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ABSTRACT. We explore log Manin’s conjecture for integral points
and its connections to Al-connectedness. We prove log Manin’s
conjecture for Campana rational curves and for Al-curves on split
toric varieties. Our arguments combine the Cox ring description of
the moduli space of rational curves with Batyrev’s heuristic-type
counting arguments. As our proofs are geometric in nature, they
give a geometric explanation of the mysterious leading constant for
Campana points proposed in [CLTBT26].
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One of the central themes in diophantine geometry is the distribution
of rational points on algebraic varieties, and one of the main questions
here is the asymptotic formula for the counting function of rational
points of bounded height on a projective variety defined over a global
field. This leads to Manin’s conjecture predicting the asymptotic for-
mula for the counting function of rational points on a smooth Fano
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variety defined over a number field (| , , , ;
, , , |), and its geometric counterparts over func-
tion fields of curves (| : ,
, , , , ). See |
for modern formulations of Manin’s conjecture.

Around a decade ago, Chambert-Loir, Takloo-Bighash, and Tschinkel
produced a series of works on log Manin’s conjecture for integral points
(| ) , |). Here integral points are associated to a
log pair (X, A) such that A is a reduced effective divisor. However,
the proof of log Manin’s conjecture for integral points on toric varieties
in | | had a non-trivial gap. This situation sparked extensive
activities in the field, and it led to the study of log Manin’s conjecture
for semi-integral points including Campana points, Darmon points, and
M—pOthS ([ ) ) ) ) ’ ) )

|). Semi-integral points are certain rational points associated
to a log pair (X, A) with A being an effective Q-divisor with stan-
dard coefficients, and they interpolate between the notion of rational
points and integral points. Moreover log Manin’s conjecture for in-
tegral points has also witnessed major breakthroughs in | | and
[ |; the latter paper finished the proof of log Manin’s conjecture
for integral points on toric varieties. | | also proposed a general
formulation of log Manin’s conjecture for integral points.

In this paper we have two goals. First, we make a new observation
concerning the geometric aspects of the formulation of log Manin’s
conjecture for integral points. Second, we prove log Manin’s conjecture
for Campana rational curves and A'-curves on split smooth projective
toric varieties defined over finite fields.

Over global function fields, the most closely related prior work is
[ | which analyzes Campana points on toric varieties using the
Grothendieck ring of varieties; see Section 1.2 for more background.

9 bl Y

| and | . 1.T26]

1.1. Main results. We explain the main results in this paper:

Al-connectedness. Let (X, A) be a pair such that X is a smooth projec-
tive variety defined over a number field F' and A be an effective reduced
divisor on X. We fix a projective integral model X’ of X over Specop
where op is the ring of integers for F'. We denote the flat closure of
Ain X by A and let Y = X \ Supp(A). Then the set of op-integral
points is U(or). | | resolved log Manin’s conjecture for integral
points on a smooth projective toric variety and proposed a formulation
of log Manin’s conjecture for integral points when (X, A) is a log Fano
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variety. Santens used the following assumption throughout his paper:
Flup =F",
where U is the generic fiber of U.
In this paper, we make the following observation:

Proposition 1.1 (Proposition 3.2). Let k be an algebraically closed
field and X be a smooth projective toric variety defined over k with
a SNC reduced boundary divisor D consisting of some torus invariant
components with U = X \ Supp(D). Then the following statements are
equivalent:

o k[U]* =k*, and;

o U is separably A'-connected.

Note that in general if U is A'-connected, then k[U]* = k* is true
(see Lemma 3.3). However the converse is not true in general:

Theorem 1.2 (Example 3.6). Let k be an algebraically closed field.
Then there ezists a weak log Fano variety (X, A) with a SNC boundary
A such that U = X \ Supp(A) satisfies

k[U]* =k*,
but U is not A-connected. Moreover there is a surjective morphism
¢ : (Ka A) — (Xa AY)?

such that Supp(A) = Supp(¢~'(Ay)) and (Y, Ay) is a log Calabi-Yau
pair, i.e., Ky + Ay ~ 0.

In particular, integral points on (X, A) map to integral points on
(Y, Ay) and it seems unlikely that log Manin’s conjecture should hold
in this example. | , Conjecture 6.1] proposed a version of log
Manin’s conjecture for integral points. In this conjecture Santens as-
sumes that F[U]* = F~. In view of the above discussion, we propose
the following modification:

Conjecture 1.3. | , Conjecture 6.1| holds under the additional
assumption that U is geometrically A'-connected.

Remark 1.4. Analytic obstructions as in | | and | | play
an important role in counting integral points on toric varieties. We
show that they also admit a natural interpretation via the geometry of
Al-curves; see Proposition 6.7.
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Campana rational curves on split toric varieties. Let k = F, be a finite
field and F' = F,(t). Let X be a smooth projective toric variety defined
over k of dimension n with the open orbit T" such that the boundary
divisor A = ). A; is a SNC divisor. We also assume that X is split.
For each 7, we associate to A; a positive integer m; € Z-o. We let
(X, Am) be the Campana orbifold with

1
Am=S"(1-—=) A,
(%)
Definition 1.5. A rational curve f: P' — X with TN f(P') # 0 is a

Campana curve if for every 7, each point in the support of f*A; occurs
with multiplicity > m;.

Log Manin’s conjecture for Campana rational curves concerns the as-
ymptotic formula for the counting function of Campana rational curves
of bounded degree deg(—f*(Kx + Am)). Regarding this conjecture we
prove

Theorem 1.6 (Theorem 5.9). An analogue of log Manin’s conjecture
for Campana points on (X, Am) holds for Campana rational curves
with respect to the log anticanonical class as predicted by | .
Moreover, the leading constant is compatible with the conjecture in

[ I

See Section 5 for a more precise statement. In particular, the leading
constant admits a description involving a finite sum of height integrals
twisted by the unramified automorphic characters induced by Brauer
elements as predicted by | |. See Section 5.5 for more details.

We should note that | , p- 7| claims that his motivic proof for a
motivic version of log Manin’s conjecture for Campana curves on split
toric varieties can be applied directly to the point counting argument
over F, (without a detailed explanation). However, his argument does
not seem to involve the automorphic characters which we observe here.

Al-curves on split toric varieties. We continue to work in the setting
of a split smooth projective toric variety X defined over a finite field
k =TF,. We fix a reduced boundary divisor

D=) A <A
ieA
Let X be the log scheme associated to (X, D).
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Definition 1.7. A rational curve f : P' — X with 7N f(P') # 0 is
an Al-curve if for any i € A, the support of f*A; is contained in {co}.

Log Manin’s conjecture for Al-curves concerns the asymptotic for-
mula for the counting function of Al-curves of bounded degree

deg(—f"Kx) = deg(—f*(Kx + D)).
Regarding this conjecture we prove

Theorem 1.8 (Theorem 6.15). Suppose that (X, D) is geometrically
separably Al-connected. Then an analogue of log Manin’s conjecture
for integral points on (X, D) holds for A-curves with respect to the log
anticanonical class in the sense of | .

See Section 6 for a detailed statement.

The method of proof. Our method of the proofs for both Theorem 1.6
and 1.8 are based on the birational geometry of the moduli space of
rational curves on a smooth projective toric variety combined with
Batyrev’s heuristic-type counting arguments proposed originally by
Batyrev in | | and subsequently developed in | , ,

|. In particular, it relies on an extensive usage of the virtual
height zeta function, i.e., a certain generating series of the number of
k-points on the moduli space, studied in | | for the space of ra-
tional curves on quartic del Pezzo surfaces, and its realization as certain
height integrals developed in | |.

The birational geometry of the moduli space of rational curves on a
toric variety is inspired by the study of the space of rational curves on
del Pezzo surfaces in | |, and it is also viewed as applications
of the Cox ring and the universal torsor description explored in | ,

, , |. In particular, we do not invoke any harmonic
analysis on tori or the Poisson summation formula.

One remarkable feature of our proofs is a Batyrev’s heuristic-type
geometric explanation of the leading constant for Campana points,
proposed in | |, expressing the constant as a sum of certain
height integrals twisted by automorphic characters induced by Cam-
pana Brauer elements. This can be viewed as a convincing evidence
towards the constants proposed by | |.

1.2. History.



6 QILE CHEN, BRIAN LEHMANN, AND SHO TANIMOTO

Manin’s conjecture for toric varieties. Let us briefly explain the history
of Manin’s conjecture for toric varieties.

Manin’s conjecture for toric varieties over number fields has been
proved by Victor Batyrev and Yuri Tschinkel in | ,

]. Over global function fields, this has been studied by Bourqul
in | , | and its motivic analogue has been developed in
[ , |. These papers are based on harmonic analysis on tori.
A different approach using universal torsors was initiated by Salberger
in | | and further explored in | .

