper bound on k in hypothesis (3), we may suppose neither
hypothesis (1) nor (2) holds. In other words, we may assume that the intersection of V with
the image of df : TC → f ∗TY is nontrivial and that the intersection of TsM = H0(C, V ) with
the image of df∗ : H

0(C, TC) → H0(C, s∗TY ) is the zero section. Since the intersection of V
with the image of df : TC → f ∗TY is saturated in V by [HM98, Lemma 3.41], it follows that
T̃C ∩V is a subsheaf of TC with no sections, and in particular is a line subbundle of negative
degree. In contrast, we have deg V ≥ h0(C, V )− rk(V ) = dimM0.
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If V is unstable, let F ⊂ V be the maximal destabilizing subsheaf; otherwise, let F = V .
Since µ(F ) ≥ µ(V ) > 0, µmax(ker(V → Q)) ≤ 0, and q ∈ C is a general point, the
induced map F → Q is surjective in a neighborhood of q. Since V is globally generated, to
verify that the image of ψi is Gi it suffices to show the natural map H0(C,F ) → F |(k+1)q

is surjective. To prove this, observe that µ(F ) ≥ µ(V ) > k + 2g(C). Hence, the vector
bundle ΩC ⊗ F∨((k + 1)q) is semistable with negative slope. Thus, by Riemann–Roch
H1(C,F (−(k + 1)q)) = 0, which proves surjectivity of H0(C,F ) → F |(k+1)q. We conclude
that the image of ψi is Gi for all 0 ≤ i ≤ k.
Having shown the image of ψi is Gi, we will use the following consequence. Identify the

kernel of Q|(i+1)q → Q|q with Q(−q)|iq. For all 0 < i ≤ k, since the image of ψi is Gi we see
that ψi maps ker(ψ0) surjectively onto Q(−q)|iq ⊕ 0. This shows rk(ψi) > rk(ψi−1).
By generality of q ∈ C, there exists a line bundle Q′ and a quotient map π′ : f ∗TY → Q′

such that π′|V factors through π : V → Q and the induced map Q → Q′ is an isomorphism
near q. For each 0 ≤ i ≤ k, let τi : f

∗TY → Q′|(i+1)q ⊕ f ∗TY |q be the natural map. We note
that τ0 factors through f ∗TY → f ∗TY |q, so that

ker(τ0) ∼= f ∗TY (−q) ∼= f ∗
0TY0(− log(f0,{q}) ∆0).

Since the map Q → Q′ is an isomorphism near q, τi therefore restricts to a surjective map
f ∗TY (−q) → Q′(−q)|iq for all 1 ≤ i ≤ k.

We now construct the Yj of the exceptional tower for j > 0, definingMj as in the statement
of this lemma and letting fj : C → Yj denote the strict transform of f . We wish to show
that Yj satisfies:

(i) fj(C) meets Ej transversely at fj(q) and does not meet Ẽi for any i < j,
(ii) dimf Mj = dimf M0 − j and Mj is smooth at f , and
(iii) f ∗

j TYj
(− log(fj ,{q}) ∆j) ∼= ker(τj).

By construction these properties are satisfied for j = 0.
Suppose that for some j < k and all i ≤ j we’ve constructed Yi with properties (i)-

(iii). As τj+1 restricts to a surjective map f ∗TY (−q) → Q′(−q)|(j+1)q, it follows that
τj+1 maps ker(τj) ∼= f ∗

j TYj
(− log(fj ,{q}) ∆j) surjectively onto the kernel of the natural map

Q′(−q)|(j+1)q → Q′(−q)|jq. We identify this latter space with K(q) and denote the induced
map by τ ′j+1 : f

∗
j TYj

(− log(fj ,{q}) ∆j) → K(q).
We next analyze the maps on tangent spaces at q coming from the exceptional tower. In

the fiber over q, the kernel of τ ′j+1|q is a hyperplane K ⊂ f ∗
j TYj

(− log(fj ,{q}) ∆j)|q. Moreover,

for all i < j the inclusion ker(τj) ⊂ ker(τi) induces the natural map

γi,j : f
∗
j TYj

(− log(fj ,{q}) ∆j)|q → f ∗
i TYi

(− log(fi,{q}) ∆i)|q

on log tangent spaces. We claim the restriction of these maps to K is injective. To see this,
tensor the following commutative diagram with K(q):

ker(τj+1) ker(τj) K(q) 0

0 f ∗TY (−q) f ∗TY (−q) 0.

ς

ιj+1

τ ′j+1

ιj

id
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The image of ς|q is K and rk(ιj+1|q) = rk(ιj|q) = dimK. Since ker(τ0) ∼= f ∗TY (−q) and ιj
is the inclusion map, we see that γ0,j = ιj|q is injective on K. Since γi,j factors γ0,j for all
i > 0, this implies our claim.

Observe that the composition of maps TC → f ∗TY → Q′ is 0. Thus, K contains the image
of the log tangent space of C at q under dlogfj|q. This latter space is the kernel of the natural
map from the log tangent space of Yj at fj(q) to the tangent space Tfj(q)Yj. Since the image
of the log tangent space in Tfj(q)Yj is the tangent space Tfj(q)Ej of Ej, we conclude that the

image of K in Tfj(q)Yj is a hyperplane section K of Tfj(q)Ej.

If j = 0, then we define S0 to be the hyperplane in E0
∼= PdimY−1 passing through f0(q)

with tangent space K. If j > 0, then injectivity of γj−1,j on K implies that K does not
contain the kernel of the map Tfj(q)Ej → Tfj−1(q)Sj−1. By property (i), the point fj(q) does

not meet Ẽj−1 and so does not lie on the rigid section of Ej → Sj−1. Because of this, we
can find a minimal moving section Sj of Ej → Sj−1 that passes through fj(q) with tangent
space K. In both cases we define ϕj+1 : Yj+1 → Yj to be the blow-up of Sj.

With this construction, Remark 3.7 shows τj+1 is the map τ in Lemma 3.8(2), which verifies
(iii). Because fj(C) is transverse to Ej and meets Sj, we see that Yj+1 satisfies property (i).
To check (ii), observe that the restriction of τj+1 to TfM ⊂ H0(C, f ∗TY ) factors through
ψj+1. As rk(ψj+1) > rk(ψj), the tangent space to Mj+1 at f has dimension dimf Mj − 1.
This showsMj+1 is smooth at f because codim(Mj+1,Mj) ≤ 1 andMj is smooth at f . Thus
Yj+1 satisfies property (ii).

Continuing in this way, we may increment j until j = k. This constructs the desired
exceptional tower. We now prove that Mk satisfies the statement of this lemma for a general
exceptional tower based at p by a deformation argument. One can construct a moduli space
E (Y, p, k) of exceptional towers based at p and of height k on Y by keeping track of the choice
of the divisors Si ⊂ Ei. Let Mj ⊂M×E (Y, p, k) be the relative version ofMj. An incidence
correspondence argument shows the dimension of each irreducible component of Mk is at
least dimM0−k. Our constructed exceptional tower implies the projection Mk → E (Y, p, k)
is dominant, as fiber dimensions are upper semicontinuous. This proves that for a general
exceptional tower based at p, Mk is non-empty and of dimension dimM0 − k. □

3.3. Breaking curves. To prove Theorem 3.1 we will lift a curve on Y to an exceptional
tower Yk, break the curve on Yk, and then push the resulting broken curve back down to Y .
In this section we will study the stable limits of curves passing through the top exceptional
divisor in an exceptional tower. As we will see, certain geometric properties of the curve
are controlled by the combinatorics of how the broken curve interacts with the exceptional
divisors.

Lemma 3.13. Let Y be a projective variety and let Φ(Y, p, k) be an exceptional tower of
height k based at a smooth point p of Y . Suppose π : C → B, ev : C → Yk is a one-dimensional
family of stable maps with a marking σ : B → C such that ev(σ(B)) ⊂ Ek. Suppose as well
that a general map parameterized by B is the strict transform of an irreducible curve on Y .
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Consider any pointed map s : (C, q) → Yk parameterized by B. Let Cexc ⊂ C be the
connected component of s−1(∆k) that contains q. Let {Cℓ}ℓ∈L be the set of irreducible com-
ponents of C that meet Cexc but are not contained in it and set Qℓ = Cℓ ∩ Cexc. Then

∑
ℓ∈L

∑
qj,ℓ∈Qℓ

(
k∑

i=0

(i+ 1) ·multqj,ℓ
(
s|Cℓ

, Ẽi

))
≥ k + 1.

Proof. Set Cadj = ∪ℓ∈LCℓ. If Cexc is a point q, then Cadj must be the strict transform of an
irreducible curve in Y so that multq(s|Cadj

, Ek) ≥ 1 and the inequality holds. Thus, we may
suppose Cexc is a curve and consider C, Cadj, and Cexc as divisors in C. As Cexc lies in a fiber
of π : C → B, each component of Cexc pairs to 0 with the class of a π-fiber. In particular,
for any divisor D ⊂ C supported on Cexc,

D · (Cexc + Cadj) = D · C = 0.

For each 0 ≤ i ≤ k, the support of the pullback ev∗Ẽi may contain components of Cexc

but not any component of Cadj. Let Di be the part of ev∗Ẽi supported on Cexc. When

i < k, by construction ev∗Ẽi · Cexc ≥ Di · Cexc while Di · Cexc = −Di · Cadj, showing that

Di · Cadj ≥ −ev∗Ẽi · Cexc. As σ(B) is contained in ev∗Ẽk and σ(B) meets Cexc, when i = k

the same argument yields the improved bound Dk · Cadj ≥ −ev∗Ẽk · Cexc + 1.
Since s(Cexc) is contracted by the birational morphism Yk → Y , up to numerical equiva-

lence we can write

s∗Cexc ≡
k∑

i=0

biℓi

for some integers bi ≥ 0. Note that the multiplicity multqj,ℓ(s|Cℓ
, Ẽi) is the local intersection

number of Cℓ with Di at qj,ℓ. Since Di∩Cℓ ⊂ Qℓ for all ℓ ∈ L, we can compute Di ·Cadj as a

sum of multiplicities over all {qj,ℓ ∈ Qℓ}ℓ∈L. On the other hand, ev∗ Ẽi ·Cexc can be computed
by combining the above description of s∗Cexc with Lemma 3.4. With these modifications,
our earlier inequalities show that for 0 < i < k we have

∑
ℓ∈L

∑
qj,ℓ∈Qℓ

multqj,ℓ(s|Cℓ
, Ẽi)

 ≥ 2bi − bi+1 − bi−1

and that∑
ℓ∈L

∑
qj,ℓ∈Qℓ

multqj,ℓ(s|Cℓ
, Ek)

 ≥ 1+bk−bk−1,

∑
ℓ∈L

∑
qj,ℓ∈Qℓ

multqj,ℓ(s|Cℓ
, Ẽ0)

 ≥ 2b0−b1.
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Combining these equations, we obtain

k∑
i=0

(i+ 1)

∑
ℓ∈L

∑
qj,ℓ∈Qℓ

multqj,ℓ(s|Cℓ
, Ẽi)


≥ (k + 1)(1 + bk − bk−1) +

(
k−1∑
i=1

(i+ 1)(2bi − bi+1 − bi−1)

)
+ (2b0 − b1)

= k + 1 + bk

≥ k + 1. □

Remark 3.14. Observe from the proof of Lemma 3.13 that the key ingredients are the
intersection numbers for the curves in the family C with the exceptional divisors Ei. We can
also achieve the same conclusion if we vary Y in a 1-parameter family B.

More precisely, suppose that:

(1) φ : Y → B is a flat projective map, pB ∈ Y is a K(B)-point contained in the smooth
locus of φ, and Φ(YK(B), pB, k) is an exceptional tower over the generic point of B;

(2) there is a sequence Yk → . . . → Y0 → Y of integral models over B of the blow-ups
defining Φ(YK(B), pB, k) such that the restriction to each geometric fiber of φ is an
exceptional tower;

(3) C → B is a generically smooth family of prestable curves equipped with aB-morphism
ev : C → Yk whose image is not contained in the exceptional locus of Yk → Y .

Suppose there is a marking σ : B → C such that ev(σ(B)) lies in the “top” exceptional
divisor Ek. Then for every point t ∈ B, defining {Cℓ} and Cexc as above, we still have∑

ℓ∈L

∑
qj,ℓ∈Qℓ

(
k∑

i=0

(i+ 1) ·multqj,ℓ
(
s|Cℓ

, Ẽi

))
≥ k + 1.

We now connect the inequality in Lemma 3.13 to a lower bound on the anticanonical
degree of a curve s : C → Y . The most general statement we will need is Proposition 3.15.
Its corollary provides such a lower bound when C = P1 and s∗TY is globally generated.

Proposition 3.15. Let (Y,∆) be a log smooth pair with reduced boundary and let p ∈ Y \∆
be a closed point. Let C be a smooth curve and fix a finite set of points Q ⊂ C. Suppose
M ⊂ Mor(C, Y ) is a quasi-projective subvariety.

Consider a general exceptional tower Φ(Y, p, k) of height k ≥ 1 based at p. Suppose
s : C → Y is a map parameterized by M such that s(C) ̸⊂ ∆. Let V ⊆ s∗TY (− log(s,Q) ∆)
and Vk ⊆ s∗kTYk

(− log(sk,Q) ∆k) be the maximal generically globally generated subbundles of
the respective local log tangent sheaves. Then

c1(V )− c1(Vk) ≥
∑
qj∈Q

(
rk(Vk) ·multqj(s0, E0) +

k∑
i=1

multqj(si, Ei)

)
.

Proof. For 0 ≤ i < k, Lemma 3.8.(2) yields an exact sequence

0 → s∗i+1TYi+1
(− log(si+1,Q)∆i+1) → s∗iTYi

(− log(si,Q) ∆i) → Pi+1 → 0

where Pi+1 is torsion and (Pi+1)Q =
(
s∗i+1TEi+1/Si

(Ei+1 − Ẽi)
)
Q.
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For 0 ≤ i ≤ k, let Vi ⊂ s∗iTYi
(− log(si,Q) ∆i) be the maximal generically globally generated

subbundle and let δi denote its rank. We let Ti+1 denote the torsion sheaf which is the
image of Vi → Pi+1. The exact sequence above shows that Vi+1 is contained in the kernel
of Vi → Ti+1 (but might not be equal to it). Lemma 3.9 shows that (Pi+1)Q ⊂ Ti+1. Since

TEi+1/Si
(Ei+1 − Ẽi) is a line bundle on Ei+1, Definition 3.5 shows that the length of (Pi+1)Q

is
∑

qj∈Q multqj(si+1, Ei+1). This provides a lower bound for the length of Ti+1.

Altogether we deduce that for each i with 0 ≤ i < k, one of the following occurs:

(1) δi+1 = δi and c1(Vi+1) ≤ c1(Vi)−
∑

qj∈Q multqj(si+1, Ei+1),

(2) δi+1 < δi and c1(Vi+1) ≤ c1(Vi).

Case (2) occurs at most δ0−δk times. Note that multqj(si, Ei) ≥ multqj(si+1, Ei+1) whenever
i is between 0 and k − 1. Summing up the changes (1)-(2) over all 0 ≤ i < k we obtain

c1(V0) ≥ c1(Vk) +
∑
qj∈Q

(
(δk − δ0) ·multqj(s0, E0) +

k∑
i=1

multqj(si, Ei)

)
.

