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Abstract. We show that klt Fano varieties and certain lc Fano varieties contain free higher-
genus curves in their smooth loci. Our methods also allow us to find free curves on varieties in
positive characteristic and on quasiprojective varieties, under a natural positivity condition
on the tangent bundle. We then use the existence of free curves to deduce finiteness of the
fundamental group of the smooth locus in these settings.

The paper includes an appendix by de Jong that establishes the Künneth formula for
tame étale fundamental groups.

1. Introduction

Rational curves provide an essential tool for studying the geometry of a smooth complex
Fano variety X. A paragon is [Mor79] in which Mori proved Hartshorne’s Conjecture by
studying the existence and deformation properties of rational curves. A rational curve s :
P1 → X exhibits the best deformation-theoretic properties when s∗TX is positive: the map s
is said to be free if s∗TX is nef and very free if s∗TX is ample. Using the innovative techniques
of [Mor79], Kollár showed that every smooth Fano variety carries a free rational curve (see
[Mor84, Page 749], [MM86, Page 66]). The existence of very free curves on smooth Fano
varieties was subsequently established by [KMM92].

When X is a singular Fano variety, the situation is more subtle. It is still true that X
carries many rational curves; for example, [HM07] and [Zha06] prove that a klt Fano pair
(X,∆) admits a rational curve through two general points. However, these rational curves
can meet the singular locus of X in which case they no longer exhibit good deformation-
theoretic properties. For potential applications it is crucial to find rational curves in the
smooth locus of X.
The following well-known conjecture is motivated by work of Keel-McKernan and Miyanishi-

Tsunoda.

Conjecture 1.1. Let (X,∆) be a klt Fano pair over an algebraically closed field of charac-
teristic 0. Then there is a free rational curve in the smooth locus of X.

Building on the earlier works [MT84a, MT84b, Zha88], [KM99, 1.6 Corollary] verified this
conjecture in dimension 2: a klt Fano surface always admits a free rational curve in its
smooth locus. This result is a central step in Keel and McKernan’s groundbreaking work on
the existence of A1-curves and also has a number of important applications in its own right.
In the decades since, the question of existence of rational curves in the smooth locus of a
Fano variety has remained open, even for terminal Fano threefolds.

1.1. Main results: characteristic 0. We take a novel approach: we relax the requirement
that our curves be rational and instead search for curves of arbitrary genus. The following
definition identifies a natural analogue of freeness for higher genus curves.
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Definition 1.2. Let X be a variety and let C be a smooth proper integral curve. Fix a
non-negative number r. A morphism s : C → X is an r-free curve if s(C) is contained in the
smooth locus Xsm ⊂ X and every positive rank quotient of s∗TX has slope at least 2g(C)+r.

With this change in perspective, we are able to prove the analogue of Conjecture 1.1 for
higher genus curves.

Theorem 1.3. Let (X,∆) be a dlt Fano pair over an algebraically closed field of char-
acteristic 0. Then there is a curve C such that for every r ≥ 0 there is an r-free curve
s : C → Xsm.

Using this result and [JLR25], we take the next step toward the original Conjecture 1.1
in higher dimensions.

Theorem 1.4. Let X be a terminal Fano threefold over an algebraically closed field of
characteristic 0. Then there is a free rational curve s : P1 → Xsm.

Our techniques are applicable to lc Fano pairs (X,∆). Note that such an X need not
contain any free curves at all. (The simplest counterexample is a cone over an elliptic
curve.) Instead, we show that the existence of free curves can be precisely accounted for by
the positivity of the tangent bundle. Furthermore, this class of lc Fano pairs shares many of
the nice geometric properties of klt Fano pairs; see Section 6.2.

Theorem 1.5. Let (X,∆) be a Q-factorial lc Fano pair over an algebraically closed field of
characteristic 0. Then the following conditions are equivalent:

(1) X admits a 1-free curve.
(2) There is no positive rank quotient of TX with numerically trivial first Chern class.
(3) For every m > 0 we have h0(Xsm,Ω⊗m

Xsm) = 0.

If these equivalent conditions hold, then there is a curve C such that for every r ≥ 0 there is
an r-free curve s : C → X.