Log Manin’s conjecture for integral points on toric varieties has been
pioneered in | | and | |, and it has been finally proved
in | | by applying harmonic analysis to universal torsors. Log
Manin’s conjecture for Campana/Darmon points has been pioneered
in | , | and finally proved in | | using harmonic analysis.
Its generalizations to further semi-integral points such as M-points
have been explored in | | using the universal torsor approach.
A motivic analogue for Campana curves on toric varieties has been es-
tablished in | | and | | using the universal torsor approach.
Our approach is indirectly related to the methods used by Faisant, but
our method is more direct. In particular, we do not invoke inclusion-
exclusion using the Mdébius function. A key advantage of our approach
is that it allows us to identify a “virtual” height zeta function with the
height integrals studied in | | for split toric varieties.

Campana curves and A'-curves. The geometry of Al-curves has been
pioneered in | |, and further investigated by the first author and
Yi Zhu, e.g., | , , , | using the moduli stack of sta-
ble log maps. The geometry of Campana rational curves has been first
explored by Campana himself in | , |.
Recently | | set the foundation for the study of Campana curves
using the geometry of stable log maps. This has been further investi-
gated in | .
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like to thank Takehiko Yasuda for answering our questions regarding
toric singularities.
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2. PRELIMINARIES

Notation: We freely use the notation established in | |. In par-
ticular, usual schemes are denoted by X, Y, and so on, and log schemes
are denoted by X, Y, and so on. The ground field is denoted by k, and
a variety defined over k is a separated integral scheme of finite type
over k. We denote the log scheme associated to a pair (X, A) by (X, A)
or X if there is no confusion. For a k-variety X and an extension k’/k,
we denote its base change by X,,. We also fix the separable closure k*
of k.

Let X be a projective variety over k. We denote the space of numeri-
cal real 1-cycles by N;(X) and denote the lattice generated by integral
classes by Ni(X)z C Ni(X). We denote the nef cone of curves by
Nef;(X) C Ni(X) and denote its interior by Nef;(X)°. For any cone
C C N{(X), we denote CN Ny(X)z by Cz. We denote the dimension
of Ni(X) by p(X).

2.1. Preliminaries on toric varieties.

Toric pairs. Let k be a field. A k-torus is an algebraic group 7" defined
over k such that Tj. is isomorphic to GJ',. A toric variety is a variety
X with an action by a k-torus 7" with the unique open orbit isomor-
phic to I. We let A = ). A; denote the full reduced toric boundary
divisor for X. When X is split, i.e., every boundary component is
geometrically irreducible and T is isomorphic to G].,, we denote the
fan associated to X by X. The set of 1-dimensional cones is denoted
by X which corresponds to the set of boundary components {A;}.
The ray generator corresponding to A; is denoted by v;. We also have
the Néron-Severi torus T'yg = Hom(NS(X), G,,) which is a subtorus of

@E;l) and we have a natural identification
Gy /Tyns = T.
First we recall the following definition:
Definition 2.1. A pair (X, D) is a toric pair if X is a toric variety de-
fined over k and D C X denotes a reduced sum of T-invariant divisors.
Note that D may not be the full boundary divisor. The log scheme

associated to (X, D) is denoted by (X, D) or by X when the boundary
is understood in context.
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We say that a toric pair is smooth if X is smooth and the full bound-
ary A has SNC support.

Heights and the Tamagawa measures. We fix notation from number
theory:

Notation: Let k = [F; be a finite field and let C' be a smooth geomet-
rically integral projective curve defined over k. Let F' = k(C) be the
global function field of C'. We denote the set of closed points on C' by
|C|. For each ¢ € |C], we denote the completion of F' with respect to
the discrete valuation v, associated to ¢ by F.. Let o. be the ring of
integers for F.. Let k. be the residue field of o, and ¢. be the size of
k.. We also denote [k, : k] by |c| so that we have ¢. = ¢//. For any
f € F., we define the norm | - |. by

|f|c _ q(;_vC(f)'
This satisfies the product formula: for any f € F,

I 17 =1 (2.1)

celC]

We also denote the adelic ring of F' by Ap.
Finally let us define the Hasse-Weil zeta function for P':

—t\—1 1
Cpa(t) = 1;)11(1—% )= TR =)t

Let X be a smooth projective toric variety defined over k of di-
mension n with the open orbit T" such that the full boundary divisor
A =% A;is a SNC divisor. For simplicity we also assume that X
is split. We recall the height theory of X following the exposition of
[ |. First we recall the definition of adelic metrics induced by
the trivial family X x P

Definition 2.2 (| , Section 2.1.5]). For each ¢ € |P'|, the metric
| - ||c induced on £; = O(A;) is defined by the following property: for
any v € X(F.) and £, € L, ,(F.), we have

alle <1 <= ;€ L, ,(0,).
We call the collection (|| - ||¢).ept| the adelic metric.
Using metrics, one can define height functions:

Definition 2.3 (| , Section 2.3]). Let () be the set of bound-
ary divisors. For each i € X let s; € H°(X,O(A;)) be a section
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corresponding to A;. We assign a complex number ¢; to each i € X}
and set t = (;).
For ¢ € |P!|, we define the local height function

He : C=" x T(F,) — C*,

(o) = T Ista

We define the global height functlon
H:C™ x T(Ap) — C*,

= ] He
ce|P|

When L =", 50y MiA;, we write H((\;), (9¢)) as H(L, (g¢)) and so on.

by

by

Next we define the local Tamagawa measures:

Definition 2.4 (| , Section 2.1.10]). Let w be a non-vanishing
top degree T-invariant form on 7', which is unique up to scaling. Then
we consider the corresponding divisor

—div(w Z A;.
For ¢ € |P!|, we define the norm function ||w||. as

lolle = T T lissll2"-
7

The top form w defines a Haar measure |w| on T'(F.) and we define the
local Tamagawa measure on X (F.) by

© e

Let D < A be a reduced effective sum of T-invariant divisors and
set X° = X \ Supp(D). Let EP(X°) be the following virtual Q-Galois
module:

[H(X%e, G) /(F*) ] — [H (X5, Gl
as in | , Definition 2.2|. Using this, one can define the Artin
L-function as in | , After Definition 2.2|:

L(tvEP(XO)) = H LC(taEP(XO))'

ce|P'|
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Here

Le(t, EP(X?)) = det(1 — g Fr | EP(X°)") !
where Fr. is the geometric Frobenius and I'? is an inertia subgroup at
c. The function L(t,EP(X°)) is (2mv/—1/logq)-periodic and admits
a holomorphic continuation with possible poles at t = 1 + k%? for
k € Z. Let b = ord;—; L(t, EP(X°)) and define

L.(LEP(X?)) = lim(1 - ¢ ") L1 EP(X?)),

as in | , D- 368]. With these definitions, we introduce the fol-
lowing;:
Definition 2.5 (| , Definition 2.8]). The Tamagawa measure

Txo on X°(Ap) is

7xo == L.(LEP(X°)) ™ [ Le(1,EP(X°))r..

ce|P!|
2.2. Al-connectedness.

A'-curves. Denote by A' and P' the affine line and projective line over
k respectively. An Al-curve on a k-variety U is a non-constant proper
morphism f to U from either A or P'.

Consider a log scheme X given by the pair (X, A) where X is a
proper k-variety, and A C X is an SNC divisor defined over k. A
rational curve f: P' — X is called an A'-curve if f*A is either empty,
or is supported at a single k-point of P', denoted by oo € P'. In the
latter case, let P! be the log scheme given by the pair (P!, 00). Then
f lifts to a unique log map f: P! — X.

Denote by U = X\A. Tt is clear that each A'-curve on X corresponds
to a unique A'-curve of U. Conversely, given X as a compactification
of U, the properness of X implies that each A'-curve on U extends to
a unique A'-curve on X. Note that when f: P' — X factors through
U, we view f as a unique Al-curve by fixing the choice of co.

Free A'-curves. Now assume that k is algebraically closed. We say that
U is (separably) A'-uniruled if there is a family of A'-curves f o Al x
T — U over T, such that f_is (separable) dominant. If furthermore,
the two-evaluation morphism

frpxr fpi AN XTI x Al = U

is (separable) dominant, we say that U is (separably) Al-connected.
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These two properties can be checked using a log compactification X
of U as follows. Denote by T'x the log tangent bundle of X. An Al-
curve f: P' — X is free (resp. very free) if f*Tx is semi-ample (resp.
ample). It is proven in | | that U is separably Al-uniruled (resp.
separably A'-connected) if and only if X admits a free (resp. very free)
Al-curve.

Note that when f*A = (), the above statements reduces to the equiv-
alence between separable uniruledness (resp. separably rational con-

nectedness) and existence of free (very free) rational curves on X.

Contact orders. We first assume that k is algebraically closed. Con-
sider an Al-curve f: P! — X. Its contact order is defined to be its in-
tersection numbers at co with each irreducible component of the SNC
divisor A. More precisely, let A = > . A; be the decomposition to
irreducible components. Since f*A is only allowed to be supported
at 0o, the contact order of f is given by the sequence of non-negative
integers (f.[P']NA;);. Contact orders are invariant along deformations
of Al-curves.