By Lemma 3.8.(1) we can identify s∗0TY0(− log(s0,Q) ∆0) with a subsheaf of the twist of

s∗TY (− log(s,Q) ∆) by OC

(
−
∑

qj∈Q multqj(s, p) · qj
)
. Since multqj(s, p) = multqj(s0, E0), we

have

c1(V ) ≥c1
(
V0
( ∑
qj∈Q

multqj(s, p) · qj
))

≥c1(Vk) +
∑
qj∈Q

(
δk ·multqj(s0, E0) +

k∑
i=1

multqj(si, Ei)

)
.

□

When we break a family of curves, the irreducible components of the broken curve might

intersect many different exceptional divisors Ẽi in our tower. The following result allows
us to leverage information about these intersection numbers to prove that the images on Y
have high −KY -degree.

Corollary 3.16. Let Y be a smooth projective variety. Suppose s : P1 → Y is a nonconstant
map such that s∗TY is globally generated. Let p ∈ s(P1) be a point and consider a general
exceptional tower Φ(Y, p, k) based at p, where k ≥ 0. For any subset Q ⊂ P1 of at most two
points,

−KY · s∗P1 ≥ 2− |Q|+
∑
qj∈Q

k∑
i=0

(i+ 1) ·multqj(sk, Ẽi).

Proof. We use the notation from Proposition 3.15. Here, V = s∗TY because it is globally
generated. The line bundle TP1(− logQ) has degree 2− |Q|. Because Q consists of at most
two points, this line bundle is globally generated, and so the nontrivial map TP1(− logQ) →
s∗kTYk

(− log(sk,Q) ∆k) induced by sk shows that Vk has rank at least 1 and degree at least
2 − |Q|. If k = 0, Lemma 3.8(1) shows that the difference in first Chern classes between
s∗TY and V0 is at least

∑
multqj(s0, E0). If k ≥ 1, the conclusion follows from Proposition

3.15 because multqj(si, Ei) =
∑k

h=i multqj(sk, Ẽh). □
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3.4. Proof of Theorem 3.1. To prove Theorem 3.1, we construct the desired rational
curves by smoothing a connected component of a stable limit of curves parameterized byM .
The next result constructs this stable limit.

Theorem 3.17. Let Y be a smooth projective variety and C be a smooth curve. Suppose
M ⊂ Mor(C, Y ) is a quasi-projective subvariety parameterizing a dominant family of maps.
Let q ∈ C be a general point. Let p ∈ Y be a general point in the subvariety of Y swept out
by s(q) as we vary s ∈M . Set

M0 = {s ∈M | s(q) = p}.

Consider the natural morphism M0 → Mg,0(Y ) and let W be the closure of its image. If
dimM0 > 0, then the domain of some stable map f : C ′ → Y parameterized by W contains
a connected subcurve R ⊂ C ′ of arithmetic genus 0 with the following properties:

(1) the image of each irreducible component of R contains p;
(2) −KY · f∗R ≥ dimM0.

We will prove this theorem by looking at graphs of maps parameterized by M .

Proof. If C is rational, our claim is trivial. Otherwise, set X = C × Y and k = dimM0 − 1.
Let πY : X → Y and πC : X → C be the projections and let Φ(X, (q, p), k) be a general
exceptional tower based at (q, p). Let ψ : Xk → X denote the natural blow-up map.

Let MX ⊂ Mor(C,X) be the space of graphs of maps in M . Observe that each map
parameterized by MX is an embedding. Let ev : C ×MX → X be the evaluation map of
the universal family over MX . Our hypotheses ensure that (q, p) is a general point in the
image of ev. Moreover, the preimage MX,0 := ev−1(q, p) is naturally isomorphic to M0 and
henceforth we do not distinguish between them.

Since graphs of morphisms can only deform transversely to their tangent direction, the
hypotheses of Lemma 3.11(1) are satisfied. It follows from Lemma 3.11 that there exists
a one-parameter subfamily MX,k ⊂ MX,0 consisting of maps whose strict transforms in Xk

meet Ek. We may consider (an open subset of) MX,k as a subvariety of Mor(C,Xk) by
replacing each map with its strict transform. Let MX,k → Mg,1(Xk) be the morphism that
sends a map s ∈MX,k to the pointed map s : (C, q) → Xk and let MX,k ⊂ Mg,1(Xk) be the
closure of its image. By Mori’s Bend-and-Break, MX,k must parameterize a stable pointed
map f : (C ′, q′) → Xk whose domain is reducible with a rational component.
We will now describe some elementary properties of the map f : (C ′, q′) → Xk. By

construction the marked point q′ lies in a rational component of C ′. As well, f(q′) must lie
in Ek. Since each map parameterized by MX is a section of πC , there is a unique component
C0 ⊂ C ′ that is not contracted by the composition of the blow-up ψ : Xk → X with the
projection πC : X → C. Observe that πC ◦ ψ ◦ f |C0 : C0 → C must be an isomorphism and
let q0 ∈ C0 be the preimage of q under this map.

As in Lemma 3.13, let Cexc ⊂ C ′ denote the connected component of f−1(∆k) that contains
q′. Further let {Cℓ}ℓ∈L be the set of irreducible components of C ′ that meet Cexc but are
not contained in it. For each ℓ ∈ L, set Qℓ = Cℓ ∩ Cexc. By Lemma 3.13 we have

(3.1)
∑
ℓ∈L

∑
qj,ℓ∈Qℓ

(
k∑

i=0

(i+ 1) ·multqj,ℓ
(
f |Cℓ

, Ẽi

))
≥ k + 1.
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Let R be the union of Cexc with all rational components of C ′ in {Cℓ}ℓ∈L. Every component
of C ′ aside from C0 is rational. Therefore, as the dual graph of C ′ is a tree, R is a connected
curve of arithmetic genus 0. This also implies |Qℓ| = 1 for all ℓ ∈ L.

If C0 /∈ {Cℓ}ℓ∈L, then by Equation (3.1) and Corollary 3.16. we obtain −KX · (ψ ◦ f)∗R ≥
k + 2. In this case, taking the stabilization of πY ◦ ψ ◦ f : C ′ → Y yields the desired map.

Suppose instead that C0 ∈ {Cℓ}ℓ∈L. Since ∆k lies in the fiber of πC ◦ ψ : Xk → C over
q, the only point at which f(C0) meets ∆k is f(q0). Moreover, since f |C0 is a section of

πC ◦ ψ we have
∑k

i=0multq0(f |C0 , Ẽi) = 1. Let 0 ≤ m ≤ k be the unique integer such that

multq0(f |C0 , Ẽm) = 1. By Equation (3.1) and Corollary 3.16 we obtain −KX · (ψ ◦ f)∗R ≥
k −m + 1. Therefore, if m = 0 we may again take the stabilization of πY ◦ ψ ◦ f : C ′ → Y
to obtain the desired map.

To finish our proof, we will induct on k = dimM0−1. For the base case k = 0, observe that
m = 0 so we have already proven the claim. Now suppose that m > 0 and we have proven
our theorem for any dominant family of maps N ⊂ Mor(C, Y ) such that the corresponding
variety N0 ⊂ Mor(C, Y ) satisfies dimN0 ≤ k.
Let MX → Mg,0(X) be the natural map and let MX be the closure of its image. Let

θ : C ′′ → X be the stabilization of ψ ◦ f : C ′ → X and observe that θ corresponds to a
point in MX . The family N ⊂ Mor(C, Y ) we would like to consider next corresponds to
deformations of θ that do not smooth any node of C ′′.

StratifyingMX by the combinatorial type of a map’s domain decomposesMX into finitely
many locally closed substacks. The subvariety N ⊂ Mor(C, Y ) parameterizes one of finitely
many families obtained by restricting maps in these substacks to the unique irrational com-
ponent of their domain and post-composing with πY . Since these finitely many families
do not depend on our choices of (q, p) or the exceptional tower Φ(X, (q, p), k), we may as-
sume these choices are still general with respect to each such family, and so in particular
with respect to N . Correspondingly, Φ(X, (q, p), k) is also general with respect to the space
NX ⊂ Mor(C,X) of graphs of maps in N .

By construction, for every stable degeneration of a map in NX there is a degeneration of
θ whose restriction to a subcurve agrees with the map in NX . Moreover, let N0, NX,0, and
NX,0 be defined analogously to M0, MX,0, and MX,0. For any degeneration of θ|C0 lying in
NX,0, we may find a degeneration of θ in MX,0 that fixes the image in X of the subcurve
of C ′′ corresponding to R ⊂ C ′. Thus, to finish our proof it suffices to show maps in NX,0

specialize to a stable curve containing a rational subcurve through (q, p) of −π∗
YKY -degree

at least m.
To prove this, first note that N parameterizes a dominant family of curves on Y because

p ∈ Y is a general point and a curve in N passes through p. As θ|C0 = ψ ◦ f |C0 is a map

in NY whose strict transform passes through Ẽm, Corollary 3.10 implies that dimθN0 =
dimθNX,0 ≥ m. We must have dimθNX,0 ≤ k because NX,0 parameterizes restrictions to
C0 of deformations of θ in a proper subvariety of MX,0. Thus, by the inductive hypothesis
applied to N , NX,0 contains a stable map h : C ′′′ → X such that C ′′′ contains a connected
rational subcurve R′′′, all of whose components meet h−1(q, p), and such that −KX ·h∗R′′′ ≥
dimθNX,0 ≥ m. This finishes our proof. □

We are now ready to prove Theorem 3.1.
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Proof of Theorem 3.1: We may suppose the genus of C is greater than 0. Let ϕ : Y ′ → Y
be a smooth birational model. Since M parameterizes a dominant family of maps, there is
a non-empty open sublocus M ′ ⊂ M parameterizing the strict transforms on Y ′ of general
curves parameterized byM . Since rational curves passing through general points of Y ′ must
have globally generated restricted tangent bundle, Theorem 3.17 allows us to find a stable
map f : R → Y ′ from a genus 0 curve such that f ∗TY ′ is globally generated and −KY ′ ·f∗R ≥
dimM ′ − dimY . Since f ∗TY ′ is globally generated, we may deform f to obtain a free curve
s : P1 → Y ′ of the same degree. The component of Mor(P1, Y ′) that contains s satisfies
3.1(1)-(3) for M ′; we may choose N to be the corresponding component of Mor(P1, Y ).
Lastly, if Y is already smooth then the dimension of M is at least −KY · α+ (1− g) dimY .
This proves the last statement of Theorem 3.1. □

4. Rational curves on terminal Fanos

In this section our goal is to prove the following theorem describing the existence of par-
ticular dominant families of rational curves on mildly singular Fano varieties. The argument
combines exceptional towers with the techniques behind the proof of [JLR25, Theorem 1.4].

Theorem 4.1. Let X be a terminal Fano variety of dimension n ≥ 3. Suppose π : X ′ → X
is a resolution of singularities. For a general point p ∈ X ′ and for any integer Θ ≥ 1, there
is a rational curve s : P1 → X ′ that passes through p and satisfies

• −KX′ · s∗P1 ≥ Θ;
• −KX · (π ◦ s)∗P1 ≤ Θ+ n;
• (KX′ − π∗KX) · s∗P1 ≤ n− 2; and
• π ◦ s(P1) meets the singular locus of X at most n− 2 times.

Example 4.2. For certain X and Θ there may be no rational curves in the smooth locus
Xsm of degree between Θ and Θ + n. For example, let X ′ = PPn−1(O ⊕ O(n − 1)) be a
projective bundle and X ′ → X be the contraction of its rigid section. The monoid of nef
curve classes on X ′ is generated by a fiber of the projection g : X ′ → Pn−1 and by a minimal
moving section of the map g|XL

: XL → L, where L ⊂ Pn−1 is a line. In particular, the
minimal (−KX)-degree of a rational curve contained in Xsm is 2n− 1.

This same example shows that there may not be any generically injective maps s : P1 → X
of (−KX)-degree between Θ and Θ + n. For X as above, there will not be any such maps
when 3 ≤ Θ < n−1. We believe this issue could be rectified for large enough Θ by weakening
the bounds in Theorem 4.1, but do not pursue this here.

4.1. Log deformation theory. Suppose that (Y,∆) is a pair consisting of a smooth pro-
jective variety Y and a simple normal crossings divisor ∆. Let f : C → Y be a morphism
from a smooth projective curve such that f(C) ̸⊂ Supp(∆). We would like to study the
deformations of f while keeping track of the set f−1(∆).
This is best accomplished using log deformation theory. We can equip Y with the log

structure associated to ∆ and equip C with the log structure associated with f−1(∆). Then
deformations of f are described by the proper log Deligne-Mumford stack Mg,ς(Y, β) pa-
rameterizing stable log maps of curves to Y which have genus g, curve class β, and contact
orders at the marked points described by ς as constructed by [Che14, AC14, GS13].

The log deformation theory of f depends on whether or not we allow the set f−1(∆) to
vary:
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• The first order deformations and obstructions of [f ] which preserve f−1(∆) are re-
spectively H0 and H1 of f ∗TY (− log∆).

• If f is non-constant, then the first order deformations and obstructions of [f ] which
allow the log structure on C to vary are respectively H0 and H1 of the log normal
sheaf N log

f defined via the exact sequence

0 → TC(− log f−1(∆)) → f ∗TY (− log∆) → N log
f → 0.

Recall that a stable log map over a geometric log point is said to be non-degenerate if the log
structure on the point is trivial. In this case the domain of the map is a smooth irreducible
curve and its image is not contained in ∆. We denote the open substack of non-degenerate
stable log maps by M ◦

g,ς(Y, β).
We will need a criterion determining when a rational stable log map (i.e. a stable log map

whose domain is a smooth rational curve) has globally generated log normal sheaf.

Lemma 4.3. Let (Y,∆) be a log smooth pair. Fix a big Cartier divisor H on Y and a positive
integer d. There is a non-empty open set UH,d,∆ ⊂ Y \∆ such that for any non-degenerate

rational stable log map f : C → Y , if f(C) intersects UH,d,∆ and H · f∗C ≤ d then N log
f is

globally generated.

Proof. The divisor H is Q-linearly equivalent to a sum A+E of an ample Q-Cartier divisor
A and an effective Q-Cartier divisor E. Any curve in Y that has non-positive intersection
with H must pair negatively with E, and must therefore be contained in E. It follows that
irreducible rational curves that meet Y \ E and have degree at most d against H also have
degree at most d against A and therefore form a finite-type family. Thus, for such curves
there are only finitely many possible tuples ς recording the intersections with the boundary.

Let M ⊂
⋃

ς,β M ◦
0,ς(X

′, β) denote the finite-type substack parameterizing non-degenerate

rational stable log maps whose image meets Y \E and whose degree against H is at most d.
The proof is by Noetherian induction on M . If M does not parameterize a dominant set of
maps, let UH,d,∆ be the complement in Y \E of the closure of the sublocus swept out by the
curves parameterized by M . If M does parameterize a dominant family, then for a general
f the log normal sheaf will be globally generated. Since global generation of a log normal
sheaf is an open condition on M , we can replace M by the complement of this open set and
conclude by induction. □

Lemma 4.4. Let (Y,∆) be a log smooth pair. For i = 1, 2 let fi : Ci → Y be non-degenerate

non-contracted genus 0 stable log maps such that N log
fi

is globally generated. Then suitably
chosen deformations of f1, f2 can be glued to give a genus 0 stable log map f : C → Y such
that a general deformation of f will be a non-degenerate non-contracted rational stable log
map whose log normal sheaf is globally generated.