Just as with free rational curves, the existence of a 1-free curve of arbitrary genus has a
number of important geometric consequences. The most significant is finiteness of the funda-
mental group. Recently there have been many results concerning fundamental groups associ-
ated to klt singularities; see e.g. [Xu14], [GKP16a], [BGO17], [TX17], [CRST18], [BCRG+19],
[Bra21]. In combination with Theorem 1.5, the following result extends our understanding
to the log canonical case.

Theorem 1.6. Let X be a projective variety over C. If X admits a 1-free curve, then Xsm

has finite topological fundamental group.

In particular, we obtain a new (and short) proof of the finiteness of the topological fun-
damental group of the smooth locus of a klt Fano pair first proved by [Bra21].

1.2. Main results: characteristic p. Much less is known about the existence of free curves
in characteristic p. A famous open problem of Kollár asks whether a smooth Fano variety
over an algebraically closed field of characteristic p is separably rationally connected. If
we allow singularities, the answer is no: counterexamples are given in [Kol95] and [Xu12,
Section 5]. These examples use a “negative” quotient of the tangent bundle to obstruct the
existence of free rational curves. In particular, they demonstrate that in characteristic p we
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must impose stronger assumptions on the possible quotients of the tangent bundle to obtain
free curves.

The following theorem provides a new link in the relationship between positivity of the
tangent bundle and existence of free curves, in the same direction as earlier work by [Miy87,
KSCT07, SCT09, She10, Tia15, Gou16, BM16, CP19] and many others. The positivity
assumption is phrased in terms of Mumford-Takemoto slope stability.

Theorem 1.7. Let X be a normal projective variety of dimension n over an algebraically
closed field. Suppose that there is an ample divisor H such that µmin

Hn−1(TX) > 0. Then there
is a curve C such that for every r ≥ 0 there is an r-free curve s : C → Xsm.

In characteristic p, this theorem is interesting even when X is smooth; for example, it
applies whenever X is a smooth Fano variety with a stable tangent bundle. Just as in
characteristic 0, we can use 1-free curves to deduce finiteness of fundamental groups.

Theorem 1.8. Let X be a projective variety over an algebraically closed field. Suppose that
X carries a 1-free curve. Then the étale fundamental group of Xsm is finite.

We emphasize that it is the étale fundamental group and not the tame étale fundamental
group that appears in Theorem 1.8.

1.3. Main results: log setting. There are several famous conjectures that predict that in
the quasiprojective setting curves have similar behavior to the projective setting. According
to Iitaka’s philosophy, the best way to analyze curves on a smooth quasiprojective variety
U is to pass to a SNC compactification (X,∆) and study log curves. In particular, when
(X,∆) has “positive curvature” we should expect to find log curves on (X,∆) which are
1-free in the sense of Definition 5.4.

In our setting, it is more natural to start from an lc pair (X,∆) and to define U to be the
open subscheme of X obtained by removing all irreducible components of ∆ with coefficient
1. Even when (X,∆) is an lc Fano pair, it need not admit a 1-free log curve. (The simplest
counterexample is P2 equipped with two lines.) As before, we show that the positivity of the
log tangent bundle is the key ingredient for correcting this deficiency.

Theorem 1.9. Let (X,∆) be a Q-factorial lc Fano pair over an algebraically closed field of
characteristic 0. Then the following conditions are equivalent:

(1) (X,∆) admits a 1-free log curve.
(2) The log tangent bundle admits no positive rank quotient with numerically trivial first

Chern class.
(3) For every m > 0 we have h0(V,ΩV (log⌊∆⌋)⊗m) = 0 where V ⊂ X is the SNC locus

of the pair (X, ⌊∆⌋).
If these equivalent conditions hold, then there is a curve C and a finite subset D ⊂ C such
that for every r ≥ 0 there is an r-free log curve s : (C,D) → (X,∆).

In dimension 2 [Zhu16] proves a similar but more precise statement. We also prove a
version of Theorem 1.9 in positive characteristic; see Theorem 5.7.

Remark 1.10. We expect the conditions of Theorem 1.9 to be equivalent to A1-connectedness
of the open locus. More generally, we expect these conditions to be important in other con-
texts which rely on “geometric positivity” in the log setting, e.g. the study of integral points
for Fano pairs.
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In the log setting, we would like to understand the fundamental group of the open locus
U . Note that U need not be smooth; our next result bounds the fundamental group of the
smooth locus of U .