Now consider a general (not necessarily closed) ground field k. As-
sume that each irreducible component A; is defined over k. Given
the deformation invariance of contact orders, we define the contact or-
der of an A'-curve to be again the sequence of intersection numbers

(fe[P] N A

Contact orders in the toric case. In the toric case, the data of contact
orders can be nicely encoded in the combinatorial structure of fans. Let
X be a split toric variety with its unique open orbit given by a k-torus
T, and with its full toric boundary A = ). A; as before. Denote by
Y the fan of X. For the purpose of this paper, we assume that X is
smooth. For a choice of torus-invariant divisor D C A, let X be the
log scheme corresponding to the toric pair (X, A).

We first consider the case that D = A is the full toric boundary.
While X does not admit any Al-curves, we may still define contact
orders as local intersection numbers with respect to each irreducible
component of A. Then the set of contact orders can be identified with
integral points in |X|. More precisely, let ¢ € || be an integral point,
and o € ¥ be the minimal cone containing v. Then the smoothness of
o implies a unique decomposition

c= Z Collp, (2.2)

peo(l)
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where o) is the set of rays of o, and u, is the ray generator of p € o).
In this case c, is the prescribed local intersection number with the
component of A corresponding to p.

For a general D C A, we define Xx C X as the subset of cones
spanned by rays given by irreducible components of D. Then the set of
contact orders to X is precisely integral points in [Xx|. Indeed, for any
integral point ¢ € |X x|, the minimal cone ¢ € ¥ is contained in Xy by
construction. Thus, the integral point ¢ specifies the local intersection
numbers with respect to each irreducible component of D via the same
decomposition (2.2) as before.

The fan ¥ x is closely related to the Clemens complex of X as in
Definition 6.2.

3. INTEGRAL POINTS AND A!-CONNECTEDNESS

As discussed in the introduction, there have been several recent at-
tempts to give a rigorous formulation of Manin’s conjecture for integral
points ([ , ). In this section we discuss the geometry un-
derlying these formulations, focusing on the following principle:

Principle 3.1. Let (X,A) be a log Fano pair over a global field.
The integral points should admit a good asymptotic description when
(X, A) is Al-connected.

3.1. Toric pairs. For a smooth toric pair, there are many equivalent
ways of identifying the A'-connectedness condition.

Proposition 3.2. Assume that the ground field k is algebraically closed.
Let (X5, D) be a smooth toric pair associated to a fan ¥ C Ng. Let
U = Xs\Supp(D). Then the following conditions are equivalent:

(1) (Xx, D) is separably A'-connected.

(2) k[U]* =2 k*.

(8) The rays of ¥ corresponding to divisors not contained in D span
Ng.

(4) The irreducible components D; of D are linearly independent in
PiC(XE)Q.

(5) The log tangent bundle Tx,, does not admit any non-zero map
to OXE .

Proof. Note that U is the toric variety defined by the fan >p which is
obtained by removing every cone in > which contains a ray correspond-
ing to an irreducible component of D. In other words, ¥ consists of
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the cones in ¥ which are spanned by the rays corresponding to divisors
not contained in D.

(1) = (2): Suppose that k[U]* has a non-constant function. This
induces a morphism f : U — G,,. In particular, every Al-curve carried
by U must be contracted by f, showing that U is not A'-connected.

(2) = (3): Suppose that the rays not contained in D are contained
in a linear subspace L. C N, or in other words, every cone in Xp is
contained in L. Then projection perpendicular to L defines a dominant
morphism U — G,,. In particular, k[U]* has a non-trivial function.

(3) = (1): Choose a spanning subset {vy,...,v,} of the rays of
Y corresponding to divisors not contained in D. Let I' be the cone
that they span in N. The corresponding rational map of fans I' —
Y p induces a morphism ¢ : A" — U. Let V — A" be a birational
morphism such that there is a morphism ¢’ : V' — U resolving ¢. Since
A" is separably A'-connected, so is V, and thus U is as well.

(2) & (4): A non-trivial relation Y a;D; ~ 0 yields an equality
Y a;D; = div(f) and thus an f € k[U]*\k*, and conversely.

(3) < (5): We have an exact sequence

0— QXE,D - M® OXE £> @DigZDODZ- —0

where the ith factor of ¢ is the composition of (—,v;) : M ® Ox,, —
7 @ Ox, and the quotient map Ox,, — Op,. Note that the vectors
{vi}p,¢p fail to span N if and only if there is a map Ox, — M ® Ox,,
whose composition with v is zero. This latter condition is equivalent
to saying that there is a trivial subbundle of 2y, or equivalently, a
trivial quotient of Tx,,. O

When (X5, D) is a toric pair that is not A'-connected, the argument
of Proposition 3.2 shows that there is a rational toric map 7 : Xy --»
Y5y to a log Calabi-Yau pair that contracts every Al-curve. In this case,
we should not expect the growth rate for integral points to have the
same form as for an A'-connected variety (see | ). Asin | ,
it makes sense to first formulate Manin’s conjecture for A'-connected
toric pairs before trying to extend to the log Calabi-Yau setting.

3.2. Arbitrary pairs. We next discuss possible generalizations of Propo-
sition 3.2 to arbitrary SNC pairs (X, A). The implication (1) = (2) of
Proposition 3.2 holds for arbitrary pairs using exactly the same argu-
ment.
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Lemma 3.3. Let (X,A) be a SNC pair with reduced boundary. If
(X,A) is geometrically A'-connected, then k[U]* = k* where U =
X \ Supp(A).

Corollary 3.4. Let (X, A) be a geometrically A'-connected SNC' pair
with reduced boundary. Then the irreducible components {A;} of A are
linearly independent in Pic(X)g.

Proof. We may assume that our ground field is algebraically closed.
Suppose there were a linear relation between the A; in Pic(X)q. Af-
ter multiplying by a sufficiently divisible positive integer, we obtain a
linear relation between Cartier divisors supported on the A;’s. This
divisor must have the form div(f) where f € k[U]*, contradicting
Al-connectedness. O

However, the converse of Lemma 3.3 fails for non-toric pairs. This
is demonstrated by the following example.

Example 3.5. Let A C IP’?H,M’Z be defined by the homogeneous equa-
tion 2% + y3 4+ 23 = 0. Thus A is the cone over a smooth plane elliptic
curve C' C P2, Tt is clear that (P3 A) is a log Fano pair.

We first claim that (P3, A) is not A'-connected. Indeed, since we
have a morphism U — P?\C, it suffices to show that the latter open
set is not Al-connected. This is a consequence of the fact that the
log tangent bundle for (P?,C) has degree 0; thus for every A'-curve
on P?\C the log normal sheaf has negative degree and so is rigid by
[ , Proposition 4.4].

We next claim that k[U]* = k*. Suppose that k[U] has an invertible
function f/g where f, g have degree > 1, then g would be a power of
(23 +y* +2°). Since k[w, z,y, 2] is a UFD and the numerator f cannot
vanish on U, we see that f also is a power of (22 + 3® + 2®) so that the
function is constant.

Example 3.6. Let X — IP? be the blow-up of the cone point in Exam-
ple 3.5. Let A denote the strict transform of A and let £ denote the
exceptional divisor. The pair (X, A+ E) is a weak Fano SNC pair with
k[U]* = k* which is not A'-connected. (| , Section 5| gives many
similar examples of weak Fano lc pairs with pathological behavior.)

However, we do not know of an example of a log Fano SNC pair
(X, A) which is not A'-connected but still satisfies the condition k[U]* =
k*.

Note that in Example 3.5 the base (P?, C) is log Calabi-Yau. Just as
in the toric setting, it seems difficult to formulate Manin’s conjecture
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for integral points when every Al-curve is contracted by a fibration.
For this reason, we expect that Al-connectedness should be the right
perspective for Manin’s conjecture.

A version of the implication (1) = (4) of Proposition 3.2 also holds
for arbitrary pairs (X, A).

Lemma 3.7. Let (X,A) be a SNC pair with reduced boundary. If
(X, A) is geometrically separably A'-connected, then the only morphism
Tx — Ox is the zero morphism.

Proof. Suppose that there were a non-zero map Ty — Ox. Restricting
to a general very free Al-curve, we see that the restricted log tangent
bundle would fail to be ample, a contradiction. 0

| , Remark 1.10] predicts that a converse implication should
also hold. Suppose that (X, A) is a SNC pair such that —(Kx + A)
is nef. Suppose that for every quotient Tx — Q of the log tangent
bundle the first Chern class ¢;(Q) is pseudo-effective and non-zero.
Then (X, A) should be geometrically separably A'-connected.

4. THE STRUCTURE OF THE SPACE OF RATIONAL CURVES ON A
SMOOTH PROJECTIVE TORIC VARIETY

Let k be a field of arbitrary characteristic. Let X be a smooth
projective toric variety defined over k of dimension n with the open
orbit T such that the full toric boundary divisor A = . A; is a SNC
divisor. We also assume that X is split. Let a be a nef class of 1-cycles
on X. Then we consider the following scheme:

M ={f:P' - X € Mor(P", X,a)| f(B')NT # 0}.
This space has been studied by Bourqui:

Theorem 4.1 (| , Theorem 1.10]). Assume that o € Nef;(X)°.
Then M? is geometrically irreducible and has the expected dimension:

dim(M;) = —Kx.a+n.