Proof. Note that a non-degenerate non-contracted rational stable log map g : C → Y such
thatN log

g is globally generated will deform in a dominant family on Y . Furthermore the global
generation of the log normal sheaf is an open property in M ◦

0,ς(Y, β). Thus after replacing
f1, f2 by suitably chosen deformations we may ensure that f1(C1) and f2(C2) intersect at a
point p in Y \∆ while preserving global generation of the log normal sheaf. We may also
ensure that both f1 and f2 are local immersions at points q1, q2 mapping to p. Finally, we
may ensure that either f1(C1) and f2(C2) meet transversally at p or that all the curves of
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our family have the same tangent direction at each general point of Y . In this latter case,
there must be a rank 1 foliation on Y with the curves of the family as algebraic leaves. This
shows that f1(C1) and f2(C2) must be equal to each other. By gluing the domains at q1, q2
we obtain a stable log map f .

First suppose that f1(C1) = f2(C2). Then f factors through a covering map ϕ : C → P1

followed by a generically injective map h : P1 → Y . We may view h as a log map by equipping
P1 with the log structure coming from h−1(∆). Because N log

fi
is globally generated, the snake

lemma applied to the commutative diagram

0 TCi
(− log f−1

i (∆)) f ∗
i TY (− log∆) N log

fi
0

0 ϕ∗TP1(− log h−1(∆))|Ci
(h ◦ ϕ)∗TY (− log∆)|Ci

ϕ∗N log
h |Ci

0

id

shows that N log
h is globally generated. Hence h deforms with the expected dimension. Since

deformations of h parameterize leaves of a rank one foliation, this expected dimension must
be dimY − 1. We conclude that N log

h
∼= O⊕ dimY−1

P1 .
We claim there is a log deformation of ϕ that smooths C. Indeed, by the preceding para-

graph h∗(KY +∆) = KP1 + h−1(∆). This shows the expected dimension of log deformations
of fi is larger than the expected dimension of log deformations of ϕ|Ci

by exactly dimY − 1.
Since h, f1, and f2 deform with the expected dimension, the space of log deformations of ϕ
that do not smooth the node also has the expected dimension. As this is one less than the
expected dimension of the total space of log maps, this proves the existence of a smoothing.

The deformation of ϕ smoothing C induces a deformation f ′ of f as a log map. In fact, a
dimension count shows that a general deformation of f is the composition of deformations
of ϕ and h. Thus, a general deformation g of f will be a non-degenerate stable log map. As
before, we see from the snake lemma that N log

g will be globally generated.
Next suppose that f1(C1) ̸= f2(C2). By construction f is locally an immersion near the

node q of C and thus N log
f is a well defined sheaf. Let N ⊂ N log

f be the subsheaf of the log
normal bundle that does not smooth the node. We have an exact sequence

0 → N log
f1

(−q) → N → N log
f2

→ 0.

We conclude that H1(C,N log
f (−t)) = 0 where t is any point on C2 \ {q}. Since f is unob-

structed, a general deformation g of f will be a non-degenerate stable log map. By upper
semicontinuity of sheaf cohomology, we see that the log normal sheaf of g will be globally
generated. □

4.2. Proof of Theorem 4.1. The core idea in the proof of Theorem 4.1 is to carefully
degenerate a large-degree free curve of higher genus. By studying the degrees of the various
components of the degenerate curve, we will show that X has to contain a rational curve
with the desired properties.

Proof of Theorem 4.1. The proof is by strong induction on Θ.
Step 1: It suffices to prove the statement after blowing X ′ up further as this operation

can only decrease −KX′ · s∗P1. Thus we may assume that the exceptional locus of X ′ → X
is a simple normal crossings divisor. Let {ai}ti=1 be the discrepancies of the π-exceptional
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divisors {Ei}ti=1 on X ′. Since each discrepancy is a rational number, there is a smallest
positive number that may be written as a Z-linear combination of them. Let amin > 0 be
the minimum of this number and 1.

Next we set some constants. Let δ = max(0,Θ− 2). By [JLR25, Theorem 1.3], there is a
smooth curve C such that for any r ≥ 0 the variety X admits r-free curves s : C → X. By
possibly replacing C by a finite cover we may suppose that the genus g of C is at least 2.
Choose positive integers k and e′ so that

(4.1) k > max{(g+2)n+2δ, n(δ+2g)+2} and amin(k+ e
′−2g) > 3gn+2gδ+ δ+k.

Step 2: Now we pick a family of large-degree free curves. Select an irreducible component
M of Mor(C,X) that generically parameterizes r-free curves, where r is chosen large enough
to ensure that dimM ≥ (n+δ)(k+e′)+k. By construction general curves parameterized by
M do not meet the image of the exceptional locus of π : X ′ → X. Let M ′ be the irreducible
component of Mor(C,X ′) that parameterizes the lifts of general maps in M to X ′.

We let d denote the −KX-degree of the curves parameterized by M . Note that d is also
the −KX′-degree of the curves parameterized by M ′. Since M has the expected dimension
we have

dimM ′ = dimM = d+ (1− g)n.

We will degenerate maps in M ′ to a stable map and analyze its free components to prove
Theorem 4.1.

Step 3: Before selecting a degeneration, we must describe a closed set Z ⊂ X ′ that
contains all components of degenerations of mapsM ′ such that the restricted tangent bundle
has undesirable behavior. To do so, letW ⊂ Mor(P1, X ′) andW ′ ⊂ Mor(C,X ′) be the union
of all components parameterizing maps whose degree against some fixed ample divisor is at
most the degree of a curve parametrized by M ′. Let Q = {q1, . . . , qdimM} ⊂ C be a general
set of points. We define Z1 ⊊ X ′ to be the closure of the locus swept out by σ(Q) as σ
varies over all maps in W ′ for which σ∗TX′ is not generically globally generated. We define
Z2 ⊊ X ′ to be the closure of the locus swept out by all maps σ in W for which σ∗TX′ is
not globally generated. Next, equip X ′ with the log structure associated to the divisor ∪iEi

and set H = −π∗KX . We define Z3 ⊂ X ′ to be the complement of the non-empty open
subset UH,d,∪iEi

⊂ X ′ from Lemma 4.3. Finally, we let Z ⊊ X ′ be the proper closed subset
Z1 ∪ Z2 ∪ Z3.
Step 4: We next construct a subfamily of M ′ of dimension at least k that parameterizes

maps sending lots of the general points {q1, . . . , qdimM} to fixed points of X ′ and whose
jets at these points satisfy certain conditions. We achieve this by inductively constructing
exceptional towers over X ′ and considering strict transforms of curves that meet the top of
each tower. For the first step, note that as we vary over all maps in M ′ the images of q1 ∈ Q
sweep out all of X ′, which has dimension n1 = n. Fix a general point p1 ∈ X ′. Let Y1 = X ′

and let

Y1,δ
ϕ1,δ−−→ Y1,δ−1

ϕ1,δ−1−−−→ . . .
ϕ1,1−−→ Y1,0

ϕ1,0−−→ Y1

be a general exceptional tower based at p1. Let Φ(Y1, p1, δ) denote this exceptional tower
and let E1,j ⊂ Y1,j denote the exceptional divisor of ϕ1,j. By Lemma 3.11(3) with the sheaf
F given by the restricted tangent bundle, there is a subvariety M1 ⊂ M ′ of dimension
dimM ′ − n1 − δ that parameterizes maps whose strict transforms send q1 into E1,δ.
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Now suppose we have constructed an exceptional tower Φ(Yi, pi, δ) and a family of maps
Mi of dimension at least n + k + δ. By replacing Mi with an open subset and taking strict
transforms, we may considerMi as a family of maps to the final blow-up Yi,δ. Let Yi+1 = Yi,δ
and consider the point qi+1 ∈ Q. As we vary among maps in Mi, the point qi+1 will sweep
out a subvariety Gi+1 ⊂ Yi+1 of dimension ni+1 ≤ n.
We claim that Gi+1 is not contained in the preimage of Z under the natural map Yi+1 →

X ′. To show this, we observe that the family Mi ⊂ M ′ depends only on the previously
constructed exceptional towers, and as we vary these towers the subvariety Mi sweeps out a
dense subset of M ′. If Gi+1 lay inside the preimage of Z, then, by generality of the choices
of exceptional towers in our construction, the image of qi+1 under every map in M ′ would
lie in Z, contradicting the fact that M parameterizes free curves. Similarly, one can show
Gi+1 does not lie in the exceptional locus of Yi+1 → X ′.

Choose a general point pi+1 ∈ Gi+1 and let

Yi+1,δ

ϕi+1,δ−−−→ Yi+1,δ−1

ϕi+1,δ−1−−−−−→ . . .
ϕi+1,1−−−→ Yi+1,0

ϕi+1,0−−−→ Yi+1

be a general exceptional tower based at pi+1. As before, let Φ(Yi+1, pi+1, δ) denote this
exceptional tower and let Ei+1,j ⊂ Yi+1,j denote the exceptional divisor of ϕi+1,j. Consider
the log structure on Yi+1,j given by the total exceptional divisor for the map to X ′. The
hypotheses of Lemma 3.11(3) hold for F given by the restriction of the log tangent sheaf
provided that dimMi ≥ n(δ + 2g) + 2. Thus, when this inequality holds, by Lemma 3.11(3)
there is a subvariety Mi+1 ⊂ Mi of dimension dimMi − ni+1 − δ that parameterizes maps
whose strict transforms send qi+1 into Ei+1,δ.

Since dimM ′ ≥ (n + δ)(k + e′) + k, this process will continue for k + e steps for some
integer e satisfying e′ ≤ e ≤ dimM ′ − k. In the end we obtain a parameter space Mk+e

of curves in X ′ whose dimension is at least k but less than k + n + δ. Observe that from
our construction, we have points p1, . . . , pk+e ∈ X ′ \ Z such that every s ∈ Mk+e satisfies

s(qi) = pi. The construction guarantees that dimM ′ is between k +
∑k+e

j=1(nj + δ) and

k + n+ δ +
∑k+e

j=1(nj + δ). Because dimM ′ = d+ (1− g)n, we obtain

(4.2) k + (g − 1)n+
k+e∑
j=1

(nj + δ) ≤ d ≤ k + gn+ δ +
k+e∑
j=1

(nj + δ).

Step 5: Now we degenerate our chosen family of large-degree curves. Consider Mk+e as a
family of curves on Yk+e,δ by taking strict transforms of general elements of the family. Let
Mk+e be the closure in Mg,k+e(Yk+e,δ) of the locus of pointed maps s : (C, q1, . . . , qk+e) →
Yk+e,δ parameterized by Mk+e.

Let ψ : Yk+e,δ → X ′ be the natural birational map. By applying [JLR26, Lemma 2.1] to
the family of maps to X ′ obtained by composing maps in Mk+e with ψ, we see that Mk+e

parameterizes a stable map s′ : (C ′, q′1, . . . , q
′
k+e) → Yk+e,δ where C

′ consists of:

• an irreducible component C0 isomorphic to C,
• k connected components of C ′ \ C0 containing the first k marked points, that are
trees of rational curves which are not contracted by the map to X ′, and

• other connected components of C ′ \ C0, that are trees of rational curves which may
or may not contain marked points or be contracted by the map to X ′.

23



Let ∆ ⊂ Yk+e,δ be the exceptional locus of ψ. Let J ⊂ {1, . . . , k + e} be the set of indices
such that there is a tree of rational curves Tj ⊂ C ′ \C0 that contains q

′
j and is not contracted

to a point by ψ◦s′. We select each Tj so that it is a connected component of C ′\C0. Observe
that |J | ≥ k because {1, . . . , k} ⊂ J .
Step 6: We wish to carefully study the possibilities for the Tj. We adopt notation from

Lemma 3.13:

• for each i ≤ k+e, let Ci,exc ⊂ C ′ be the connected component of s′−1(∆) that contains
q′i, which is either a curve or the point q′i itself;

• let {Cℓi}ℓi∈Li
be the set of irreducible components of C ′ that meet Ci,exc but are not

contained in it;
• for ℓi ∈ Li such that Cℓi is rational, set Qℓi = Cℓi ∩ Ci,exc.

Observe that when Cℓi is rational, Qℓi contains exactly one point and Cℓi cannot appear in
any set {Cℓi′

}ℓi′∈Li′
with i′ ̸= i. On the other hand, the component C0 ⊂ C ′ can appear in

multiple such sets. Let H ⊂ {1, . . . , k+ e} be the set of indices h such that C0 ∈ {Cℓh}ℓh∈Lh
.

For each h ∈ H, we regard qh ∈ C as the point C0 ∩Ch,exc and set Q0 = {qh}h∈H . Note that
J ∪ H = {1, . . . , k + e} because if C0 does not meet Ci,exc then there is a tree of rational
curves containing q′i that is not entirely contracted by ψ ◦ s′ (so i ∈ J). Furthermore note
that ψ ◦ s′(qh) = ψ ◦ s′(q′h) = ph for every h ∈ H.
We will construct the desired map s : P1 → X ′ from the rational curves s′|Cℓi

. To
begin with, we outline some useful consequences from Section 3. For any distinct i, h ∈ H,

ψ ◦ s′(qh) ̸= pi and so multqh(s
′|C0 , Ẽi,m) = 0 for all 0 ≤ m ≤ δ. Thus, for each i ≤ k + e

Lemma 3.13 guarantees

(4.3)
∑
ℓ∈Li

∑
qj,ℓ∈Qℓ

(
δ∑

m=0

(m+ 1) ·multqj,ℓ
(
s′|Cℓ

, Ẽi,m

))
≥ δ + 1.

For each i ≤ k + e, we define βi to be

• 0 if i /∈ H, and

• the minimum of δ + 1 and
∑δ

m=0(m+ 1) ·multqi(s
′|C0 , Ẽi,m) if i ∈ H.

Note that if i ∈ H\J then βi = δ + 1 by Inequality (4.3).
For each j ∈ J , let Rj be the union of all rational curves in {Cℓj}ℓj∈Lj

. Since the point
pj is not contained in Z, the restriction of (ψ ◦ s′)∗TX′ to Rj is globally generated. Thus by
Corollary 3.16 and the above equation,

(4.4) −KX′ · (ψ ◦ s′)∗Rj ≥ 2 + δ − βj ≥ Θ− βj.

Step 7: The following claim about the properties of some Rj is the crux of this proof.

Claim 4.5. There exists a j ∈ J such that one of the following statements about Rj holds:

(1) βj = 0 (i.e. j /∈ H), −KX′ · (ψ ◦ s′)∗Rj ≥ 2 + δ, −KX · (π ◦ ψ ◦ s′)∗Rj ≤ Θ + n,
(KX′ − π∗KX) · (ψ ◦ s′)∗Rj ≤ n− 2, and π ◦ ψ ◦ s′(Rj) meets the singular locus of X
at most n− 2 times; or

(2) βj > 0 (i.e. j ∈ H), −KX′ · (ψ ◦ s′)∗Rj = 2 + δ − βj, and π ◦ ψ ◦ s′(Rj) lies in the
smooth locus of X.

Before proving Claim 4.5, we explain how to finish the proof after having found such a
j ∈ J . First assume that Rj satisfies 4.5(1). We may repeatedly apply Lemma 4.4 to glue
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and smooth its components while keeping the total number of intersection points with the
SNC divisor ∪iEi fixed. Since the resulting rational curve s : P1 → X ′ has globally generated
log normal sheaf, we may ensure that the image of s contains a general point p of X. Finally,
the desired intersection properties for s are implied by 4.5(1).

