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Abstract. We correct a mistake in Section 3 of “Non-free curves on Fano varieties”

The purpose of this note is to correct a mistake in [2, Section 3]. The effect of this change
is small: it requires modifying several constants in the statements of results, particularly in
Section 3. We will follow the numbering of [2]. We thank Eric Jovinelly for bringing the
mistake to our attention.

The mistake arose from incorrectly stating [1, Corollary 6.11]. The correct statement is
as follows:

Theorem 3.4 ([1, Corollary 6.11]). Let Z be a smooth projective variety defined over C and
let B be a complex smooth projective curve. Suppose that W ⊂ Mor(B,Z) is a locally closed
reduced subvariety such that the maps parametrized by W dominate Z and the general map
parametrized by W is birational onto its image. Let s be a general map parametrized by W .
Then the image of the map TsW → H0(B,Ns) has vanishing intersection with (Ns)tors.

This result is only used in Proposition 3.5, which must be modified as follows.

Proposition 3.5. Let Z be a smooth projective variety defined over C and let B be a complex
smooth projective curve. Suppose that W is a locally closed subvariety of Mor(B,Z) such
that the morphisms parametrized by W dominate Z. Let s be a general element of W .

(1) If the general map s is birational onto its image then the length of the torsion of Ns

is at most 3g(B) + codimH0(B,s∗TZ)(TsW ).
(2) If the general map s factors as the composition of a finite morphism of smooth curves

h : B → B′ followed by a morphism s′ : B′ → Z that is birational onto its image,
then the length of the torsion of Ns is at most 3g(B′)d+codimH0(B′,s′∗TZ)(Ts′W

′)d+r
where d is the degree of h, W ′ is the image of W in Mor(B′, Z), and r is the total
ramification degree of h. In particular, if g(B′) ≥ 2 then the length of the torsion of
Ns is at most 6g(B) + codimH0(B′,s′∗TZ)(Ts′W

′)d.

Proof. (1) We have the short exact sequence

H0(B, s∗TZ) → H0(B,Ns) → H1(B, TB).

By Theorem 3.4 we see the image of TsW in H0(B,Ns) is disjoint from H0(B, (Ns)tors). This
implies that the image of H0(B, s∗TZ) in H

0(B,Ns) intersects H
0(B, (Ns)tors) in dimension

at most codimH0(B,s∗TX)(TsW ). Since the cokernel of H0(B, s∗TZ) → H0(B,Ns) injects into
H1(B, TB), it follows that it has dimension at most h1(B, TB) ≤ 3g(B). Altogether this
proves the statement.
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(2) Consider the diagram

0 // TB //

��

s∗TZ //

=

��

Ns
//

ψ
��

0

0 // h∗TB′ // s∗TZ // h∗Ns′
// 0

Note that (h∗Ns′)tors has length d times the length of (Ns′)tors which by (1) is at most
3g(B′) + codimH0(B′,s′∗TZ)(Ts′W

′). By the snake lemma, ψ is surjective and its kernel is a
torsion sheaf of length at most r. Altogether this proves the first statement. The final
statement follows from the Riemann-Hurwitz formula g(B) = dg(B′) + r

2
− d + 1. Indeed,

we have

6g(B) = 6dg(B′) + 3r − 6d+ 6 = 3dg(B′) + r + (3dg(B′) + 2r − 6d+ 6)

≥ 3dg(B′) + r.

□

For the reader’s convenience, we separate our a step in the proof of [2, Lemma 3.7] as its
own lemma.

Lemma 0.1. Let Z be a smooth projective variety defined over C and let M ⊂ Mor(B,Z)
parametrize a dominant family of curves. For a general s ∈ M we have h1(B, s∗TZ) <
g(B)(dim(Z) + 2).

Proof. Since the family of curves is dominant, the normal sheaf Ns is generically globally
generated. Thus we have

h1(B, s∗TZ) ≤ h1(B, TB) + h1(B,Ns)

≤ 3g(B) + g(B)(dim(Z)− 1)

where the last inequality follows from [2, Lemma 2.4]. □

Finally, the previous changes affect the constants in [2, Theorem 3.8.(1,2)].

Theorem 3.8 (Grauert-Mulich). Let Z be a smooth projective variety defined over C and
let E be a torsion free sheaf on Z of rank r. Let M be an irreducible component of Mor(B,Z)
and let ev : U → Z denote the evaluation map.

(1) Assume that the composition of ev with the normalization map for U is dominant
with connected fibers and that ev is flat on the preimage of some open subset of Mred.
Assume that a general s : B → Z parametrized by M is birational onto its image.
Then we have

∥ SPZ,[s(B)](E)− SP(s∗E)∥ ≤
1

2

(
2g(B)2 dim(Z)2 + 10g(B)2 dim(Z) + 5g(B) dim(Z) + 15g(B) + 2

)
rk(E)

(2) Assume that the composition of ev with the normalization map for U is dominant
with connected fibers and that ev is flat on the preimage of some open subset of Mred.
Assume that there is some curve B′ of genus ≥ 2 such that the general map s : B → Z
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parametrized by M factors through a morphism s′ : B′ → Z that is birational onto
its image. Then we have

∥ SPZ,[s(B)](E)− SP(s∗E)∥ ≤
1

2

(
2g(B)2 dim(Z)2 + 10g(B)2 dim(Z) + 5g(B) dim(Z) + 18g(B) + 2

)
rk(E)

Proof. (1) Let t be the length of the torsion part of Ns, let G be the subsheaf of (Ns)tf
generated by global sections, and let q be the dimension of the cokernel of the composition

V → H0(B, s∗TZ) → H0(B, (Ns)tf )

where V ⊂ H0(B, s∗TZ) is the tangent space to Mred at s.
[2, Theorem 3.3] shows that µmax(M∨

G ) ≤ 2g(B) dim(Z) + 2. Proposition 3.5.(1) shows
that t ≤ 3g(B) + codimH0(B,s∗TZ)(V ). Lemma 0.1 shows that the latter quantity is at most
g(B)(dim(Z) + 2). By [2, Lemma 3.7] we have q ≤ g(B) dim(Z) + 5g(B). We then apply [2,
Theorem 3.2] to obtain the desired statement.

(2) Proposition 3.5.(2) shows that in this situation t ≤ 6g(B) + codimH0(B′,s′∗TZ)(V
′) and

Lemma 0.1 shows that the latter quantity is at most g(B′)(dim(Z)+2) ≤ g(B)(dim(Z)+2).
Then we can obtain the desired bound by repeating the argument for (1) using this new
estimate on t. □
Theorem 3.8 is used in the proof of [2, Theorem 4.3]; the constant γ in this statement

must be updated to match the new bound from Theorem 3.8. In turn, Theorem 4.3 is used
in other results but the constants are not mentioned in the statements, only in the proofs
(which must be adjusted accordingly).
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