In this paper, we extend the above theorem to arbitrary nef classes,
moreover, we analyze the birational geometry of M? . We will appeal to
the description of the moduli space of curves via sections of generators
of the Cox ring, see e.g. | Jor| |. First we prove the following
lemma:

Lemma 4.2. Let o € Nefy(X) be any nef class. Then M, is smooth
and all wrreducible components have the expected dimension.
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Proof. After taking a base change to an algebraic closure, we may as-
sume that k is algebraically closed. We claim that for any

[f Pt — X] e M (k),
we have
HY(P', f*Ty) = 0.
Our assertion follows from this claim.

Let X be the smooth log scheme associated to (X, A). Then we have
the exact sequence:

0— Tx — Tx — ©;0a,(4A;) =0,

where Tx is the log tangent bundle of the smooth log scheme X. Since
Tx is a locally free sheaf, the pullback gives us an exact sequence

0— f*Tx — f*Tx — Q — 0,
where O is a torsion sheaf. Since we have
Ty = @);_,0x,
our claim follows. U

Let r; = Ay and r = (r;). (We remind the reader that r must
satisfy the balancing condition ) r;v; = 0.) We consider the following
morphism:

Oo: M — Hyoo= [ HIP(PY, [f P — X] = (f7A).
iex™)

Regarding this fibration, we first prove the following lemma:
Lemma 4.3. The image
P, (M) C H,,
1s a Zariski open subset, and the morphism
Dot M — D (M2),
1s a smooth morphism whose fibers are n-dimensional.

Proof. We first claim that every geometric fiber of ®, is smooth of
dimension n. Indeed, a fiber of ®, parametrizes non-degenerate genus
0 log maps f : C — X where C has a fixed log structure. (Here
X comes with the log structure induced by the full toric boundary.)
Since f*Tx = @F_,Op, the obstruction space H'(P', f*Tx) for log
deformations of f vanishes. Hence our claim follows.
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Lemma 4.2 shows that M is equidimensional and the previous para-
graph shows that the relative dimension of ®, is the same as the dif-
ference in dimensions of M: and H,. By applying | , Lemma
2.1] we obtain smoothness of ®,,. O

Moreover ®,, is isotrivial:

Lemma 4.4. Let k C k' be any extension and fix a K'-point x in
O, (M:). The fiber of @, over x is isomorphic to Ty, .

Proof. Without loss of generality, we may assume that k = k’. The
point  on H, is defined by the choice of a section s; € H°(P*, O(r;))

for every i € ¥ up to the natural @E;l)—action. However, the cor-
responding rational curve f : P! — X is determined by x up to the
action of the Néron-Severi torus T'yg. Hence the fiber of &, at =z is
isomorphic to

G2 )Ty =T.

Thus our assertion follows. O
As a corollary, we obtain

Corollary 4.5. Let o € Nefy(X) be any nef class. Then M;, is geo-
metrically irreducible and rational over K.

Proof. This follows from Lemmas 4.3 and 4.4. U

Finally we will characterize the image
U, = $,(M3) C H,.

To this end, we use the Cox ring of X and the representation of X
as the quotient of the universal torsor. Since we assume that X is
split, X can be determined from a fan ¥ C N. Let (1) be the set of
1-dimensional rays which corresponds to the set of boundary divisors.
Then the Cox ring of X is the polynomial ring

R=X[z;|i e xWV).
For each maximal cone o € X, let
Ty = H Ty,
igo
and define the irrelevant ideal

I(S) = (25| 0 € Smae) C R.
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We have a natural morphism

mx AN\ Z(1(D) = X,

which is a T'yg-torsor.
Let w = (w;) € H,(k), and s; € H(Py, O(r;)) be a section corre-
sponding to w;. Then we have the following lemma:

Lemma 4.6. A geometric point w = (w;) € H (k) is contained in U,
if and only if for any geometric point p € P, we have

(si(p)) & Z(1(X)).

In other words, a geometric point w = (w;) € H_(k) is contained in U,
if and only if for any subset I C XV we have

NicrSupp(w;) # 0 = NiesA; # 0. (4.1)

This lemma allows us to extend the definition of U, C H, to arbitrary
tuples r (which need not satisfy the balancing condition):

Definition 4.7. For any tuple r = (7;),ex) of non-negative integers
we define U, C H, to be the open subset whose geometric points satisfy
condition (4.1).

5. COUNTING CAMPANA RATIONAL CURVES ON TORIC VARIETIES

In this section, we prove Manin’s conjecture for Campana rational
curves on split toric varieties. Over number fields, such a statement
has been obtained by Alec Shute and Sam Streeter in | ]. The
motivic version of this statement is obtained in | ]. The proof
here is inspired by the homological sieve method developed in | ,
Section 8§].

5.1. Campana curves and counting. Let k = [F, be a finite field
and F' = F,(t). Let X be a smooth projective toric variety defined
over k of dimension n with the open orbit T" such that the boundary
divisor A = ). A; is a SNC divisor. We also assume that X is split
and thus defined by a fan ¥. For each i € £ we choose a positive
integer m; € Z~o and let (X, A,) be a Campana orbifold with

1
1
Let a be a nef class of 1-cycles on X. As in the previous section, we
consider the space of rational curves

[¢]
M,
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and its T-torsor
o, M, —U,.

Definition 5.1. A rational curve [f : P' — X] € M? is a Campana
rational curve if the corresponding divisor w = (w;) = ®,([f]) satisfies

W; = MW; red,

for every i, where w; yeq is the reduced divisor underlying w;. We call
these inequalities the Campana conditions.

Let U, ,, C U, be the reduced closed subscheme parametrizing divi-
sors satisfying the Campana conditions. We define

o _ o
Ma,m - Ma XQr Qr,m'

This can be considered as the space of Campana rational curves with
class a. The following lemma reduces point counting questions to the
study of Hilbert schemes of points on P':

Lemma 5.2. We have
#M;,m(k) = (q - 1>n#gr,m(k)
Proof. This follows from Lemma 4.4. O

We consider the following indicator function dy, : U, Hy(k) — {0,1}:

Sen(10) 1 ifweUm
m\W) ‘= .
0 otherwise.

Note that for ¢ € |P!|, the quantity &, (rc) associated to the point
(ric) € Hy|¢ does not depend on c. Henceforth we simply denote this
quantity by dp,(r). We have

#UpmK) = > Om(w).
weH (k)

We would like to understand the asymptotic behavior of this counting
function. To this end, we consider the following virtual height zeta
function:

Za®) =Y | T] a7 | #Uem® =>_ > | I ¢ | m(w),

r iex(®) r weH, (k) \iex®
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where r runs over all nonnegative tuples. Since d,, is multiplicative,
the above zeta function is an Euler product:

Zi(t) = H Z H q; """ om(r)

cE|P!| r ex@)

We need to understand the pole and its order for this zeta function.
To this end, we compare the above virtual height zeta function to the
height integral studied in | | and | |.

5.2. The virtual height zeta functions and the height integrals.
Let T(Ap)m be the Campana adelic space as in | , Section 3.3]
and denote its indicator function by 0y, : T(Ap) — {0,1}. We consider
the height integral

(6o (1)) = / O (0) ()

defined in | , Section 4.3.2]. This becomes the Euler product
T(0m; (t:)) = Lu(LEP(Z) ™" T] Zo(Omues (),
cc|P|

where Z.(6m,c; (;)) is defined as

T (s (1)) = /T 1 600 (0 L1, BR(D))e

By Denef’s formula (| , Proposition 4.5], see also | :
Theorem 7.1|), we have
° qc 1Y
Lomes () = (7)) X o) [T - 05—,

Acz@) i€A

where n = dim X, A9 is the open stratum of A, = N;ca4,. Since A%
is isomorphic to a split torus, the above local integral becomes

To(Ome; (1) = Y §(A H(Tzqc )

Acx®) €A
where 0’(A) is defined by

0 otherwise.
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Then §'(A) = 1 holds if and only if there exists a cone o € ¥ such that
A = ¢ This observation enables us to show

Ic((sm,c; (tl)) = Z H qc—tﬁ“zém(r)
r gex)

Using this we have

Proposition 5.3. There exists a positive constant € > 0 that the func-
tion

H (1 — g~ (mata=)) Zin(t)
iex(®)
admits a holomorphic continuation to the domain T~_. defined by
1
%(tl) 2 — — €,

m;

for every i, and moreover it satisfies

lim 1— g M=y | 7. (t) = <_q ) / H(A,,, z)d7x,
[ TI« | zwr= (715) [, M

mi \4en®)

i

where X (Ap)m is the Campana adelic space as in | , Section
3.3] and H(A,,, x) is the height function associated to A,,.