Suppose instead that Rj satisfies 4.5(2). Because Rj lies in the smooth locus of X, its
−KX-degree is the same as its −KX′-degree. Observe that if Θ ≤ 2, then δ = 0. As every
component of Rj has −KX′-degree at least 2, we conclude that if Rj satisfies 4.5(2), then
Θ > 2. Thus 0 < βj ≤ δ + 1 < Θ, and by strong induction there exists a rational curve
s′′ : R′

j → X ′ satisfying the constraints of Theorem 4.1 associated to Θ′ = βj. By gluing and
smoothing the maps s′|Rj

and s′′ we obtain the desired rational curve. □

Proof of Claim 4.5: To derive a contradiction, assume that for each j ∈ J neither 4.5(1) nor
4.5(2) hold. We break our argument into two cases, depending on the size of |J \ H|. In
both cases we will translate the failure of 4.5(1-2) into a lower bound on the degree of each
Tj, and of other subcurves of C ′ where necessary. Comparing to the degree of our original
curve, we obtain a contradiction.

As it is used in both cases, first we prove the following lower bound. Suppose j is an index
such that βj = 0. If such a component exists, let Sj ⊂ Tj \Rj be a free component whose
image is not contained in the preimage of Z; otherwise, let Sj be the empty set. We claim
that the failure of 4.5(1) for j implies

(4.5) −KX ·(π◦ψ◦s′)∗Tj ≥ amin+min
{
n+δ+1,−KX′ ·(ψ◦s′)∗(Rj∪Sj)+n−2

}
≥ δ+n+amin.

We prove this inequality by conditioning on which hypothesis of 4.5(1) fails. We have
already shown that −KX′ · (ψ ◦ s′)∗Rj ≥ 2+ δ in Inequality (4.4). Thus, one of the following
hypotheses of 4.5(1) must be false:

(1) −KX · (π ◦ ψ ◦ s′)∗Rj ≤ Θ+ n;
(2) (KX′ − π∗KX) · (ψ ◦ s′)∗Rj ≤ n− 2; or
(3) ψ ◦ s′(Rj) meets the π-exceptional locus in at most n− 2 points.

We remark that the bound −KX′ · (ψ ◦ s′)∗Rj ≥ 2 + δ also verifies the rightmost inequality
in (4.5). Furthermore, if −KX · (π ◦ ψ ◦ s′)∗Tj is greater than an integer t ∈ Z, then by the
definition of amin it must be at least t+ amin. Thus, as −KX′ · (ψ ◦ s′)∗(Rj ∪Sj) is an integer
it suffices to show −KX · (π ◦ψ ◦ s′)∗Tj > min

{
n+ δ+1,−KX′ · (ψ ◦ s′)∗(Rj ∪ Sj) + n− 2

}
.

First suppose −KX · (π ◦ ψ ◦ s′)∗Rj > Θ+ n. Since Θ ≥ δ + 1 and −KX is nef, we obtain
−KX · (π ◦ψ ◦ s′)∗Tj > n+ δ+1, as desired. Similarly, if (KX′ −π∗KX) · (ψ ◦ s′)∗Rj > n− 2,
then because X is terminal and (ψ ◦ s′)∗Sj is a nef curve, (KX′ − π∗KX) · (ψ ◦ s′)∗Sj ≥ 0.
Thus we obtain −KX · (π ◦ ψ ◦ s′)∗Tj > −KX′ · (ψ ◦ s′)∗(Rj ∪ Sj) + n− 2, as desired.

Lastly, suppose ψ ◦ s′(Rj) meets the π-exceptional locus in at least n− 1 points. Consider
the connected subcurve T ′

j ⊂ Tj containing Rj ∪ Sj and all connected components of Tj \
(Rj ∪ Sj) that are not incident to C0. Observe that the −KX-degree of (π ◦ ψ ◦ s′)∗Tj is at
least the −KX-degree of (π ◦ ψ ◦ s′)∗T ′

j because −KX is nef. Thus, it suffices to prove our
claim for T ′

j . To do so we consider a one-dimensional family of curves φ : C → B that admits
a morphism s : C → X ′ with the following properties:

• C is a surface with Q-factorial singularities,
• every fiber of φ is nodal,
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• a general fiber Cb of φ is irreducible and the strict transform to Yk+e,δ of the map
sb : Cb → X ′ is parameterized by Mk+e, and

• the central fiber of φ is isomorphic to the map ψ ◦ s′ : C ′ → X ′.

Consider the union E of all components of s−1(∪iEi) supported on the central fiber of φ,
where ∪iEi is the exceptional locus of π : X ′ → X. Every irreducible component of E that
meets T ′

j is either a component of T ′
j or meets T ′

j at the node q ∈ C ′ joining T ′
j to C ′ \ T ′

j .
Thus −KX′ · (ψ ◦ s′)∗T ′

j ≤ −KX · (π ◦ ψ ◦ s′)∗T ′
j and strict inequality holds whenever this

node q maps into the exceptional locus of π.
By [JLR25, Lemma 4.3], every connected component of T ′

j \ (Rj ∪Sj) pairs nonnegatively
with −KX′ . From our hypothesis that ψ ◦ s′(Rj) meets the π-exceptional locus in at least
n − 1 points, [JLR25, Lemma 4.2] shows there are at least n − 2 connected components of
T ′
j \ (Rj ∪Sj) whose image in X ′ meets the π-exceptional locus. By [JLR25, Lemma 4.3], the

−KX′-degree of each of these connected components must be at least 1. Moreover, either
there are at least n−1 such connected components (contributing at least n−1 to the −KX′-
degree), or the node q ∈ C ′ lies in Rj and maps into the π-exceptional locus. In the former
case we obtain −KX · (π ◦ ψ ◦ s′)∗T ′

j ≥ −KX′ · (ψ ◦ s′)∗(Rj ∪ Sj) + n− 1. In the latter case,
we have

−KX · (π ◦ ψ ◦ s′)∗T ′
j > −KX′ · (ψ ◦ s′)∗T ′

j ≥ −KX′ · (ψ ◦ s′)∗(Rj ∪ Sj) + n− 2.

In both cases this proves that Inequality (4.5) holds whenever βj = 0.
We now return to the proof of Claim 4.5 by studying two cases depending on the size of

|J \H|.
Case 1: Suppose that |J \H| ≥ k + e − 2g. Recall that βj = 0 for each j ∈ J \H. We

next sum over the degrees of (π ◦ ψ ◦ s′)∗Tj for j ∈ J \H. Since −KX is nef and e′ ≤ e, the
bounds provided by Inequalities (4.1), (4.2), and (4.5) yield

d ≥ (n+ δ + amin)(k + e− 2g)

≥

(
e+k∑
i=1

(ni + δ)

)
− 2g(n+ δ) + amin(k + e− 2g)

>

(
e+k∑
i=1

(ni + δ)

)
+ k + gn+ δ

≥ d.

This is a contradiction.
Case 2: Suppose instead that |J \H| < k + e− 2g. In this case, we do a careful degree

count of the various components of C ′ to arrive at a contradiction. We start by observing
that ψ ◦ s′ cannot contract C0. Using the definition of Z, we see that (ψ ◦ s′)∗TX′ |C0 is
generically globally generated since (ψ ◦ s′)(C0) contains the points s

′(qh) = ph /∈ Z for each
h ∈ H. In particular, −KX′ · (ψ ◦ s′)∗C0 ≥ 0.

Step 1, j ∈ J \H: Because −KX′ · (ψ ◦ s′)∗C0 ≥ 0, [JLR25, Lemma 4.3] proves that the
connected components Tj of C

′\C0 satisfy (−KX′ +π∗KX) ·(ψ◦s′)∗Tj ≥ 0. Thus, Inequality
(4.5) implies −KX′ · (ψ ◦ s′)∗Tj ≥ n+ δ + 1 for each j ∈ J \H because −KX′ is Cartier and
amin > 0.

Step 2, j ∈ J ∩H: We next show that −KX′ · (ψ ◦ s′)∗Tj ≥ 3+ δ−βj for each j ∈ J ∩H.
By Inequality (4.4) the (−KX′)-degree of Rj is positive for each j ∈ J . From [JLR25,
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Lemma 4.3] it follows that each connected component of C ′ \ (C0 ∪j∈J Rj) has nonnegative
(−KX′)-degree. Thus, for each j ∈ J we have −KX′ · (ψ ◦ s′)∗Tj ≥ −KX′ · (ψ ◦ s′)∗Rj. If
ψ ◦ s′(Rj) is disjoint from the π-exceptional locus, then we obtain

−KX′ · (ψ ◦ s′)∗Tj ≥ −KX′ · (ψ ◦ s′)∗Rj ≥ 3 + δ − βj

from Inequality (4.4) and the assumption that Rj does not satisfy 4.5(2). If instead ψ◦s′(Rj)
meets the π-exceptional locus, then by [JLR25, Lemma 4.2] there is a connected component
of Tj \ Rj whose image in X ′ meets the π-exceptional locus. By [JLR25, Lemma 4.3],
the −KX′-degree of such a connected component must be at least 1. Since each connected
component of C ′\(C0∪j∈JRj) has nonnegative (−KX′)-degree this proves −KX′ ·(ψ◦s′)∗Tj ≥
−KX′ · (ψ ◦ s′)∗Rj + 1 ≥ 3 + δ − βj by Inequality (4.4) once more.
Step 3, C0: We next bound the −KX′-degree of (ψ ◦ s′)∗C0. Let s

′
i : C0 → Yi denote the

composition of s′|C0 with the natural map Yk+e,δ → Yi = Yi−1,δ. Furthermore, let ∆i ⊂ Yi be
the total exceptional locus of Yi → X ′. Set V0 = (ψ◦s′)∗TX′|C0 and recall that V0 is generically
globally generated because s′(qh) /∈ Z for each h ∈ H. Let Vi ⊂ s′∗i TYi

(− log(s′i,Q0)∆i) be
the maximal generically globally generated subbundle. Let iH be the largest integer in H.
For each i ∈ H, the rank of Vi must be at least ni because the image of qi ∈ C0

∼= C
is pi, which is general within the ni-dimensional variety Gi ⊂ Yi. In particular, for all
i ≤ iH , rk(Vi) ≥ niH > 0. Using this fact, and that the pullback of Ei,m to Yk+e,δ is

Ẽi,m + . . . + Ẽi,δ, we may rewrite the inequality in Proposition 3.15 to compare it to the
definition of βi. More specifically, write s′i,m : C0 → Yi,m for the strict transform of s′i.

Then since multqi(s
′
i,m, Ei,m) =

∑δ
h=m multqi(s

′|C0 , Ẽi,h) and rk(Vi+1) · multqi(si,0, Ei,0) ≥
multqi(si,0, Ei,0) + ni+1 − 1 for all i ∈ H \ {iH}, from Proposition 3.15 we obtain

c1(Vi)− c1(Vi+1) ≥ ni+1 + βi − 1 for all i ∈ H \ {iH}.
Recalling that βi = δ + 1 if i /∈ J and summing over all i ∈ H \ {iH} yields

c1(V0)− c1(Vk+e) ≥

(∑
i/∈J

(ni + δ) +
∑

j∈J∩H

(nj + βj − 1)

)
− n− δ

where we have used the fact that the contribution to the sum coming from the index iH is
at most n+ δ. To obtain a final bound on c1(V0), we will use the behavior of the stable map
as we vary certain qi ∈ C to bound c1(Vk+e) below.

Let J ′ ⊂ J \H be the subset of indices j for which nj = n. For j ∈ J ′, as we vary qj ∈ C
there are two possibilities: either the curve s′(C0) changes, or s

′(C0) remains fixed. Let I be
the set of indices i ∈ J ′ corresponding to qi such that s′(C0) moves when we vary qi. Thus,
s′(C0) moves in a family of dimension at least |I|; in other words,

h0(C0, Vk+e) = h0(C0, s
′∗
k+eTYk+e

(− log(s′k+e,Q0) ∆k+e)) ≥ |I|.

Because Vk+e is generically globally generated, this implies c1(Vk+e) ≥ |I| − n. Using the
earlier bound for c1(V0)− c1(Vk+e), we see the −KX′-degree of (ψ ◦ s′)∗C0 is at least

|I| − 2n− δ +
∑
i/∈J

(ni + δ) +
∑

j∈J∩H

(nj + βj − 1).

Step 4, j ∈ J \ (I ∪H): We now show that for all j ∈ J \ (I ∪ H), the −KX′-degree
of the image of Tj is at least nj + δ + 2. For j /∈ J ′ \ I, this follows from Step 1 because
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nj < n. Suppose instead that j ∈ J ′ \ I. Varying qj ∈ C induces a nontrivial deformation
of ψ ◦ s′(Tj). Observe that a general point of C0 is mapped to a point in X ′ not contained
in Z. Since the map ψ ◦ s′|C0 does not change as we vary qj, for a general choice of qj the
irreducible component of ψ ◦ s′(Tj) meeting ψ ◦ s′(C0) along the image of qj must be free.

Either there is a free component of Sj ⊂ Tj \Rj that meets C0 along qj, or Rj itself has a
nontrivial deformation that fixes the intersection multiplicity of each component with ∆. In
the former case, the total −KX′-degree of Rj ∪ Sj must be at least 4 + δ: 2 for the varying

free component Sj ⊂ Tj \Rj and 2 + δ from Rj by Inequality (4.4) (since βj = 0). In the
latter case, there must be a component Cℓi ⊂ Rj such that s′∗TYk+e,δ

(− log(s′,Qℓi
) ∆)|Cℓi

has a

global section that does not correspond to an infinitesimal automorphism. Arguing as in the
proof of Corollary 3.16, we see from Equation (4.3) that −KX′ · (ψ ◦ s′)∗Rj ≥ 3 + δ because
the maximal globally generated subsheaf of s′∗TYk+e,δ

(− log(s′,Qℓi
) ∆)|Cℓi

has rank at least 1

and degree at least 2. In both cases, reasoning as in the proof of Step 1 we see that for
j ∈ J ′ \ I the −KX′-degree of the image of Tj is at least n+ δ + 2.

Step 5, j ∈ I: Finally, recall that I ⊂ J\H and thus for i ∈ I the −KX′-degree of the
image of Ti is at least n+ δ + 1 as established by the first paragraph of Case 2.

Step 6, summing the degrees: Thus, the total −KX′-degree d must be at least

d ≥ degψ ◦ s′(C0) +
∑

j∈J∩H

degψ ◦ s′(Tj) +
∑
i∈I

degψ ◦ s′(Ti) +
∑

j∈J\(I∪H)

degψ ◦ s′(Tj)

≥

|I| − 2n− δ +
∑
j /∈J

(nj + δ) +
∑

j∈J∩H

(nj + βj − 1)

+
∑

j∈J∩H

(3 + δ − βj)

+
∑
i∈I

(n+ δ + 1) +
∑

j∈J\(I∪H)

(nj + δ + 2)

≥
∑
j /∈J

(nj + δ) +
∑
j∈J

(nj + δ + 2)− 2n− δ.

Because k > (g + 2)n+ 2δ and |J | ≥ k, the last line simplifies to(
k+e∑
j=1

(nj + δ)

)
+ 2|J | − 2n− δ >

(
k+e∑
j=1

(nj + δ)

)
+ k + gn+ δ ≥ d

by Inequality (4.2). This is impossible, finishing our proof of Claim 4.5 and Theorem 4.1. □

5. Free rational curves

We next leverage Theorem 3.1 and Theorem 4.1 to prove the existence of free rational
curves in the smooth locus of certain types of terminal Fano varieties. As explained in the
introduction, this proves new cases of a conjecture of [KM99] predicting that a terminal (or
even klt) Fano variety has free rational curves in its smooth locus. Previously this conjecture
was known for klt Fano surfaces by [KM99], for LCI terminal varieties by work of Kollár (see
[JLR25, Remark 4.1]), and for terminal threefolds by [JLR25, Theorem 1.4].