Theorem 1.11. Let (X,∆) be a projective lc pair over an algebraically closed field k. Set
U = X\⌊∆⌋. Suppose that (X,∆) carries a 1-free log curve. Then:

(1) The curve-tame étale fundamental group of U sm is finite.
(2) If k = C, then the topological fundamental group of U sm is finite.

The proof of Theorem 1.11 relies on Appendix A by de Jong which establishes the behavior
of tame étale fundamental groups under products.
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2. Preliminaries

Throughout we work with schemes which are separated and whose connected components
have finite type over the ground field. A variety is irreducible and reduced.

Over an algebraically closed field of arbitrary characteristic, we let Mg,n(X) denote
the Kontsevich moduli stack of stable maps and let Mg,n(X) denote the open substack
parametrizing morphisms with smooth irreducible domain.

2.1. Non Q-factorial varieties. When running the MMP, it is possible to obtain a Fano
fibration whose fibers are not Q-factorial. For this reason, we need to briefly review how to
work with curves on non-Q-factorial varieties. Note that for such varieties the behavior of
Cartier and Weil divisors can be quite different and we must be careful to choose the correct
notion.

Suppose that X is a normal projective variety of dimension n over an algebraically closed
field. We first define spaces associated to Cartier divisors. We let N1(X)R denote the space
of R-Cartier divisors up to numerical equivalence and let N1(X)R denote the dual space of R-
1-cycles up to numerical equivalence. We let Eff

1
(X) ⊂ N1(X)R denote the pseudo-effective

cone of divisors and let Eff1(X) ⊂ N1(X)R denote the pseudo-effective cone of curves. Dual
to these are the nef cones Nef1(X) ⊂ N1(X)R and Nef1(X) ⊂ N1(X)R.
We next define spaces associated to Weil divisors. We let Nn−1(X)R denote the space of

R-Weil divisors up to intersection against homogeneous polynomials of weight (n − 1) in
Chern classes of vector bundles on X. We let Nn−1(X)R denote the dual space spanned by
polynomials in Chern classes. We let Effn−1(X) ⊂ Nn−1(X)R denote the closure of the cone
generated by effective Weil divisors. Dually we have the nef cone Nefn−1(X) ⊂ Nn−1(X)R.
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Remark 2.1. For any normal projective variety X there is an injective map N1(X)R
∩[X]−−→

Nn−1(X)R from numerical Cartier classes to numerical Weil classes. Dually, we get a surjec-
tion from Nefn−1(X) to Nef1(X). In particular, when we want to find curves representing a
nef class the strongest statements are obtained by working with Nefn−1(X).

Remark 2.2. When X is Q-factorial, the map N1(X)R
∩[X]−−→ Nn−1(X)R is an isomorphism.

Thus we can naturally identify Nefn−1(X) and Nef1(X). We will preferentially use the latter
notation when X is Q-factorial.

Remark 2.3. Suppose that C is a smooth curve and s : C → X is a map whose image lies
in the smooth locus of X. Note that s is an lci morphism of codimension n − 1; indeed,
we can write s as the regular embedding Γs : C → C × Xsm followed by the smooth
projection π2 : C × Xsm → X. Then [Ful84, Example 19.2.3] shows that the Gysin map
s∗ : An−1(X) → A0(C) descends to numerical groups. In this way, any curve C in the
smooth locus of X naturally defines a class s∗C ∈ Nn−1(X)R. If furthermore s deforms in a
dominant family then s∗C defines a class in Nefn−1(X).

The advantage of Nefn−1(X) is that it is compatible with birational pullbacks, as explained
by the following lemma.

Lemma 2.4. Let ϕ : X ′ → X denote a birational morphism between normal projective
varieties over an algebraically closed field. Then:

(1) The pullback map ϕ∗ : Nefn−1(X) → Nefn−1(X ′) is injective.
(2) If ϕ is a small contraction, then ϕ∗ takes interior classes for Nefn−1(X) to interior

classes for Nefn−1(X ′).
(3) The pushforward map ϕ∗ : N1(X

′)R → N1(X)R takes Nef1(X
′) surjectively onto

Nef1(X).