Proof. For the first statement, it suffices to show that the function

is holomorphic in the domain T-_.. This claim follows from the fact
that for a sufficiently small € > 0, there exists ¢ > 0 such that when
t € T~ _,, for every ¢ € |P*| we have

ITa=—am™ ) 1Y I] " mx) | =1+ 0(g; ).

iex®) r jex®

Thus the Euler product for ([T,cs0) Cpr(miti) ™) Zm(t) converges for ¢;
in this range. This is easy to see from the expression.
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For the second statement, one can compute as

lim | [ (1= q D) Zu(t)

t—
tim \ jex()

= lim H (1 — g~ i (mity) | Lu(1,EP(T H Cpr (miti) T L(0m; (1))

b \seso) ien®
= (L)n/ H(A,,, z)drx,
q—1 X(AF)m a
where the last equality follows from the proof of | , Lemma
9.3] with L = —(Kx + Am). O

5.3. Twisted virtual height zeta functions. Proposition 5.3 is enough
to deduce the usual Manin’s conjecture for split smooth projective toric
varities over IF,(¢) (which corresponds to m; = 1 for every ¢). However,
it is not quite enough to deduce Manin’s conjecture when m; > 1. In-
deed, when m; = 1 for every i, one may apply the counting argument
of | , Proposition 8.8]. However, this argument does not work
when m; > 1 for some ¢ and one needs to consider the virtual height
zeta functions twisted by characters as below.

Set m = lem;{m;}. For each i let b; be an integer such that 0 < b; <
m and let b = (b;). We consider the following character

Xb(—,T): H Z]/mZ — C*

iex()

_ Hexp (ZW\/—_lai(n - bi)> |

my;

defined by

where a = (a;) € [[,Z/mZ. Let us fix a,b. We define the twisted
virtual height zeta function by

Zap®) =) | 1] ¢ (2, 1) #U,, 1 (K).

r iexn)

Using multiplicativity, this is equal to

xo(a,0) TT { D2 T e xo(a,r)bm(x)

cE|P!| r jex®)
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As in Section 5.2, we express this function as a certain height integral.
To this end, we define global characters on T'(Ap). Let ¢ € |[P!|. For
gc € T(F.), we consider g. as a jet on X. Then we define Xo.(a, —) :
T(F,) — C* as

le|

)zo,c(a7 gc) XO(a I')
with 7; = v.(g5A;) where v, is the discrete valuation with respect to c.
We also define the global character Xp(a,—) : T'(Ap) — C* by

%b(a> (90)) = Xb(a’ 0) H 5(/070(&7 gC)'

c€|P'|

Now we define the twisted height integral by

Tulmit) = [ Fula, (g H(E (30) o (90
T(Ar)
This becomes the following Euler product'

Tap(0m; t) = Xb(2,0) L (1L,EP(T)) ™" [] Zac(dme: t

celP!|

where the twisted local height integral Z, .(dm; t) is given by

Ia,C((Sm,c;t> = /( )%0,0(a7 gc)Hc(t’gc)_lém,C(96>LC(17EP(I))dTC‘
T(Fe.

The computation of | , Theorem 7.1] shows that we have
B q—miti
Iac 5mc;t = cn A c_1 - ; £
Gt = (1) S s [T

Acx®) i€EA

where €’ is defined by e! = 1 and e§ = 0 for j # i. Then as in
Section 5.2, this becomes

Za,c((sm,c;t) = Z 61( H (Z X() a, e Ic'” n l)

Acx) i€EA
§ : —t; rl c
- H qc a I' ‘5 ( )
r jexn

Thus we have

Proposition 5.4. There exists a positive constant € > 0 that the func-
tion

H (1— qf(mitrl)) Zab(t)

iex)
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admits a holomorphic continuation to the domain T~_., and moreover
it satisfies

lim H (1 —q M=) ] Z,y(t)

s L
timy \ jex()

Xb(a, 0)( _1)#2(1) H/T Xo.e(a, ge)He(Am, go) Le(1, EP(X))d,.

ce|P!| L(Fe)m

We denote this leading constant as (q%) xb(a,0)Ta

Proof. The proof is similar to the proof of Proposition 5.3. U
Recall that we have

Zan(®)=> | II ¢ (,1)#U 1 (k).

r iex®)

We fix b and we write r = b mod m if r; = b; mod m; for every i.
Then the orthogonality relation shows that

# Y Zaplt)y= ) [T ¢ | #Ue (k) = Zup(t).

a€cl], Z/mZ r=b mod m \;ex(1)
Using this we have the following proposition:

Proposition 5.5. There exists n > 0 such that assuming r = b
mod m, we have

#U, m(k " o ming
s Y (a0 Ol )
qg—rmi (g —1)mm ac[], Z/mZ
Proof. The following counting argument comes from | , Propo-

sition 8.8]. We expand the product:

H (1_q_(miti 1) ZB H q it

iex) iex)

Then it follows from Proposition 5.4 that this absolutely converges in
the domain T-_.. This implies that we have

Gy
Bj = (g m =iy,
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for any 0 <7 < e. Now Z,1(t) can be obtained from the power series

> s=p Bi I 1; ¢~ by multiplying by [],(1 —g~m#i=1)=1 By comparing
coefficients, we have

#Qrm
- mIa"

q Zml 7i<ri,j=b iexn)
Thus it follows from Proposition 5.4 that
lim #_rm ZB H g M= 7 Z b(a,0)7a.
Ti—00 (g — 1)rm#=" o

Z m,

¢ iex(®) a€[], Z/mZ

The error term is given by

)SDIILTE | e =20

7 .72>T7, ZGZ(I)

As a corollary, we have

Corollary 5.6. There exists some uniform constant C > 0 only de-
pending on X and m such that we have

#U, (k) < Cg™ "
Proof. Note that we have |7,| < 7. Thus our assertion follows from

Proposition 5.5. U

5.4. The main result. Recall that the lattice of numerical 1-cycles
Ni(X)gz sits in the exact sequence:

0— N(X)z — 7= X(T)Y — 0,

where X(T) is the group of characters of T
Next for our Campana orbifold (X, A,,), we define the following
index:

Definition 5.7. We define the index r(X, Apy,) by
r(X,Ap) = min{—(Kxy + Ap).a>0|a € Ni(X)z}.

Now we define the counting function we are interested in: for any
positive integer d, we define

N((X, Am), r(X, Am)d) = > ## Mg (k).

aeNef1 (X)z,—(Kx+Am).a<r(X,Am)d
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We are interested in the asymptotic behavior of this counting function
as d goes to oco. To this end, we consider the following auxiliary cones:
let € > 0 be a small positive rational number. We define the shrunken
nef cone by

Nef;(X)e = {a € Nefy (X) | Aj.0 > —e(Kx + Ap).a for any i},
and we denote the closure of the complement by
C —Nefl( )\Nefl( )

Note that these are rational polyhedral cones.

Definition 5.8. Let C C Nef;(X) be a rational polyhedral subcone.
We fix the Lebesgue measure on Ni(X) such that the fundamental do-
main of the lattice N;(X)z has volume 1. We define the alpha constant

a(C) by
a(C) = (dim Ny(X)) - vol({a € C| — (Kx + Ap).a < 1)}).
Note that we may interpret this as the volume of
CN{—(Kx +Am).a = 1}.
The constant «(Nef; (X)) is denoted by a(X, Any)

Finally we define the following counting functions: let C C Nef;(X)
be a rational polyhedral subcone. Then

N(C,r(X, Aw)d) = > M (k).
a€Cz,—(Kx+Am).a<r(X,Am)d
Now we state our main theorem:
Theorem 5.9. We have
N((X, Am), r(X, Ap)d) ~ c(X, Ap)g"FAm (X, Ay )d)P X1
as d — oo where ¢(X, Ap,) is given by

X, Am
(X, M) = i >

ZEZ(U an

Here X(T)m C [1;Z/miZ is the orthogonal dual of the image of
M(X) =z = T] z/miz.
iex(®

In the next subsection, we will show that c(X, A,,) is a positive real
number. The rest of this section is devoted to the proof of Theorem 5.9.
First we prove the following proposition:
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Proposition 5.10. We have
N(Nefy (X)., r(X, A)d) ~ c(Nefy (X))q O3 (r(X, Ay )d)" S,
as d — oo where c(Nefy(X).) is given by

a(Nef, (X))g"
(1- q_r(X’Am)) HiEE(l) m;

c(Nefy (X)) =

Ta-
aGX(I)m

Proof. First let us fix some notation: we define the convex set
Rs = Nefy (X)e N {—(Kx + Am).a = r(X, An)d},

and we denote its set of lattice points by R;z. We pick one lattice
point ryp € Ryz. (Note that such a lattice point exists assuming d is
sufficiently large.)