This section has three subsections, each proving the existence of free curves in a different
situation. Before addressing the individual cases, we will need a couple lemmas. The first
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constructs families of free curves such that the evaluation map on the universal family has
connected fibers. In particular, we can apply the Grauert-Mülich Theorem of [LRT26] to
such families.

Lemma 5.1. Let X be a projective variety. Suppose s : C → X is an r-free curve of genus
g. Then for some positive integer m, there exists an r-free curve s′ : C ′ → X such that

(1) s′∗C
′ = ms∗C;

(2) C ′ is a smooth curve of genus mg; and
(3) if U ′ denotes the universal family over the component of Mmg,0(X,mβ) containing

s′, then general fibers of the evaluation map evU ′ : U ′ → X are irreducible.

Proof. Let Uorig be the universal family over the component of Kontsevich space containing
s. Let p ∈ X be a general point and let U1, . . . , Um be the irreducible components of the
fiber of Uorig → X over p. Consider the locus of maps Up

star ⊂ Mmg,1(X,mβ) such that the
domain consists of

• a rational component R that carries the marked point and is contracted to p, and
• m genus g components Ci attached toR, with Ci parameterized by Ui for i = 1, . . . ,m.

Observe that Up
star is irreducible, since it is the image of a map M0,m+1 × U1 × . . .× Um →

Mmg,1(X,mβ). Since Up
star meets the smooth locus of Mmg,1(X,mβ), there is a unique

irreducible component Unew containing it. Let U ′
star be the locus of curves in Unew of the

same topological type as curves in Up
star, that is, the locus of curves whose domain is a

rational curve containing the marked point union m other genus g components. Let Ustar

be the irreducible component of U ′
star containing Up

star. The fibers of the evaluation map
Ustar → X are irreducible: as we go around a loop in X, we get a monodromy action on
U1, . . . , Um via permutation, so that any stable map parameterized by the fiber of Ustar over
p has one genus g component from each Ui. This means that the fiber of Ustar over p must
be Up

star, and is hence irreducible. Since p is a general point, we conclude that a general fiber
of the map Ustar → X is irreducible.

We claim that Unew → X has irreducible general fiber. To see this, let Up
new be the fiber of

Unew → X over p. Let U ′
1 ⊂ Up

new be the unique irreducible component containing Up
star and

suppose U ′
2 ⊂ Up

new is any irreducible component. Since Unew is irreducible, the monodromy
action coming from Unew → X acts transitively on components of Up

new. Thus some element
of the monodromy group of Unew → X sends U ′

1 to U ′
2, meaning that there is a loop in X

under which curves of Up
star go to curves in U ′

2. This implies that U ′
2 also contains Up

star.
However, this contradicts the irreducibility of the fibers of Ustar, because the generic point
of Up

star lies in the smooth locus of the fiber. Thus, U ′
1 = U ′

2 and Unew → X has irreducible
general fiber, because the construction of Ustar does not depend on the choice of the general
point p.

By standard deformation theory, a general curve in Unew will have genus mg and will be
r-free, and hence will have smooth domain. The result follows. □

The next lemma allows us to construct very free rational curves from free rational curves.

Lemma 5.2. Let X be a Q-factorial normal projective variety. Suppose there is a free
rational curve s : P1 → Xsm whose numerical class is in the interior of Nef1(X). Then for
every r ≥ 0 there is an r-free rational curve ŝ : P1 → Xsm such that ŝ∗P1 is proportional to
s∗P1.
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Proof. By Lemma 5.1, for some m > 0 we may construct a free curve s′ : P1 → Xsm whose
class is equal to ms∗P1 such that the evaluation map for the family of deformations of s′

has connected fibers. After possibly increasing the number of times we glue-and-smooth, we
may ensure that m > (dimX)2/2.

[JLR25, Proposition 2.13] shows that µmin
s∗P1(TX) > 0. In particular this slope must be at

least 1
dimX

. By choice of m, we see that µmin
s′∗P1(TX) > (dimX)/2. Since the evaluation map

for the family of deformations of s′ has connected fibers, the Grauert-Mülich theorem of
[PRT24, Proposition 3.1] (applied on a resolution of singularities) shows that for a general
deformation s̃ of s′ we have

|µmin(s̃∗TX)− µmin
s̃∗P1(TX)| ≤ rk(TX)/2 = (dimX)/2

and thus µmin(s̃∗TX) > 0. We obtain the desired map ŝ by precomposing s̃ with a finite
morphism P1 → P1 of sufficiently large degree. □

Remark 5.3. Lemma 5.2 shows that the existence of free rational curves on all klt Fano
varieties is equivalent to the existence of very free rational curves. In brief, by passing
to Q-factorializations, it suffices to consider only Q-factorial klt Fano varieties. Assuming
free rational curves always exist, one can use the MMP to find free rational curves on each
extremal ray of Nef1(X) and hence (after gluing and smoothing) a free rational curve with
class in the interior of Nef1(X). Lemma 5.2 then yields a very free rational curve.

5.1. Smoothable terminal Fano varieties. We first address the case of smoothable ter-
minal Fano varieties.

Theorem 5.4. Let X be a terminal Fano variety. Suppose that X is a fiber of a flat
projective family π : X → T whose general fiber is smooth. Then there is a free rational
curve ŝ : P1 → Xsm. If we assume further that X is Q-factorial, then we can find an r-free
curve ŝ for every r ≥ 0.

Proof. We may assume that T is smooth of dimension 1. Since X is a normal Cartier divisor
in X , [Gro65, Corollaire 5.12.7] shows that X is a normal variety on an open neighborhood
of X. Thus we may apply [dFH11, Proposition 3.8] to see that the general fiber of π is a
Fano variety and that the canonical divisor of X restricts to the canonical divisor in each
fiber. Let 0 ∈ T be a point such that X ∼= X0. We will construct the desired curve on X0 by
specializing free curves on general fibers using exceptional towers.

Let Xt denote a general fiber of π. Choose a finite set of divisors {Di} which generate

Eff
1
(Xt) and choose a finite set of points in Xt that includes one point on each Di as well as

a general point of Xt. By [KMM92, 2.1 Theorem] we know that Xt contains an irreducible
rational curve Ct through this finite set of points. In particular Ct is a free rational curve of
anticanonical degree d > 2 whose class lies in the interior of Nef1(Xt). By Lemma 3.11(2),
if we take a general exceptional tower Φ(Xt, p, k) of height k = d − 2 then there will be a
deformation of Ct whose strict transform meets the top divisor Ek of the exceptional tower.

Let Φ(X, p, k) be a general exceptional tower of height k = d − 2 on the central fiber.
There exists an étale neighborhood U of 0 such that the base change of π to U admits a
section σ : U → XU with σ(0) = p and an extension of Φ(X, p, k) to a relative exceptional
tower Φ(XU , σ, k), i.e. a family of exceptional towers in the fibers of the map XU → U . By
applying a Hilbert scheme argument to the rational curves constructed above, we obtain a
family f : P1 × U \ {0} → XU of rational curves contained in the fibers of πU : XU → U
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whose strict transforms meet the top divisor Ek of the exceptional tower. Let f0 : C → X
be the limit of these curves in X = X0. We note that C must have arithmetic genus 0, must
have −KX degree d, and it must meet Ek in Φ(X, p, k).

Let ϕ : X ′ → X be a resolution of singularities of X and let Cexc, L, Cadj, and Qℓ be as
given in Lemma 3.13 and Remark 3.14. Observe that for each component Cℓ of Cadj, |Qℓ| = 1,
so let qℓ be the unique point of Qℓ. Let Csmall = Cexc ∪ Cadj. Taking strict transforms, we
get a map s : Csmall → X ′. By Corollary 3.16, we see that for each component Cℓ of Cadj we
have

−KX′ · s∗Cℓ ≥ 1 +
k∑

i=0

(i+ 1) ·multqℓ(sk, Ẽi).

Thus,

−KX · f0∗C ≥ −ϕ∗KX · s∗Cadj

≥ −KX′ · s∗Cadj

≥ |L|+
∑
ℓ∈L

(
k∑

i=0

(i+ 1) ·multqℓ
(
s|Cℓ

, Ẽi

))
≥ |L|+ k + 1 = |L|+ d− 1 ≥ d.

Hence all these inequalities must be equalities. In particular |L| = 1 and −KX · f0∗C =
−KX · ϕ∗s∗Cadj, and hence, C is irreducible. If s(C) met the singular locus of X, then we
would have −ϕ∗KX · s∗C > −KX′ · s∗C, contradicting the equality above. Hence, s(C) is
contained in the smooth locus, and since it meets a general point, it must be a free curve.

Now suppose further that X is Q-factorial. By [dFH11, Proposition 6.5] there is a sheaf
GN 1(X/T ) on T in the analytic topology whose fiber at a point t ∈ T is isomorphic to
N1(Xt). Furthermore, by [dFH11, Discussion before Theorem 6.8] this identification pre-
serves the pseudo-effective cone of divisors. Dually, we obtain an identification of the nef
cone of curves for fibers of π : X → T . This implies that f0 : C → X lies in the interior of
the nef cone of curves on X. The existence of the desired r-free curves follows from Lemma
5.2. □

5.2. Terminal Fano varieties of low dimension. We next discuss LCIQ terminal four-
folds. By combining Theorem 1.2 with [KM99, Corollary 5.9], we obtain a quick proof of the
existence of a free rational curve.

Theorem 5.5. Let X be an LCIQ terminal Fano fourfold. Then there is a free rational
curve in the smooth locus of X.

Proof. Theorem 1.2 shows that there is a dominant family of rational curves onX which meet
the singular locus at most 2 times. The existence of a free rational curve follows from [KM99,
5.9 Corollary] which shows that any terminal Fano variety that has LCIQ singularities and
admits a dominant family of rational curves meeting the singular locus at most twice will
also have a free rational curve in its smooth locus. □

Proof of Theorem 1.3: Combine Theorem 5.4 and Theorem 5.5. □

We can also improve [JLR25, Theorem 1.4]:
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Theorem 5.6. Suppose that X is a terminal Fano threefold. Then X admits an r-free
rational curve for every r ≥ 0.

Proof. Since a general r-free curve will avoid any fixed codimension ≥ 2 subset, it suffices to
find an r-free curve on a Q-factorialization of X. So we will assume X is Q-factorial.

We first show that each extremal ray R of Nef1(X) is spanned by a free rational curve.
Indeed, suppose that D is an effective divisor on X such that Nef1(X) intersects D⊥ only
along the ray R. By running the D-MMP, we obtain a birational model ϕ : X 99K X ′ and
a Mori fibration π : X ′ → Z. [JLR25, Theorem 1.4] guarantees that there is a free rational
curve in a general fiber of π. By deforming this curve, we may assume it is contained in the
locus where ϕ−1 is an isomorphism. Then the strict transform on X is a free rational curve
whose numerical class is in R.

Thus, for each extremal rayR of Nef1(X) we may find a free rational curve whose numerical
class lies in R. By gluing and smoothing suitable deformations of these curves, we find a
free rational curve whose numerical class lies in the interior of Nef1(X). Then the existence
of an r-free rational curve follows from Lemma 5.2. □

5.3. Very free rational curves on smooth Fano varieties. Our final result in this
section addresses very free curves on smooth Fano varieties.

Theorem 5.7. Let X be a smooth Fano variety. Then every rational ray in the interior of
Nef1(X) is generated by the class of a very free rational curve.

Proof. Let R ⊂ Nef1(X)◦ denote the set of rays generated by classes of very free rational
curves. We first show that R is dense in Nef1(X)◦. By [JLR25, Theorem 3.6] there is a dense
set of rays in Nef1(X) which are represented by (not necessarily rational) curves s : C → X
such that µmin(s∗TX) > 0. Thus it suffices to show that for every open neighborhood
U ⊂ Nef1(X) of a class s∗C as above there is an element of R which intersects U .

Choose a positive integer m sufficiently large so that the finitely many Z-classes β ∈
Eff1(X) with −KX · β ≤ g(C) dimX each satisfy s∗C − 1

m
β ∈ U . By [JLR25, Theorem 3.2]

we can find a (not necessarily rational) free curve s′ : C → X such that s′∗C = m′s∗C for
some m′ ≥ m. If g(C) = 0, let T be s′∗C. If g(C) > 0, apply Theorem 3.1 to s′ : C → X to
find a free rational curve T such that (s′∗C−T ) ∈ Eff1(X) and−KX ·(s′∗C−T ) ≤ g(C) dimX.
Then 1

m′T ∈ U . Lemma 5.2 shows that there is a very free rational curve whose numerical
class is proportional to T . This establishes density of R.
Finally, we must show that every rational ray R in the interior of Nef1(X) is generated by

a very free curve. We can choose a simplicial cone in the interior of Nef1(X) containing R.
By choosing sufficiently small open neighborhoods of the generators of this simplicial cone
and appealing to density of R, we can find a finite set of very free rational curves {Ci} such
that the cone generated by their numerical classes contains R in its interior. In particular
there is a positive Z-linear combination of the numerical classes of the Ci that lies on R.
Thus we can glue and smooth a compatibly chosen collection of deformations of the various
Ci to find a very free rational curve along the ray R. □

6. Fujita invariants

The Fujita invariant compares the negativity of the canonical divisor against the positiv-
ity of a chosen big and nef Q-Cartier divisor L. The following definition slightly extends
Definition 1.6.
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Definition 6.1. Suppose (Y, L) is a pair consisting of a projective variety Y and a big and
nef Q-Cartier divisor L. When Y is smooth, the Fujita invariant is

a(Y, L) = min{t ∈ R | KY + tL is pseudo-effective }.
If Y is singular we choose a resolution of singularities ϕ : Y ′ → Y and define a(Y, L) to be
a(Y ′, ϕ∗L); this value is independent of the choice of ϕ by [HTT15, Proposition 2.7].

The papers [LT19a] and [LRT26] demonstrate that the existence of a family of curves of
large dimension implies that the Fujita invariant is also large. The following easy result
demonstrates a typical application of Fujita invariants to curves on projective varieties.

Proposition 6.2. Let Y be a smooth projective variety equipped with a big and nef Q-
Cartier divisor L. Suppose that M is an irreducible component of Mor(C, Y ) parameterizing
a dominant family of curves on Y . Then for s ∈M we have

dimM ≤ a(Y, L)(L · s∗C) + dimY + 2g(C).

Proof. Since KY + a(Y, L)L is pseudo-effective, it has non-negative intersection against any
curve that moves in a dominant family, and in particular against s∗C. Thus the statement
follows from the upper bound dimM ≤ −KY ·s∗C+dimY +2g(C) that holds for a dominant
family of curves on Y by [LRT25, Proposition 2.5]. □

The main results of this section prove a type of converse to Proposition 6.2: there exist
irreducible components of Mor(C, Y ) whose dimension is bounded below by an expression
involving the Fujita invariant. We will deduce these dimension bounds from bounds on
intersection numbers of moving curves against the adjoint divisorKY +a(Y, L)L. Proposition
6.3 proves optimal bounds for certain curves C, while Theorem 6.4 gives slightly weaker
bounds for all curves.

We also give numerous applications of these results to the Fujita invariant and its rela-
tionship with families of curves. In particular, we show that as we vary the curve C the
moduli space Mor(C, Y ) behaves “uniformly”: we can study the behavior for a single curve
and then deduce geometric properties of this space for curves of arbitrary genus.

6.1. Fujita invariants and existence of curves. In this section we prove two main results:
we construct irreducible components of Mor(C, Y ) whose dimension captures the Fujita
invariant of Y . A crucial ingredient is the recent work of [JLR25] which constructs free
curves in specified parts of the nef cone of curves. Our first result finds curves which pair to
0 with the adjoint divisor KY + a(Y, L)L.

Proposition 6.3. Let Y be a smooth projective uniruled variety and let L be a big and nef
Q-Cartier divisor on Y . Then there is a curve C with the following property: for any r ≥ 0
and any Θ ≥ 0 there is a morphism s : C → Y satisfying:

(1) s is an r-free curve in a fiber of the Iitaka fibration for (KY + a(Y, L)L) (and in
particular, s is almost r-free),

(2) L · s∗C ≥ Θ, and
(3) (KY + a(Y, L)L) · s∗C = 0.

Proof. By [BDPP13, 0.3 Corollary] the uniruledness of Y is equivalent to asserting that
a(Y, L) > 0. Since KY + a(Y, L)L lies on the boundary of the pseudo-effective cone, the
subset of Nef1(Y ) with vanishing intersection against this divisor is an extremal face F . By
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Wilson’s theorem there is an effective Q-Cartier divisor ∆ and an ample Q-Cartier divisor
H such that ∆ + H ∼Q a(Y, L)L and (Y,∆ + H) is a klt pair. Since H is ample, F is a
(KY +∆)-negative extremal face of the enlarged cone Nef1(Y ) + Eff1(Y )KY +∆≥0. Thus the
argument of [JLR25, Proposition 3.5] shows that there is a curve satisfying (1) that lies on
the face F . By construction this curve satisfies (3). To see (2), we may increase r so that

r ≥ a(Y,L)Θ
dimF

− 2g(C) where F is a fiber of the Iitaka fibration for KY + a(Y, L)L. Then

L · s∗C =
−KY · s∗C
a(Y, L)

≥ (dimF )(2g(C) + r)

a(Y, L)
≥ Θ.

□

Proposition 6.3 leads to a precise dimension computation. Since a family of almost r-free
curves will always deform in a H0(C, s∗TX)-dimensional family, any component M as in
Proposition 6.3 will satisfy

dimM = a(Y, L)(L · s∗C) + (dimY )(1− g(C)) + g(C)κ(Y,KY + a(Y, L)L).

We emphasize that this equation is an equality: the Fujita invariant and the Iitaka dimension
of KY + a(Y, L)L precisely determine the dimension.

Our second result shows that for every curve C there is a morphism s : C → X such that
s∗C has “small” intersection against KY + a(Y, L)L. In contrast to Proposition 6.3 which
only guarantees the existence of a single curve, Theorem 6.5 applies to arbitrary curves at
the cost of proving a slightly weaker statement. The proof combines Theorem 4.1 with an
MMP argument.

Theorem 6.4. Let Y be a smooth uniruled projective variety and let L be a big and nef
Q-Cartier divisor on Y . Denote by m the dimension of a general fiber of the Iitaka fibration
for KY + a(Y, L)L.
Suppose C is a smooth projective curve of gonality ρ. For any positive integer Θ, there

is an irreducible component NC,Θ ⊂ Mor(C, Y ) parameterizing a dominant family of curves

with Θ ≤ a(Y,L)
ρ

L · s∗C ≤ Θ+m such that

(KY + a(Y, L)L) · s∗C ≤ ρ(m− 2).

Proof. We first prove the statement for P1, then extend to arbitrary curves C by taking
covers C → P1.

Consider the Iitaka fibration π : Y 99K Z for the divisor KY + a(Y, L)L. Let ϕ : Y ′ → Y
be a smooth projective birational model admitting a morphism π′ : Y ′ → Z resolving π
and let F ′ be a general fiber of π′. By running a relative (KY ′ + a(Y, L)ϕ∗L)-MMP over

Z, we obtain a birational contraction ψ : Y ′ 99K Ŷ such that a general fiber F̂ of Ŷ → Z
satisfies −KF̂ ≡ a(Y, L)ψ∗ϕ

∗L|F̂ . For some sufficiently small ϵ > 0, this is also a run of the
(KY ′ +(1− ϵ)a(Y, L)ϕ∗L)-MMP. We continue running the latter MMP to obtain a birational

model Ŷ 99K Ỹ such that Ỹ admits a relative Mori fibration over Z. Letting γ : Y ′ 99K Ỹ
denote the induced birational map, we see that a general fiber T of this Mori fibration will
be a terminal Fano variety satisfying −KT ≡ a(Y, L)γ∗ϕ

∗L.
Let W be a smooth birational model of Y admitting birational morphisms ϕW : W → Y

and γW : W → Ỹ . Let T ′ denote the strict transform of T on W . Then T ′ is smooth and
since ϕ∗

WL|T ′ is big and nef we have γ∗WγW,∗ϕ
∗L|T ′ ≥ ϕ∗

WL|T ′ by the negativity of contraction
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lemma ([KM98, Lemma 3.39]). If dimT ′ ≥ 3, Theorem 4.1 shows that there is a free rational
curve s′ : P1 → T ′ satisfying

dimT − 2 ≥ (KT ′ − γ∗WKT ) · s′∗P1

= (KT ′ + a(Y, L)γ∗WγW,∗ϕ
∗
WL) · s′∗P1

≥ (KT ′ + a(Y, L)ϕ∗
WL) · s′∗P1.

(If dimT ′ ≤ 2, then T is smooth and we can run a similar argument with a free rational curve
on T .) Since T ′ is a fiber of a morphism from W , we have KT ′ · s′∗P1 = KW · s′∗P1. Finally,
since s′ is a free curve, defining s = ϕW ◦ s′ : P1 → Y we have KW · s′∗P1 ≥ KY · ϕW,∗s

′
∗P1.

Thus s∗P1 satisfies the desired intersection bound against KY + a(Y, L)L.
It only remains to bound the L-degree of s∗P1. We may use our choice of Θ when applying

Theorem 4.1 to construct s′. First, note that since s′(P1) moves in a dominant family on T ′,
we have

Θ + dimT ≥ −KT · γW,∗s
′
∗P1 = a(Y, L)γW,∗ϕ

∗
WL · γW,∗s

′
∗P1 ≥ a(Y, L)ϕ∗

WL · s′∗P1.

Second, note that since KT ′ + a(Y, L)ϕ∗
WL is pseudo-effective

Θ ≤ −KT ′ · s′∗P1 ≤ a(Y, L)ϕ∗
WL · s′∗P1.

Together these prove the desired bounds for P1.
Now suppose that C is an arbitrary curve equipped with a morphism h : C → P1 of degree

ρ. Fix an s ∈ NP1,Θ and let NC,Θ denote the irreducible component of Mor(C, Y ) containing
s ◦ h. Then

(KY + a(Y, L)L) · s∗h∗C ≤ ρ(m− 2)

and intersections against L are also scaled by ρ. □

As a consequence, we prove that for every curve C there is an irreducible component
M ⊂ Mor(C,X) whose dimension is a bounded amount away from the expected value given
by a Fujita invariant computation.

Theorem 6.5. Let Y be a smooth uniruled projective variety and let L be a big and nef
Q-Cartier divisor on Y . Let C be a smooth curve of genus g ≥ 0 and gonality ρ ≥ 1. For
any positive integer Θ, there is an irreducible component NC,Θ ⊂ Mor(C, Y ) parameterizing

a dominant family of maps s : C → Y satisfying Θ ≤ a(Y,L)
ρ

· (L · s∗C) ≤ Θ+ dimY and

dimNC,Θ ≥ a(Y, L) · (L · s∗C) + (1− g − ρ) dimY + 2ρ.

Proof. This follows from Theorem 6.4 and the lower bound on dimNC,Θ coming from the
expected dimension. □

Remark 6.6. In the case C = P1, the statement says that Y has infinitely many components
N of rational curves s : P1 → Y satisfying dimN ≥ a(Y, L) · (L · s∗P1)+2. If L = −KY , this
is dimY − 2 less than the “expected” value a(Y, L) · (L · s∗P1) + dimY , so we see that there
will be families of rational curves on Y with “almost” the dimension that we would expect
coming from the a-invariant.

Proof of Theorem 1.7: Follows immediately from Theorem 6.5 plus the gonality bound ρ ≤
g + 1. □
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Suppose X is a smooth Fano variety and that f : Y → X is a generically finite morphism
from a projective variety Y . Then the Fujita invariant a(Y,−f ∗KX) allows us to compare
the behavior of curves on Y and curves on X. Since the behavior of the Fujita invariant is
highly constrained by the Minimal Model Program, we obtain good control of the properties
of curves on X that factor through Y .

Let N denote an irreducible component of Mor(C, Y ) and let M denote an irreducible
component of Mor(C,X) containing f∗N . Loosely speaking, we expect

a(Y,−f ∗KX) = lim sup
−KX -deg→∞

dimN

expdimM

where expdim(M) denotes the expected dimension −f ∗KX · s∗C + (dimX)(1− g(C)). One
inequality was proved by [LRT25, Theorem 1.6]: we can bound the value of a(Y,−f ∗KX)
from below using the dimension of families of curves on Y . The following result establishes
the reverse inequality.

Corollary 6.7. Let X be a smooth projective Fano variety and let C be a smooth curve.
Suppose that f : Y → X is a generically finite morphism from a smooth uniruled projective
variety Y . For any ϵ > 0, there is an irreducible component N ⊂ Mor(C, Y ) such that

dimN

expdimM
> a(Y,−f ∗KX)− ϵ

where M denotes an irreducible component of Mor(C,X) containing the pushforward of N .

Proof. Apply Theorem 6.5 to Y with L = −f ∗KX . When Θ is sufficiently large the desired
inequality follows. □

In particular, the subvarieties where curves “accumulate” – e.g. where there are more
curves than expected – will be exactly the ones with large Fujita invariant.

6.2. Uniform behavior of curves on Fano varieties. Let X be a Fano variety. The fol-
lowing theorems prove an equivalence between properties of Fujita invariants of subvarieties,
the moduli spaces of specific curves on X, and the moduli spaces of arbitrary curves on X.
The two main results in this section are distinguished by the bound they place on the Fujita
invariants of subvarieties of X. We first discuss when the Fujita invariant of every subvariety
is ≤ 1.

Theorem 6.8. For a smooth Fano variety X, the following are equivalent.

(1) For every closed subvariety Y ⊊ X, a(Y,−KX |Y ) ≤ 1.
(2) There exists a smooth projective curve C and a constant R such that the dimension

of every irreducible component of Mor(C,X) is at most R greater than the expected
dimension.

(3) There exists a smooth projective curve C such that the dimension of every irreducible
component of Mor(C,X) is at most g(C) dimX more than the expected dimension.

(4) For every smooth projective curve C and every irreducible componentM ⊂ Mor(C,X)
the dimension of M is at most g(C) dimX more than the expected dimension.

Proof. (1) =⇒ (4): Fix a curve C and suppose for a contradiction that M ⊂ Mor(C,X) is
an irreducible component parameterizing maps s : C → X such that dimM > expdimM +
g(C) dimX. Let f : Y → X denote a resolution of the closed subvariety of X swept
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out by this family of curves. Theorem 3.1 yields a dominant family N of rational curves
on Y satisfying dimN ≥ dimM . But this is larger than the expected dimension of the
corresponding irreducible component of Mor(P1, X). By [LT19a, Theorem 1.1] we conclude
that X admits a subvariety of Fujita invariant > 1.
(4) =⇒ (3), (3) =⇒ (2): immediate.
(2) =⇒ (1): we prove the contrapositive. Suppose there is a closed subvariety Y ⊊ X

such that a(Y,−KX |Y ) > 1. Let f : Y ′ → Y denote a resolution of singularities and apply
Theorem 6.5 to Y ′ with L = −f ∗KX |Y . Note that Y ′ is uniruled by [BDPP13, Theorem
0.3]. For every sufficiently large Θ we obtain an irreducible component NC,Θ ⊂ Mor(C, Y ′)
such that any irreducible component M ⊂ Mor(C,X) containing the images of the curves
in NC,Θ will violate the dimension bound in (2). □

Proof of Theorem 1.8: Follows immediately from Theorem 6.8. □

The Fano varieties such that every subvariety has Fujita invariant < 1 are even more
special. The following theorem shows that this condition is equivalent to having few families
of curves of larger than expected dimension.

Theorem 6.9. For a smooth Fano variety X, the following are equivalent.

(1) For every closed subvariety Y ⊊ X, a(Y,−KX |Y ) < 1.
(2) For every closed subvariety Y ⊊ X, there exists a curve C whose genus g and gonality

ρ satisfy g > 1 + ρ dimY−2
dimX−dimY

such that there are only finitely many irreducible com-
ponents of Mor(C,X) which sweep out Y and have larger than expected dimension.

(3) There exists a curve C whose genus g and gonality ρ satisfy g > 1 + ρ(dimX − 3)
such that there are only finitely many irreducible components of Mor(C,X) with larger
than expected dimension.

(4) For every curve C there are only finitely many irreducible components of Mor(C,X)
with larger than expected dimension.

Proof. (1) =⇒ (4): We prove the contrapositive statement. Suppose there exists a curve C
such that Mor(C,X) has infinitely many components with larger than expected dimension.
Such a component cannot parameterize any free curves. According to [LRT25, Theorem
1.2], when the degree of the curves is sufficiently large then any such component falls into
one of three categories. In the first category, the curves sweep out a subvariety Y ⊊ X
with a(Y,−KX) ≥ 1. In the second category, there is a dominant generically finite map
f : Y → X and a subvariety F ⊊ Y with a(F,−f ∗KX |F ) = 1. Then the image of F in X
will be a proper subvariety of Fujita invariant at least 1. In the third category, X must carry
a rational curve C with −KX ·C = 2 and such a curve has Fujita invariant 1. Thus in every
case we find a subvariety of Fujita invariant ≥ 1, proving the contrapositive.

(4) =⇒ (3), (3) =⇒ (2): immediate
(2) =⇒ (1): We prove the contrapositive statement. Suppose there is a proper subvariety

Y ⊊ X with Fujita invariant ≥ 1. Let C be any curve whose genus and gonality satisfy the
inequality in (2). We apply Theorem 6.5 to a resolution of singularities of Y and with L equal
to the pullback of −KX to obtain infinitely many irreducible components M ⊂ Mor(C, Y )
satisfying

dimM ≥ expdimXM + (dimX − dimY )(g(C)− 1)− ρ(dimY − 2)

> expdimXM.
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This finishes the proof. □

Remark 6.10. We expect the statement of Proposition 6.3 to hold for every smooth pro-
jective curve C. Then the argument above would imply that the equivalent conditions of
Theorem 6.9 are also equivalent to:

(5) There exists a smooth projective curve C of genus ≥ 2 such that there are only
finitely many irreducible components of Mor(C,X) with larger than the expected
dimension.

In fact, we can put even stronger restrictions on families of curves on Fano varieties with
no subvarieties of Fujita invariant ≥ 1.