With these notations, we have

d
N(Nefy(X)e, r(X, Am)d) = > ° > #M (k).
d'=0 a€Ry 5
Then it follows from Lemma 5.2 that we have
d
N(Nef 1 (X)e, r(X, Ap)d) = Y > (= 1)"#Urm(K).
d'=0reRy 4

Let us consider the following lattice:
R={re Ni(X)z| > ri/m; =0}

Then the mapping
Re — Rr,r =1 —T4)

sends lattice points to lattice points. We fix a fundamental set A; C R
of R® Z/mZ, i.e., if we denote a basis for R by eq,--- ,es, then

Ad = {ikjej €ER

Jj=1

Let ng be the number of translations of Ay which are contained in Ry
by the above mapping. Then by combining Proposition 5.5 with a
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lattice counting argument, we obtain:
N(Nefy(X)e, r(X, Am)d)

d
:an, Z qr(X,Am)d’—i-nm#lZ(l) Z xb(a, 0)7,

=0  beN(X)®Z/mZ ael‘[ Z/mZ
+ O(q(l—e)r(X,Am)ddp( ) + O( r(X Am)ddp 2>‘

Here the first error term is coming from Proposition 5.5 and the second
error term is coming from the fact that

#{r € Ryz|r =b} = ny + O(d"®72),

As the error term is asymptotically negligible, we focus on the main
term. This can be transformed to

dZ: P A m#12<1 Z Z xb(a,0)7,

a€[], Z/mZbeN(X)RZL/mZL

Then when a = a’ mod m, we have
xb(a,0)7a = Xb(a/a 0) 7.
Thus the above summation becomes
1
Zn/q (X, Am)d/+ Hm Z Z xb(a,0)Ta
i acl[, Z/m;ZbeN (X)RZ/mZ
Then by the orthogonality relation for characters, this becomes
d

Z nd,mdim N1 (X) qr(X,A )d'+n Z Ta.

d'=0 HZ " acX(T
Then note that we have

ngmdm M) a(Nef1 (X)) (r(X, Am)d’)p(X)_l,

as d — o0o. Thus we obtain

(Nefl(X)g)q” Z T qr(X’Am)d(r(X,Am)d)p(X)_l,

_ 41X, Am) ) .
(I—q JLmi \ 55

as d — oo. O
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Proof of Theorem 5.9. We consider the following inequalities

N(Nehi(X,), r(X, Aw)d) _ N((X, M), 1(X, D))
A (X, Am>d>ﬂ<X>—1 = GERADI(X, Ay d) 0T
NNy (X)X, Am)) N(Cor(X, M)

X, D) PO GOBRIE(X, A

By Corollary 5.6
P e e
Thus by Proposition 5.10, we have

As € — 0, our assertion follows. O

a(C,).

(¢ —1)"C
a _qq_r(X’Am))a(Cﬁ).

- < c(Nefy(X),) +

5.5. The leading constant. In this subsection, we discuss the leading
constant c(X, Apy,).

Positivity. We show that this number is positive following the ideas of
[ , Theorem 7.1]:

Proposition 5.11. The leading constant c(X, Am) is positive.
Proof. Tt suffices to show that the constant

is positive. From the definition, we obtain

C= tm | [Ta-gten ) T / DH(E (90) B (90)) 7

ti»—>1/m¢
iex®) acX (T)m

By the orthogonality relation, this is equal to

i ( TLa—a ) [ TLm) [ H(E, (90)) dm((90)) 7.

ti—1/m; () o) T(Ap)*¥@Dm

where T(Ap)¥Dm is given by
T(Ap)*™®m = {(g.) € T(Ap)| for every a € X(D)m, Xo(a, (g.) = 1}.
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To this end, we consider the adelic space of Darmon points, i.e.,
/
T(Ar)m = [ [Z(F)m,

where T'(F.). is given by
T(F.).,, = {g. € T(F.) |for every i, m; divides v.(giA;)}.

Since we have
T(Ap), C I(AF)X@"‘,
it suffices to show that

m (- g o) / H(t, (90)) Gl (90)) 7
; T(Ap)

ti>—>1/mi

is positive. It turns out that this is equal to

/ H (A, ()7
X(AF)m
where X (Ap)., is given by

XA, =[T(F)m c [] X(F).

One can prove that this is positive using the analogue of Denef’s for-
mula for Darmon points. Thus our assertion follows. O

The congecture in | |. Here we briefly explain why our con-
stant ¢(X, Ap) is compatible with the conjectural description of the
leading constant in | , Conjecture 8.3]. We freely use the no-
tation in | , Section 8|. First of all, note that the set

{%0(3’ _) |a S X(I)m}7
is exactly equal to the set of certain unramified automorphic characters:

{X L T(AF) /(K- T(F)) — gl | X is a continuous homomorphism }
P F 1 ’

and for any i, y;" =1

where K = [[.T'(0.) and x; is a unramified Hecke character associated
to x and i. We denote this group by (T'(Ar)/(K-T(F)))y. We have
the following lemma:

Lemma 5.12 (| , Corollary 4.6 and Lemma 4.7|). We have the
following isomorphism.:

Bry(X, Am)/Br(F) = (Z(Ap) /L(F))
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where Bry(X, An) is the algebraic Campana Brauer group defined in
[ , Definition 8.1|. Moreover this induces a bilinear pairing

Bry(X, Aum) /Br(F) x (T(Ap)/T(F))m — 5"

Since | | focuses on the case of number fields, we will verify
the necessary adjustments for the function field case in Section 7. By
Lemma 5.12 we have

Bri (X, Am)*/Br(F) = (L(Ap) /(K- T(F)))h

where Br; (X, Ap)X is its subgroup consisting of elements which are
trivial on K. Since the height function H and ¢, are K-invariant, by

arguing as in | , Theorem 8.6], we obtain
beBr1 (X,Am)/Br(F) bEBr1 (X,Am)X/Br(F)

Finally for a € X (T'),, and the corresponding b € Bri (X, Ap,)¥/Br(F),
we have 7, = 7x A, (b). This explains the compatibility.

6. COUNTING A'-CURVES ON TORIC VARIETIES

Our next goal is to describe the counting function for Al-curves on
toric varieties.

6.1. A'-curves on toric varieties. We recall the set up. Let k = F,
be a finite field and F' = F,(t). Let X be a smooth projective toric
variety defined over k of dimension n with the open orbit 7" such that
the full toric boundary divisor A = ). A; is a SNC divisor. We also
assume that X is split. Let

D=) A; <A,
icA
be a reduced boundary divisor and let X be the log scheme associated to
(X, D). Set X° = X\ Supp(D) and we assume that X° is geometrically
separably Al-connected.
Let « be a nef class of 1-cycles on X. As in Section 4, we consider
the space of rational curves
A,

and its T-torsor

o, M, —U,.
It will be convenient to define Al-curves on (X, D) in terms of their
intersections against the boundary divisors:
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Definition 6.1. A rational curve [f : P' — X] € M? is an Al-curve
in X° if the corresponding divisor w = (w;) = @, ([f]) satisfies that
for any ¢ with A; C D, w; is either supported at {oco} or empty. We
call these conditions A!-conditions. Conversely if we have a morphism
f: A" — U with f(A') N T # 0, its closure defines an A'-curve for
some nef class a.

Let U, p C U, be the reduced closed subscheme parametrizing divi-
sors satisfying the Al-conditions. We define

o _ o
M. p=M,xy, U p

and consider this scheme as the space of Al-curves of the class a on
(X, D).

The following definition is a key to the study of log Manin’s conjec-
ture for integral points:

Definition 6.2. Let (X, D) be a split SNC pair. Write A for the
finite set indexing the irreducible components of D. The (geometric)
Clemens complex of the pair is the poset whose elements have the form
(A, Z) where A C A and Z is a non-empty irreducible component of
the intersection N;caD;. We impose the order (A1, Z;) < (Ag, Z5) if
Ay C Ay and Z; D Z;. Then we define the dimension of (A, Z) as the
dimension of the poset [(0, X), (A, Z)].

We include the formal pair (), X) as the unique minimal element of
the Clemens complex.

Note that when (X, D) is a split toric pair, each non-empty inter-
section M;c 4 D; is automatically irreducible. Hence A and Z determine
each other. Recall the fan X x from the end of §2.2, consisting of cones
in ¥ spanned by rays corresponding to irreducible components of D.
Alternatively, ¥y can be obtained by removing cones in Y that contain
rays in X p. (For the definition of ¥ p, see the proof of Proposition 3.2.)
We may identify the Clemens complex of X with the set of cones in
Y x, and identify its partial order with the inclusions of cones in > .

Definition 6.3. Let (X, D) be a geometrically separably A'-connected
smooth projective split toric pair. For each element (A,Z) in the
Clemens complex, we define the face F4 7 of Nef;(X) to be the set
of numerical classes which have vanishing intersection against D; for
every i € A\ A.

The following shows that the possible numerical classes of Al-curves
for (X, D) are controlled by the Clemens complex.
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Proposition 6.4. Let (X, D) be a geometrically separably A'-connected
smooth projective split toric pair and fiz o € Nef1(X)z. Then the mod-
uly space My, p, parametrizing Al-curves of class o is non-empty if and
only if o lies in Fa z for some (A, Z) in the Clemens complex.

Furthermore, if Mg p is non-empty then it is irreducible and has
dimension —Kx.a+n=—(Kx + D).a+n.