Theorem 6.11. Let X be a smooth Fano variety such that there are no proper subvarieties
Y with a(Y,−KX) ≥ 1. There is a quadratic function L(g) such that for a smooth curve C
of genus g and number r ≥ 0, every irreducible component M ⊂ Mor(C,X) parameterizing
maps of (−KX)-degree ≥ L(g) + r dimX will generically parameterize r-free maps. Fur-
thermore, the evaluation morphism for the universal family over M will have geometrically
irreducible generic fiber.

Proof. By [HL20, Theorem 1.3] there is a constant a < 1 such that no varieties of dimension
≤ dimX have Fujita invariant in the interval (a, 1) with respect to any big and nef Cartier
divisor. Let M ⊂ Mor(C,X) be an irreducible component and let ev : U → X denote the
evaluation map on the normalization U of the universal family over M . Let f ′ : Z ′ → X
denote the Stein factorization of (a projective closure of) ev and let f : Z → X denote a
birational model of f ′ with Z smooth. Note that there is an open subset ofM parameterizing
curves on Z which are the strict transforms of general curves parameterized by M on Z ′.
Let s : C → Z be a general map parameterized by M . Since M parameterizes a dominant

family of curves on Z, it has dimension at most −KZ · s∗C + dimZ + 2g(C) by [LRT25,
Proposition 2.5]. On the other hand, M has at least the expected dimension −KX · (f ◦
s)∗C+(1−g(C)) dimX. As s∗C moves in a dominant family it has non-negative intersection
against KZ − a(Z,−f ∗KX)f

∗KX , yielding

a(Z,−f ∗KX) ≥
−KZ · s∗C

−KX · (f ◦ s)∗C
≥ −KX · (f ◦ s)∗C + (dimX − dimZ)− g(C)(dimX + 2)

−KX · (f ◦ s)∗C
.

If −KX · (f ◦ s)∗C > g(C)(dimX+2)
1−a

then a(Z,−f ∗KX) > a. By choice of a we conclude
a(Z,−f ∗KX) ≥ 1 and so Lemma 6.12.(2) shows that f is birational. Thus we have a
dominant family of curves and the evaluation morphism will have geometrically irreducible
generic fiber.

Since KX +a(X,−KX)(−KX) = 0, Lemma 6.12 shows that X has Picard rank 1. Letting
α be a generator of Nef1(X), we have µmin

α (TX) > 0 by [JLR25, Proposition 2.13]. [LRT25,
Theorem 1.2] shows that there is a quadratic function Q1(g) such that when the degree of
the curves is larger than Q1(g) then the general map s parameterized by M is free and
maps birationally onto its image. The Grauert-Mülich theorem of [LRT25, Theorem 3.8.(1)]
yields a quadratic function Q2(g) such that a general curve s : C → X parameterized by M
satisfies

µmin(s∗TX) ≥ µmin
s∗C (TX)−Q2(g) =

µmin
α (TX)

µα(TX)
· −KX · s∗C

dimX
−Q2(g).

38



Rearranging, we see that when −KX · s∗C ≥ sup{Q1(g),
µα(TX)

µmin
α (TX)

(dimX)(2g + r + Q2(g))}
we have the desired freeness. □

The previous result relied on the following lemma describing the geometry of subvarieties
with large Fujita invariant. It is well-known to experts – for example, some version of it
appears in [HL25, Section 2].

Lemma 6.12. Let X be a smooth projective uniruled variety and let L be an ample Q-Cartier
divisor on X. Assume that κ(KX + a(X,L)L) = 0.

(1) Suppose that there are no proper subvarieties Y ⊊ X such that a(Y, L|Y ) > a(X,L).
Then the only dominant generically finite morphisms f : Y → X with the properties
a(Y, f ∗L) = a(X,L) and κ(KY + a(Y, f ∗L)f ∗L) = 0 are birational maps.

(2) Suppose that there are no proper subvarieties Y ⊊ X such that a(Y, L|Y ) ≥ a(X,L).
Then the only generically finite morphisms f : Y → X such that a(Y, f ∗L) ≥ a(X,L)
are birational maps.

If furthermore X is Fano and L = −KX , then in case (2) the Picard rank of X is 1.

Proof. (1) Suppose that f : Y → X is a generically finite morphism from a smooth projec-
tive variety Y such that a(Y, f ∗L) = a(X,L) and κ(KY + a(Y, f ∗L)f ∗L) = 0. Note that
KY + a(Y, f ∗L)f ∗L = KY/X + f ∗(KX + a(X,L)L) and so every divisor E contained in the
ramification locus of f is contracted by the (KY + a(Y, f ∗L)f ∗L)-MMP. [Sen21, Corollary
2.8] shows that the image of each such divisor E in X either has codimension ≥ 2 or is an
irreducible divisor with L-Fujita invariant > a(X,L). By assumption the latter case cannot
happen, thus the Stein factorization of f : Y → X cannot have any branch divisors. We
conclude f must be étale by purity of the branch locus as in [Sta25, Tag 0EA4]. Since X is
rationally connected by [LTT18, Proposition 2.5], we conclude that the Stein factorization
is trivial, i.e. f must be birational.

(2) Suppose for a contradiction that there was a non-birational generically finite morphism
f : Y → X such that a(Y, f ∗L) ≥ a(X,L). Let π : Y 99K Z be the Iitaka fibration for
(KY + a(Y, f ∗L)f ∗L) and let F denote the closure of a general fiber of π. By [LST22,
Lemma 4.7 and Lemma 4.9] we see that

a(Y, f ∗L) = a(F, f ∗L|F ) ≤ a(f(F ), L|f(F )).

By our assumption, the only possibility is that a(Y, f ∗L) = a(X,L) and that f(F ) = X. In
other words, κ(KY + a(Y, f ∗L)f ∗L) = 0. Then (1) implies that f is birational.
It only remains to prove the final statement. Assume X is Fano and L = −KX . If X has

Picard rank > 1, let π : X → Z be the contraction of an extremal ray of the Mori cone.
If π is birational, then an irreducible component Y of the exceptional locus is swept out
by a non-dominant family of rational curves and thus satisfies a(Y,−KX) > 1 by [LT19a,
Theorem 1.1]. If π is a Mori fibration, then a general fiber F of π will satisfy a(F,−KX) = 1.
In either case X carries a subvariety with Fujita invariant at least a(X,−KX). □

6.3. Dominant families of rational curves. In this section, we show that varieties with
large Fujita invariant must contain dominant families of low-degree rational curves. Be-
fore giving the statement, we need a preliminary result that uses [JLR26] to bound the
anticanonical degrees of dominant families of rational curves.
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Lemma 6.13. Let (X,B) be a projective log pair such that X is uniruled. Then there is a
dominant family of rational curves on X whose −(KX +B) degree is at most dimX + 1.

Proof. We first apply [BCHM10, Corollary 1.4.4] to find a birational morphism ϕ : X ′ → X
from a Q-factorial normal projective variety X ′ and effective Q-divisors Γ1,Γ2 on X ′ such
that

KX′ + Γ1 + Γ2 = ϕ∗(KX +B)

and the pair (X ′,Γ1) is klt. Since the difference ϕ∗(KX + B) − (KX′ + Γ1) is effective the
statement for (X ′,Γ1) implies the statement for (X,B). So we may assume that (X,B) is
Q-factorial klt.

If KX +B is pseudo-effective, then −(KX +B) has non-positive intersection against every
moving rational curve on X and the statement follows. Otherwise, we can run a (KX +B)-

MMP with scaling ψ : X 99K X̃ to obtain a Mori fibration π : X̃ → Z. For a general fiber F
of π the pair (F, ψ∗B|F ) is a klt Fano pair. By taking general complete intersections of very
ample divisors, we can find an irreducible curve C through a general point x ∈ F that is
entirely contained in the smooth locus. Since (KF +ψ∗B|F ) ·C < 0, we also have KF ·C < 0.
We apply [JLR26, Theorem 1.1] with H = −(KF + ψ∗B|F ) to see that there is a rational
curve through x satisfying −(KF + ψ∗B|F ) ·R ≤ dimF + 1. Thus

−(KX̃ + ψ∗B) ·R = −(KF + ψ∗B|F ) ·R ≤ (dimF + 1) ≤ (dimX + 1).

Since x is a general point and F is a general fiber, the deformations of R cover all of X̃.
By [KM98, Lemma 3.38] if we pass to a smooth birational model W with morphisms

g1 : W → X and g2 : W → X̃ then the difference g∗1(KX +B)− g∗2(KX̃ +ψ∗B) is an effective
divisor. Thus the strict transform of R on X satisfies the desired inequality. □

If X is a smooth Fano variety with −KX ∼ rH then by Mori’s Bend-and-Break X is
covered by rational curves of H-degree ≤ dimX+1

r
. The following result gives us a birational

version of this observation.

Theorem 6.14. Let X be a uniruled projective variety and let L be a big and nef Q-Cartier
divisor on X. Then X is dominated by rational curves C satisfying L ·C ≤ (d+ 1)/a(X,L)
where d is the dimension of a general fiber of the rational map π : X 99K Z to the canonical
model of KX + a(X,L)L.

Proof. By pulling back L to a resolution, it suffices to consider the case when X is smooth.
Let π : X 99K Z be the Iitaka fibration for KX + a(X,L)L. By again pulling back L to a
birational model, we may suppose that π is a morphism. It suffices to prove that a general
fiber of π is covered by rational curves satisfying the desired bound.

A general fiber F of π has the property that κ(KF + a(X,L)L|F ) = 0. Thus there is a
birational map ψ : F 99K F ′ to a terminal variety F ′ such that KF ′ + a(X,L)ψ∗L|F ≡ 0.
Lemma 6.13 implies that there is a dominant family of rational curves C ′ on F ′ satisfying
ψ∗L|F ·C ′ ≤ (dimF +1)/a(X,L). Letting C denote the strict transform on F of the general
curve C ′, the negativity of contraction lemma ([KM98, Lemma 3.39]) shows that

L|F · C ≤ ψ∗ψ∗L|F · C = ψ∗L|F · C ′ ≤ (dimF + 1)/a(X,L).

□
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6.4. Dominant maps. The final result in this section clarifies the possible geometric be-
havior of dominant morphisms f : Y → X which preserve the Fujita invariant. It partially
answers a question asked to us by Kollár.

Theorem 6.15. Let X be a smooth Fano variety. Suppose that f : Y → X is a dominant
generically finite morphism from a smooth projective variety Y such that a(Y,−f ∗KX) = 1
and κ(KY − f ∗KX) = 0. Then either:

(1) there is an irreducible component M ⊂ Mg,0(X) such that the finite part ψ : Z →
X of the Stein factorization of the evaluation morphism for the normalization of
a compactification of the universal family over M has degree ≥ 2, and f factors
rationally through ψ, or

(2) there is a morphism f ′ : Y ′ → X ′ that is birationally equivalent to f such that X ′

has log Fano type and f ′ is étale away from a codimension 2 subset of X ′.

Proof. Since κ(KY − f ∗KX) = 0, Proposition 6.3 yields a 1-free curve s : C → Y such
that (KY − f ∗KX) · C = 0. By Lemma 5.1, we may assume s belongs to a component
N ⊂ Mg,0(Y, α) such that the evaluation map of the normalization of the universal family
over N , evN : UN → Y , has irreducible fibers over general points in Y .

First suppose that for s general f(s(C)) avoids the branch divisor B. Since deformations
of f(s(C)) connect two general points of X, we see that κ(B) = 0. Since X is Fano, there
is a birational map ϕ : X 99K X ′ to a normal projective variety X ′ of log Fano type that
contracts B. Taking the Stein factorization of a resolution of Y 99K X ′, we obtain a finite
morphism of normal varieties f ′ : Y ′ → X ′ that is birationally equivalent to f . Since the
branch locus for f ′ contains no divisors, by purity of the branch locus as in [Sta25, Tag
0EA4] we see that f ′ must be étale over the smooth locus of X ′.

Next suppose that for s general f(s(C)) intersects the branch divisor B. Let M ⊂
Mg,0(X, f∗α) be the component dominated by N under the natural map f∗ : Mg,0(Y, α) →
Mg,0(X, f∗α). Consider the normalization UM of the universal family over M . We claim the
evaluation map evM : UM → X has reducible fiber over a general point p ∈ X. If instead
the fiber over p were irreducible, then for any point q ∈ f−1(p) composition with f would
induce a birational map ev−1

N (q) 99K ev−1
M (p). Letting π : UM → M be the natural map, it

follows that for a general map h ∈ π(ev−1
M (p)) and for any point q ∈ f−1(p) there is a lifting

hq : C → Y of h such that q ∈ hq(C). Note that α pairs to 0 with KY −f ∗KX , and so a gen-
eral map in N is disjoint from the ramification locus of f : Y → X. Thus the generality of h
ensures f : Y → X is finite over h(C). Hence, for any point y ∈ f−1(h(C)), there exists some
q ∈ f−1(p) such that y ∈ hq(C). This cannot be, as by hypothesis f−1(h(C)) meets the rami-
fication divisor R ⊂ Y of f , but for all q ∈ f−1(p) we have R·hq∗C = (KY −f ∗KX)·hq∗C = 0.
Since UM is normal, we conclude that the finite part g : Z → X of the Stein factorization
of the extension of the evaluation morphism to a normal compactification of UM has degree
≥ 2. By construction f factors rationally through g. □

7. Curves on general hypersurfaces

The goal of this section is to study general hypersurfaces in Pn of degree m ≤ n− 2 and
show that they have no subvarieties of a-invariant at least 1. We start by considering the
case where m = n − 2. Let H be the hyperplane class. We begin with a lemma about the
curves on a subvariety Y with a-invariant at least 1.
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Lemma 7.1. Let X be a general hypersurface in Pn of degree n − 2. If Y ⊂ X is any
subvariety with a(Y,−KX) ≥ 1, then a(Y,−KX) = 1 and there is a degree d such that
dimM0,0(Y, e) = 3d+ dimY − 3.

Proof. By Theorem 1.7 applied to a resolution of Y , there is a positive integer G such
that for arbitrarily large curve classes β, we can find a dominant family of maps Mmor ⊂
Mor(P1, Y, β) of dimension −KX · β + dimY − G. Select integers r, k, e with r, k > G
and e ≥ (dimY + 1)r + (dimY )k such that there is a family in Mor(P1, Y, e) of dimension
3e + dimY − G. Let Z ⊂ Y be the union of the loci over which the evaluation maps fail
to be flat as we take all of the components of rational curves in Y of degree at most e. To
derive a contradiction, suppose that through every point of Y \ Z, there is at most a 3d− 3
family of degree d rational curves.
Let Mkonts ⊂ M0,r+k(Y, e) be the closure of the image of the map Mmor × M0,r+k →

M0,r+k(Y, e). We study the locus Mr,k ⊂ Mkonts of tuples (f, C, q1, . . . , qr+k) satisfying the
open condition that f(qi) /∈ Z for all i and the closed condition that q1, . . . , qr are all on
distinct components of C that are contracted by the stabilizing the domain curve.

We claim there is an irreducible component M ′
r,k ⊂ Mr,k that dominates M0,r+k under

the forgetful map and generically parameterizes maps that send the qi to distinct points in
Y \ Z. Indeed, let s : P1 → Y be a general map parameterized by Mmor and select general
points q′1, . . . , q

′
r+k ∈ P1. Since Mmor parameterizes a dominant family, s(q′i) /∈ Z for all

i. The space of maps fixing the images of q′1, . . . , q
′
r+k has dimension at least r. Hence, by

[JLR26, Lemma 2.1] Mr+k is non-empty and contains at least one stable map sending the
qi to distinct points. Since we can find such a map for any general points q′1, . . . , q

′
r+k, this

proves the existence of M ′
r,k.

Because Mr,k is defined as the locus where we break off r rational components, each
irreducible component of Mr,k has codimension at most r in Mkonts, i.e., dimension at least
3e+dimY + k− 3−G. In fact, since M ′

r,k dominates M0,r+k, the family M ′′
r,k ⊂ M0,0(Y, e)

underlying M ′
r,k has dimension at least 3e+dimY − r−G. Below, we will perform a careful

dimension count of M ′′
r,k to obtain a contradiction.

Let N be the number of irreducible components of the domain of a general map parame-
terized by M ′′

r,k. Since every rational curve on Y is also contained in X, by applying [RY19,
Proposition 6.5] to X we see the dimension of M ′′

r,k is at most 3e+ dimY − 2−N . Thus N
is at most G+ r − 2 < k + r.
Let (f, C, q1, . . . , qr+k) be a general element of M ′

r,k. Then for some i there is a qi on a
component C0 of C that is not contracted by the stabilization map. In particular, since qi
does not map into Z, a general point of C0 will not map into Z.

Let e0 be the degree of C0 and e1, . . . , eN−1 be the degrees of the other irreducible com-
ponents of C. We do a dimension-counting argument analogous to [RY19, Proposition 6.5].
Namely, C0 is chosen from a family of curves of dimension at most 3e0+dimY −3. We then
build up our curve component by component. Since (f, C, q1, . . . , qr+k) was chosen gener-
ally and M ′

r,k dominates M0,r+k, there are r irreducible components of C attached to C0 at
q1, . . . , qr. To count the moduli of these components we break our argument into two cases.
First, if the image of the point where C0 meets Ci is in Z, there is by [RY19, Theorem 3.3]
a 3ei − 2 dimensional family of choices for Ci. Otherwise, there is a 1-dimensional family of
choices of attachment point on C0 plus a 3ei− 3 dimensional family of choices for Ci passing
through that point. In either case, we have 3ei − 2 choices for adding these curves.
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For adding other irreducible components of C, we have a 3ei − 1-dimensional family of
choices as in [RY19, Theorem 3.3]. Thus, the total dimension of M ′′

r,k is at most 3
∑

i ei +
dimY − 3− (N − 1)− r ≤ 3e+dimY − 2− 2r. Since r > G, we obtain a contradiction. □

Lemma 7.2. Let X be a general hypersurface of degree n − 2 in Pn. Suppose Y ⊂ X is
a subvariety such that a(Y,−KX) = 1. Let c = codim(Y,X). Then there exists a positive
integer e ̸= 3 with n−c+2

3
< e ≤ 2n−c+2

3
and a component Me ⊂ Mor(P1, Y, e) such that

(1) dimMe = 3e+ dimY ;
(2) Me parameterizes a dominant family of curves on Y ;
(3) a general map parameterized by Me is generically injective;

Proof. Since X has degree n−2, it follows that a(X,H) = 3, so we have a(Y,H) = 3 as well.
Observe that X contains no 2-planes by [EH16, Theorem 6.28]. Since the only subvarieties
of Pn of dimension at most 2 with a-invariant 3 are 2-planes, Y cannot have dimension 1 or
2. Hence dimY = n− 1− c ≥ 3.
By Lemma 7.1 and [RY19, Proposition 6.5], there is an integer d such that through a

general point of Y there is a 3d − 2 dimensional family of irreducible rational curves of
degree d. We claim that we can find such a family with d ≤ n−c+2

3
. Our argument uses

descending induction on d via a threshold degree argument originally in [HRS04]. If we have
such a family with d > n−c+2

3
, we see that we have a family of curves through a general

point of Y of dimension at least n− c+ 1. Hence, we have a 1-parameter family of rational
curves through two general points of Y , which means we can break into several components,
at least one of which passes through a general point of Y . Let d′ < d be the degree of the
curve passing through the general point of Y . By a dimension count similar to the proof of
Lemma 7.1 (modeled after [RY19, Proposition 6.5]), it follows that there must be a 3d′ − 2
dimensional family of such curves. The result follows by descending induction on d.

Observe that for the minimal such d with a 3d − 2-dimensional family of curves through
a general point, the general curve in the family will be a generically injective map.

By gluing together and smoothing curves of degree at most n−c+2
3

, we see that we can
find a 3e − 2-dimensional family of curves of degree e through a general point of Y , where
e is strictly larger than n−c+2

3
and at most 2n−c+2

3
. In fact, we can even ensure that e ̸= 3,

since if n−c+2
3

< 3 then we must have a curve of degree 1 or 2 and by gluing and smoothing
such curves we can obtain a suitable curve of degree 4. Since n− 1− c ≥ 3, it follows that
4 ≤ 2n−c+2

3
as required. □

Proposition 7.3. Let X be a general hypersurface of degree n − 2 in Pn with n ≥ 4. Let
e ≤ n with e ̸= 3. LetM ′ be the open locus in Mor(P1, X, e) consisting of generically injective
maps. Then outside of a set of codimension at least n − e + 1, M ′ parameterizes rational
normal curves.

Proof. If e = 1, 2, the statement is trivial, so we may assume e > 3. We consider the incidence
correspondence I ⊂ Mor(P1,Pn)×PN−1 of pairs (f,X) where f is a generically injective map
sending P1 to a degree e rational curve in Pn and X is a degree n−2 hypersurface containing
f(P1). By [GLP83, Theorem in introduction], nonplanar curves of degree e have the property
that for every q ≥ e − 1 the degree q hypersurfaces in Pn trace out a non-special complete
linear system on the curve. Since n ≥ e, the fibers of the map I → Mor(P1,Pn) have
dimension

(
2n−2
n

)
− e(n− 2)− 2 + g, where g is the arithmetic genus of C.
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We work out the dimension of the algebraic subset Iδ of I corresponding to curves spanning
a Pe−δ. Observe that every irreducible component of I will have dimension at least E =
3e+ n− 1 +

(
2n−2
n

)
− 1, since I is locally cut out by e(n− 2) + 1 equations in the incidence

correspondence.
First we study Ie−2. There is a 3(n − 2) dimensional choice of 2-planes in Pn. For each

2-plane, there is a 3e + 2 dimensional family of degree e morphisms from rational curves
to it. For each curve in that P2, there is a

(
n−e
2

)
− 1 dimensional family of degree n − 2

hypersurfaces in P2 containing the curve. For each such hypersurface in P2, there is a(
2n−2
n

)
−
(
n
2

)
dimensional family of hypersurfaces in Pn with the given restriction to P2.

Thus, the dimension of Ie−2 is

3(n− 2) + 3e+ 2 +

(
n− e

2

)
− 1 +

(
2n− 2

n

)
−
(
n

2

)
= E −

(
e

(
n− e+ 1

2

)
− 2n+ 3

)
To complete our study of Ie−2, it remains to show that the codimension e(n− e+1

2
)− 2n+ 3

is at least n− e+ 1 when n ≥ e > 3. The difference between these functions is −1
2
e2 + (n+

1
2
)e− 3n+2. For e = 4, this simplifies to n− 4 which is non-negative since n ≥ 4. Since the

difference is increasing in e on the interval 4 ≤ e ≤ n, we conclude that it is non-negative in
this entire range.

Now we study Iδ for δ < e−2. Observe that the general rational curve spanning a Pe−δ has
arithmetic genus 0. The space of degree emaps from P1 to Pn has dimension (e+1)(n+1)−1,
while the space of degree e maps from P1 to Pn whose image lies in an (e − δ)-plane has
dimension

(e− δ + 1)(n− (e− δ)) + (e+ 1)(e− δ + 1)− 1 = (e− δ + 1)(n+ δ + 1)− 1

= ((n+ 1)(e+ 1)− 1)− δ(n− e+ δ).

Thus, the codimension of the space of curves spanning a Pe−δ is δ(n− e+ δ). The fiber over
a curve f of the map from Iδ to Mor(P1,Pn) will jump by the arithmetic genus pa(f(P1)) as
compared to the fiber over a general curve. Since the generic rational curve spanning Pe−δ

will have arithmetic genus 0, Iδ will have dimension at most E − δ(n− e+ δ) + g− 1, where
g ≥ 1 is the maximum genus of a curve parameterized by Iδ.

We next claim that g ≤ δ2. By the Castelnuovo bound (as in [Har81, Page 40]), we see
that g is at most

(
q
2

)
(e − δ − 1) + qm where q and m are the quotient and the remainder

of dividing e − 1 by e − δ − 1. Observe that if 2δ < e − 1, we have that q ≤ 1, and the
relationship is trivially satisfied. Similarly, if 2δ = e − 1, we have q = 2, m = 0 and the
relationship is again satisfied because e − δ − 1 = δ is less than δ2. Thus, we may assume
2δ > e− 1, i.e., 2δ ≥ e. We have(

q

2

)
(e− δ − 1) + qm ≤ q

2
(q(e− δ − 1) + 2m) =

q

2
(e− 1 +m) .

Using the fact that m < e− δ − 1 and q ≤ e−1
e−δ−1

, this last quantity is strictly less than

e− 1

2(e− δ − 1)
(e− 1 + e− δ − 1) =

(e− 1)2

2(e− δ − 1)
+
e− 1

2
.
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Using the fact that 2δ ≥ e and e− δ ≥ 3, this is at most

(2δ − 1)2

4
+

2δ − 1

2
=

4δ2 − 4δ + 1 + 4δ − 2

4
=

4δ2 − 1

4
< δ2.

This shows that g ≤ δ2.
Using the fact that Iδ has dimension at most E − δ(n − e) − δ2 + g − 1, we see that the

dimension of Iδ is at most E − δ(n− e)− 1 ≤ E − (n− e+ 1).
Because the fibers of the natural map I → Mor(P1,Pn) are projective spaces, I can only

be reducible if there is some locus of curves in one of the Iδ where the fibers have dimension
so large that it forms a component of dimension at least E. The above analysis shows that
this is impossible. Thus, I is irreducible, and the codimension of every Iδ is at least n−e+1,
as required. □

Lemma 7.4. Let X be a general hypersurface of degree n − 2 in Pn. Suppose Y ⊂ X is
a subvariety such that a(Y,−KX) = 1 and let c denote the codimension of Y . Let C be a
general curve parameterized by the moduli space Me of Lemma 7.2. Then the normal bundle
NC/X has a quotient Q of rank c and degree at most 0.

Proof. Let f : P1 → Ỹ be the strict transform of C on a resolution Ỹ of Y . Then the natural
map Nf/Ỹ → Nf/X shows that Nf/X has a subbundle of degree at least degNf/Ỹ . However,

degNf/Ỹ = h0(Nf/Ỹ (−1)) = 3e − 2. Thus, the quotient of NC/X by the saturation of the
image of Nf/Ỹ has non-positive degree. □

Lemma 7.5. Let n ≥ 5 and X ⊂ Pn be a general hypersurface of degree n − 2. For any
integers c, e with 1 ≤ c ≤ n − 3 and n−c+2

3
≤ e ≤ 2n−c+2

3
, let Me,c ⊂ Mor(P1, X, e) be the

locus of maps parameterizing rational normal curves C ⊂ X for which NC/X admits a rank
c quotient Q with c1(Q) ≤ 0. Then the codimension of Me,c in Mor(P1, X, e) is at least c+1.

Proof. We start by considering curves having NC/X of some fixed splitting type. Fix a vector
bundle V on P1 that has a rank c quotient of non-positive degree and let z be the number
of O(e+ 2) factors in V . By [Mio25, Corollary 1.4], the codimension in Mor(P1, X, e) of the
space of rational normal curves C ⊂ X with NC/X

∼= V is

h1(C, End(V ))− (n− e)z.

We will estimate h1(C, End(V )) to prove our claim.
Write V = ⊕n−2

i=1 OP1(ai) with ai ≥ ai+1 for all i. Because there exists some rank c quotient
Q with non-positive degree, we know that Q0 = OP1(an−c−1) ⊕ . . . ⊕ OP1(an−2) has non-
positive degree.

First, assume that z ≥ 1. Set K ′ = OP1(e + 2)⊕z, set Q′ = ⊕n−2
i=z+1OP1(ai), and observe

that V ∼= K ′ ⊕Q′. Then

h1(C, End(V )) ≥ h1(C,Hom(K ′, Q′)) =
n−2∑

i=z+1

z(e+ 2− ai − 1).

Moreover
∑n−2

i=z+1 ai = 3e− 2− z(e+ 2) since c1(V ) = 3e− 2. Thus,

h1(C, End(V ))− (n− e)z ≥ z(n− 2− z)(e+ 1)− z(3e− 2− z(e+ 2))− (n− e)z

= z(z + e(n− 4)) ≥ 1 + e(n− 4).
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Since e ≥ 2 and n ≥ 5 this last expression is at least 2n − 7. As n ≥ 5 and c ≤ n − 3, we
have 2n− 7 ≥ c+ 1 showing the desired lower bound on the codimension.

Suppose instead that z = 0. Let K be O(a1)⊕· · ·⊕O(an−c−2). Observe that by Riemann
Roch

h1(C, End(V )) ≥ h1(C,Hom(K,Q0)) ≥ c(3e− 2)− c(n− 2− c).

Since (n − e)z = 0, this is a lower bound for the codimension of Me,c in Mor(P1, X, e). As
the coefficient of e is positive, we may substitute e = n−c+2

3
into the preceding expression to

get a lower bound of c(n− c)− c(n− 2− c) = 2c ≥ c+ 1 which proves our claim. □

Now we are ready to prove the main theorem of this section.

Proof of Theorem 1.9. When n ≤ 4, X is a hyperplane or a quadric threefold and the state-
ment is well-known. Thus we may assume n ≥ 5. We must show that X has no subvarieties
Y with a(Y,−KX |Y ) ≥ 1. Equivalently, letting H denote the hyperplane class and m denote
the degree of X, we must show that there is no subvariety Y such that a(Y,H|Y ) ≥ n+1−m.
By [LT19b, Theorem 3.15], it suffices to prove the result after cutting down X and Y by
hyperplanes so that either Y is a curve or m = n−2. When Y is a curve, then a(Y,H|Y ) ≤ 2
so the desired inequality holds.

Now suppose m = n − 2. In this case, observe that a general such hypersurface contains
no 2-planes by [EH16, Theorem 6.28]. To get a contradiction, suppose Y is a subvariety with
a(Y,−KX |Y ) ≥ 1. Let Me be the sublocus of Mor(P1, Y ) constructed by Lemma 7.2 and let
c be the codimension of Y in X. According to Lemma 7.2(1), c is also the codimension of
Me in the space of maps of degree e rational curves on X. We see by Proposition 7.3 that
the codimension of the locus of degree e curves in X that are not rational normal curves is
at least n− e+ 1. We claim n− e+ 1 is at least c+ 1, which shows that a general curve of
Me is a rational normal curve. Using the upper bound on e, we see that n− e+1 is at least

n− 2
n− c+ 2

3
+ 1 = c− 2 + (n− c+ 2)− 2

n− c+ 2

3
+ 1 = c− 2 +

n− c+ 2

3
+ 1.

This is greater than c because n− c ≥ 2, i.e. Y has positive dimension.
By Lemma 7.4, we see that a general curve in Me has NC/X = E⊕Q, with Q having rank

c and c1(Q) ≤ 0. However, by Lemma 7.5, this is impossible. □

Proof of Theorem 1.10: Combine Theorem 1.9 and Theorem 6.8. □

Proof of Corollary 1.11: Combine Theorem 1.9 and Theorem 6.11. □
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