Proof. We may assume that the ground field k is an algebraically closed
field. If there is an A'-curve of class «, then f : P' — X must take
f(c0) to some strata of the boundary D, thus identifying an element
(A, Z) in the Clemens complex. (When f(c0) is in X°, A is empty.)
Note that the curve f (El) must be disjoint from every irreducible com-
ponent of D not containing Z; thus « lies in F4 z. Conversely, if
« € Fa,z, then by Lemma 4.6, U, , is non-empty.

If Mg p is non-empty, then U, p is irreducible and has dimension
— K x .. Thus the last claim follows from Lemma 4.4. O

Note that for a geometrically separably A!-connected smooth pro-
jective split toric pair (X, D), the divisor —Kx = —(Kx + D) need
not be big. Nevertheless, one should expect a Northcott property for
Al-curves with respect to this polarization. The required positivity is
provided by the following result.

Proposition 6.5. Let (X, D) be a geometrically separably A'-connected
smooth projective split toric pair. Let F be the face of the nef cone of
curves perpendicular to —Kx. Then for any (A, Z) in the Clemens
complex we have Faz N F = {0}.

Proof. As before we write A for the set of irreducible components of
D. If & € F4 z, then o has vanishing intersection against every divisor
in A\ A. If furthermore o« € F, then « has vanishing intersection
against every divisor in ¥ \ A. Since A is a subset of the rays in a
cone o of our fan, the divisors in (! \ A span Pic(X)g and so there is
a positive linear combination of these divisors that is big. We conclude
that a = 0. U

Thus to count A'-curves we should sum up contributions from the
faces Fa z as we vary (A, Z) in the Clemens complex. We next discuss
the dimensions of the faces F4 7 following | | and | |. It is
possible for a face F4 z to have pathological behavior in the sense that
its dimension fails to be predicted by the Clemens complex. For ex-
ample, | | identifies a toric pair (X, D) and a non-trivial element
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(A, Z) in the Clemens complex such that Fu z = Fpx. We can sys-
tematically address such pathologies using analytic obstructions in the
sense of | , Definition 3.14].

Definition 6.6. Let (X, D) be a split SNC pair. Let (A,Z) be an
element of the Clemens complex of this pair. We define

X5 =X\ (Uu,zngaznZ)=X"U U z'".
(A",Z")<(A,Z)

We say (A, Z) admits an analytic obstruction if
H'(XZ,Ox5) # k.

Proposition 6.7. Let (X, D) be a geometrically separably A'-connected
smooth projective split toric pair. Let (A,Z) be an element of the
Clemens complex. The following conditions are equivalent:

(1) There is no analytic obstruction for (A, Z).

(2) The divisor 3, 4 4 Di has Iitaka dimension 0.

(3) X5, is rationally connected.

(4) There is a family of Al-curves passing through 2 general points

of X° which map oo to Z°.

Proof. We may assume that our ground field is algebraically closed.

(1) = (4): suppose that there is no analytic obstruction. This
means that if we let ¥z be the fan associated to X7, then |¥z|Y = 0.
In other words, Cone(Xz) = Ng. We claim that there exists a contact
order ¢4 in the sense of | , Section 8.1.2] which is positive for
every i € A and 0 for i € A\ A such that

—Coo € Cone(v; |7 ¢ A)°.

Suppose that this is not true. Then one can find a hyperplane which
separates the two cones

Cone(v; |i ¢ A), Cone(—uv;|i € A).

However, this contradicts with Cone(Xz) = Ng. Thus after choosing
Co general, we may write
—Coo = Z CiVy,

igA

with ¢; > 0 such that {v;|¢c; > 0} spans Ng. Hence our assertion follows
from | , Theorem 8.2].
(4) = (3): obvious
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(3) = (2): suppose that X7 is rationally connected. If 37, 4 4 Di
had positive litaka dimension, it would be linearly equivalent to a di-
visor L whose support contains a general point x of X°. Using the ra-
tionally connected condition, we can find a rational curve f : P! — X5
through z that is not contained in Supp(L). Such a curve must have
positive intersection against L, contradicting the fact that f(P') C
X\ (UieayaDs).

(2) = (1): Since >, 4\ 4 D; has litaka dimension 0, it can be con-
tracted by a birational contraction ¢ : X --+ Y to a normal projective

toric variety Y. Since Y and X, are isomorphic outside of codimension
> 2 subsets, we have H°(X?, Oxs) = HO(Y,Oy) = k. O

Remark 6.8. Even when (A, 7) admits an analytic obstruction, it is
possible for there to be Al-curves meeting X° whose closure meets Z°.
However, if » .. A4 D; has positive Iitaka dimension then all the Al-
curves lying on the corresponding face F4 z will be contained in the
fibers of a non-trivial toric rational map from X. Over a finite field
such curves will never be Zariski dense.

Furthermore, the following result shows that when there is no an-
alytic obstruction the dimension of the face F4 7 can be computed
directly from the Clemens complex.

Corollary 6.9. Assume that A has no analytic obstruction. Then the
dimension of Fa z is the sum of p(X°) plus the dimension of (A, Z) as
an element of the Clemens complez.

Proof. By Proposition 6.7 (2), D;(i € A\ A) spans an extremal face
of the effective cone of divisors such that each D; is an extremal ray.
Since F4 7z is the dual face of this face, we conclude

dim Fa 7z = p(X) — (#A — #A4).

On the other hand, by Proposition 3.2, we have p(X°) = p(X) — #A.
Thus our assertion follows. O

Remark 6.10. The above corollary fails when A admits an analytic
obstruction. See | | for such an example.

6.2. The virtual height zeta function for A'-curves. Now we pro-
ceed as in Section 5 and set up the virtual height zeta function for
Al-curves. As before, first one should note the following lemma:

Lemma 6.11. We have
#M; p(k) = (¢ — 1)"#U, p(k).
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Proof. This follows from Lemma 4.4. 0

Thus it suffices to analyze #U, p(k). We consider the following
indicator function 0p : UpH,(k) — {0,1}:

1 fweul
op(w) = { P

0 otherwise.

As before we have

#U,p(k)= Y dp(w

weH, (k)

In view of Proposition 6.4, it is natural to count Al-curves associated
to an element of the Clemens complex. This is very much in the spirit
of | , Section 6.

In the rest of this section, we fix an element (A, Z) of the Clemens
complex. Note that we have Z = A, where as before A, = N;cad;.
We write (t;);esmn\ 4ua @8 ta. We consider the following virtual height
zeta function:

Zost) = Y I o) #0.,0

r satisfies 04\ ie(2(D\ A)UA
SIP D Vil (I8 | SN PO
r satisfies o4 weH, (k) \ie(Z(M\A)UA
where ¢4 indicates
r; =0 for any i € A\ A.
The above zeta function can be written as an Euler product:

Zyz(ta) = H( > Jla"mont ) ( > Hq““)

C€|A1| r satisfies 04 @ r satisfies 04 @

Let T'(Ar)p.a be

T(Ap) N [ ] X°(00) x V(o) |

celAl
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where V' = X'\ (Uica\aQ;). We denote its indicator function by dp 4 :
T(Ap) — {0,1}. We consider the height integral

Zonat) = [ (. (0) Mopa((0)drm,
(Ar)

where we assume that t satisfies ©4. This becomes the Euler product

I(0p.ast) = L(1LEP(T) ™" [] Zp.aclt

c€|P|
where Zp 4.(t) is defined as
Jxo (o) He(ts 9e) ' Le(1, EP(D))d7,  if ¢ € |A']
Ipac(t) = (0e) .

” Jv ooy He(t, 90) T Le(1, EP(D))dr. i ¢ = oo

By Denef’s formula (| , Proposition 4.5]), when ¢ € |A'| we have
n ¢
qC —n o qc ‘
Ip.ac(ta) = ( — 1) Z q."#Ap (k) H(qc - 1) 1_ o b
Qe BC(S(M\A) i€EB e

When ¢ = oo, we have

oadto = (-55) X et [Ja- v

Ge Bc(SM\A)uA icB l=q.~

Again since A} is a split torus, these local integrals become
_ ZBc(zO) A) §'(B) [Lien (Ziill q" 1) if ¢ € [A'[;
Ipaclta) = ' /  —— if
ZBC(E(l)\A)UA 0 (B) HiGB (Zrz_l q. ) 1II ¢ = 00.
where as before §'(B) is 1 if Ay # () and 0 otherwise. Then we have
T (5D A tA) — Zr satisfies o4 Hz qgtiridDO') lf cE |A1|,
Zr satisfies ¢ 4 Hl qc_tin if ¢ = 0.

Using this we obtain

Proposition 6.12. There exists a positive constant € > 0 that the

function
II =@ ][0 -q")Zazs(ta)
iex(M\A i€A
admits a holomorphic continuation to the domain T~_. defined by
Rit)>1—¢ ificxM\ A
R(t;) > —e if i€ A
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and moreover it satisfies

im [ 1—¢ @) ][ —a")Zaz(ta)

iex(M\A i€A
_ (L) / 1drs x / Hoo(— Koxs 20) Lo (1, EP(X°))dra oo
q — 1 70(000) - é%(goo)
where x indicates the following limait:
ti—1 ifiex®\ A
and

X°(0®)= ] X°(e.), 7% =L.(LEP(X°)™" [ Le(1,EP(X))7..

cE|A!| celAl]

1

We denote this leading constant as (q%)nT((X, D), A).

Proof. The first statement follows from the proof of | , Lemma
4.1]. The second statment follows from the proofs of | , Propo-
sition 4.10] and | , Proposition 4.3]. O

Thanks to this result we have the following counting estimates:

Proposition 6.13. There exists n > 0 such that assuming r satisfies
o4, we have

#U, p(k) g . .
r, = X,D), A 0] i@y ayualrihy
Fretnatt (g — 1)"7(( ); A) +0(q )

Proof. One may argue as in Proposition 5.5. U

6.3. The main result. In the view of Proposition 6.4, we consider
the counting function associated to a triple (X, D, A). To this end, we
introduce the following definitions:

Definition 6.14. Let N((X,D),A) C Ni(X) be the vector space
spanned by the face F4z. We denote Ni((X,D),A) N Ni(X)z by
Ni((X, D), A)z. We define the index r(X, D, A) by

r(X,D,A) =min{—Kx.a>0|a e Ni((X,D),A))z}.

Now we define the counting function we are interested in: for any
positive integer d, we define

N(((X,D),A),F(X,D,A)d): Z #M2<k)

a€F4 z7,—Kx.alr(X,D,A)d
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This is well-defined due to the Northcott property established in Propo-
sition 6.5. This counting function is analogous to the set up considered
in | , Section 6]. Now we state our main theorem:

Theorem 6.15. Assume that A has no analytic obstruction. Then we
have

N(((X,D),A),r(X,D, A)d) ~ c(X, D, A)g" PN ((X, D, A)d)>~!
as d — oo where c(X, D, A) is given by

(Faz)q"
(1= q—r(X.D.A)

and b = dim Ny((X, D), A) = tk Pic(X°) + dim A.

c(X,D,A) = 7((X, D), A),

Proof. This follows from Proposition 6.13 using the counting arguments
of Theorem 5.9 involving shrunken cones. We briefly sketch the proof.
As before, we consider the shrunken cone:

Faze={a € Faz|Aia>—eKx.afor any i € (Z(l) \A)U A},
and we denote the closure of its complement:
Ce = fA,Z \ ‘FA,Z,E'

Using Proposition 6.13, since there is no analytic obstruction, we can
prove that

N(Faze,r(X, D, A)d) ~ c(Faz)qd S PVe(X, D, A)d)"!
as d — oo where the constant ¢(Fa z.) is given by

a(-FA,Z,e)qn
(1— q—r(X,D,A)>

c(Faze) = 7((X, D), A).

Now we have inequalities:
N(Faze (X, D), A)d) _ N(((X, D), D), r((X, D), A)d)
FOPT(((X, D), AP = g CPIAN((X, D), A"

N(FA,Z,Ear«X? D)vA)d) ( (( D)7A)d)

= g EPAA(r((X, D), A)d)>-t g (P (X, D), A)d)>~!

Using Proposition 6.13, we can also prove that

. N(C€7I’((X, D)vA)d> (q_ 1)nC
< .
hgiiljp ¢ (XD)Ad(r (X, D), A)d)r—t ~ (1 — qfr((X,D)7A))a(C€)
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Thus we obtain

N(((X, )7/1), r((X, D), A)d)
“Fazd = BT A4 (X, D), A)dp
< s ARG, D) A1 S %)+ g (€
As € — 0, our assertion follows. O

Remark 6.16. Our results suggest that the strong approximation
holds for ((X, D); A) off the infinity in the sense of | | when A
has no analytic obstruction.

Remark 6.17. Our counting method does not apply when A has an
analytic obstruction. Indeed, in such a situation, | , Theorem
3.12] shows that the set of Al-curves cannot be Zariski dense. There is
always a face without analytic obstruction, however, it is not clear to us
that the main term of the counting function of all Al-curves is formed
by faces without analytic obstruction. In the view of | , Theorem
3.12], we think that we should include those A'-curves associated to
faces with analytic obstructions to the exceptional set.

7. APPENDIX: TORIC VARIETIES AND THEIR BRAUER GROUPS
OVER GLOBAL FUNCTION FIELDS

Our goal of this section is to prove Lemma 5.12. We closely follow
the exposition of | , Section 4] and use the notation established
there. Let k = F, be a finite field and C be a smooth geometrically
integral projective curve defined over k. Let F' = K(C) be a global
function field and T" be an algebraic torus defined over F'. We denote
the absolute Galois group by Gr = Gal(F*/F), and we denote the
following Galois module

Hom(Zp., G,,)
by X*(I':). One should note that
XH(L) = X*(Lp)O"

is the group of characters of . We denote the groups of cocharacters
by X.(Tps) and X.(T). We have the dual relation:

Xi(Lp.) = Hom(X*(Lp.), Z).
The splitting field of T is the fixed field of the kernel of
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Over this field, the base change of T is isomorphic to G”,.

For ¢ € |C], let the group T'(o.) be the maximal compact subgroup
of T'(F.) and define the pairing:
log [x(gc)|

T(F)x X (Tr) — Z,(ge, X)
T(F.) x X*(Tp,) (9es X) og 0.

which induces the exact sequence:
0= L(oc) = L(Fe) = Xu(Tr,).
The third homomorphism is surjective if ¢ is unramified in the splitting

field of T'. This local pairing gives rise to the adelic pairing:

T(Ar) x X*(T) = Z, (9, %) = 3 %'
c€lC] ¢

We denote the left kernel of this pairing by T(Ax)! and we obtain the
exact sequence

0— T(Ap)' = T(Ap) — X.(T) — 0.
This exact sequence admits a section so that we have an isomorphism

T(Ar) = T(Ap)" x X.(D).

Let
I(T) = ker | H'(F,Tp.) — [] H'(F.. Tps)
ce|C]
be the Tate-Shafarevich group of T". This is finite over global fields by
[ |. We also let
B(T) =ker | Bry(T) — H Bri(T)
ce|C|

Using | , Lemma 6.2 and Lemma 6.8], we obtain the canonial
pairing;:

HI(T) x B(T) — O/,
which induces the canonical homomorphism
I(T) — B(1)~,

where B(T)~ = Hom(B(T'),Q/Z). Let ¢ be a prime not equal to the

characteristic of k. The proof of | , Proposition 8.3| shows that
the above homomorphism induces an isomorphism

HI(T){6} = B(L)~{¢},
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where M{¢} means the ¢-primary part for an abelian group M. Note
that | , Proposition 8.3 is stated over number fields, but the proof
works over function fields for the ¢-primary part without any modifi-
cation. A key to this is Tate-Nakayama duality theory which is also
valid over global function fields as long as we are concerned about the
(-primary part. See | , Chapter II Proposition 4.14].

Let

Br(T) = {b € Br (L) | b(1) = 0}.
Regarding this group, we have the following lemmas:

Lemma 7.1 (| , Lemma 6.9(ii)|). There are natural isomorphisms
Pic(T) = H'(F, X" (Lp.)), Bre(T) = H*(F, X*(Ly.)).
Lemma 7.2 (| , Lemma 6.9]). The pairing
Br(T) x I(F) — Br(F), (b,g) — b(g)
18 bilinear.
Note that this pairing admits the following another description:
Br.(T) x I(F) (7.1)

- -

HAF, X*(Tp))  x  HO(E,T(F*)) — H(F, F*),

where the bottom pairing is the cup product.
Next we state the following theorem:

Theorem 7.3 (| , Theorem 4.4]). For any ¢ € |C|, the bilinear
paLring
Br.(Ty,) x T(F,) - Br(F) = Q/Z
iduces an tsomorphism
Br.(T) = T (Fe)~

of abelian groups.

Proof. This follows from | , Chapter I Corollary 2.4], (7.1), and
[ , Lemma 4.3]. O

Finally we prove the following theorem:
Theorem 7.4 (| , Theorem 4.5]). The pairing
Bre(T) x T(Ap)/T(F) — Q/Z
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1s bilinear and it induces the exact sequence
0 = B(T) = Br(T) = (L(Ap)/L(F))~ — 0.

Proof. This follows from the proof of | , Theorem 4.5|. In its
notation, Loughran claimed that T'(Ar)/T(F') is a closed subgroup of
finite index in G(7T"). This finite index is measured by III(T") which

is also finite over global function fields by | |. Thus the proof of
| , Theorem 4.5] goes through. O
Corollary 7.5 (| , Corollary 4.6]). Suppose that T is rational.

Then B(T) = 0 so that we have an isomorphism
Br.(T) = (L(Ar)/T(F))~.

Proof. See the proof of | , Corollary 4.6]. O

Proof of Lemma 5.12. This follows from Theorem 7.4 and the second

commutative diagram in | , Lemma 4.7]. This second diagram is

valid in our setting. A key to this is the fact that A; is rational for any

i. See | , Lemma 3.25] for more details. O
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