Proof. (1) follows from the surjectivity of Effn−1(X
′)

ϕ∗−→ Effn−1(X). Furthermore, [FL16,

Theorem 3.21] shows that when ϕ is a small contraction the kernel of Nn−1(X
′)R

ϕ∗−→
Nn−1(X)R only intersects Effn−1(X

′) at {0}. Dualizing, we obtain (2). (3) is dual to the fact
that the pseudo-effective cone of Cartier divisors injects upon birational pullback. □

2.2. Stability of torsion-free sheaves. We quickly review Harder-Narasimhan filtrations
with respect to nef curve classes as developed by [CP11, GKP14, GKP16b]. While these
references work in characteristic 0, the arguments used for the construction below work
equally well in characteristic p.

Notation 2.5. Let X be a Q-factorial normal projective variety and let α ∈ Nef1(X). For
any non-zero torsion-free sheaf E on X, let

0 = F0 ⊂ F1 ⊂ F2 ⊂ . . . ⊂ Fs = E .
denote the α-Harder-Narasimhan filtration of E with respect to α. Thus each Fi/Fi−1 is
α-semistable and the α-slopes of the quotients Fi/Fi−1 are strictly decreasing in i. When X
is a curve, we will always implicitly use the polarization α given by the fundamental class.

We denote by µmax
α (E) the maximal α-slope of any torsion-free subsheaf of E , that is,

µmax
α (E) = µα(F1). We denote by µmin

α (E) the minimal α-slope of any torsion-free quotient
of E , that is, µmin

α (E) = µα(E/Fs−1).
5



Remark 2.6. In fact, one can develop a theory of slope stability for arbitrary normal
projective varieties by working with Nefn−1(X) instead of Nef1(X). While we will not
develop such a theory here, we will need one special case: when H is an ample divisor on
a normal projective variety, one can define a theory of slope stability with respect to Hn−1.
Indeed, this is the classical notion of Mumford-Takemoto slope stability; see [Mar81].

2.3. Positive curves. The notion of an r-free curve was given in Definition 1.2. Note that
for a rational curve, free is the same as 0-free and very free is the same as 1-free; we will use
the same shorthand for higher genus curves. (Note also that freeness in our sense implies
the related notion of [Kol96, II.3.1 Definition].) We will need the following properties of free
curves:

Proposition 2.7. Let X be a projective variety. Suppose that s : C → X is an r-free curve
for some r ≥ 0. Then:

(1) For any codimension ≥ 2 closed subset Z ⊂ X a general deformation of s will be an
r-free curve whose image is disjoint from Z. ([LRT24, Lemma 3.8])

(2) If M ⊂ Mor(C,X) is the irreducible component containing s then the (⌊r⌋ + 1)-fold
evaluation map C×(⌊r⌋+1)×M → C×(⌊r⌋+1)×X×(⌊r⌋+1) is dominant. ([LRT24, Lemma
3.6.(4)])

Proof. The results of [LRT24] are only explicitly stated in characteristic 0 but the arguments
also work in characteristic p. □

The following lemma is frequently useful when working with free curves.

Lemma 2.8. Let X be a Q-factorial normal projective variety. Suppose thatM ⊂ Mor(C,X)
parametrizes a family of maps s : C → X with the property that for any codimension 2 subset
Z ⊂ X there is a deformation of s such that s(C) ∩ Z = ∅.

Let E be a torsion-free sheaf on X. If for a general map s : C → X parametrized by M
we have µmin(s∗E) > 0, then µmin

s∗C (E) > 0.

Proof. Consider a non-trivial torsion-free quotient E → Q. By assumption, a general defor-
mation s′ : C → X of s will have the property that s′(C) lies in the locus where E and Q
are locally free. Thus the surjection s′∗E → s′∗Q is also a morphism of locally free sheaves.
By assumption we have 0 < deg(s′∗Q) = c1(Q) · s′∗C so that µs∗C(Q) > 0. This implies the
desired statement. □

The following weaker positivity condition is also useful.

Definition 2.9. Let X be a projective variety over an algebraically closed field and let r be
a non-negative number. We say that a curve s : C → X is almost r-free if there is a smooth
open subset U ⊂ X, a smooth morphism π : U → Z, and a fiber F of π such that s has
image in F and is an r-free curve in F .

Note that for an almost r-free curve there is a positive integer q such that

s∗TX ∼= O⊕q
C ⊕ E

where E is a vector bundle satisfying µmin(E) ≥ 2g(C) + r. By [Kol96, I.2.17 Theorem] a
general fiber F ′ of π will contain a deformation of s which is again an r-free curve in F ′.
Furthermore, if M is an irreducible component of Mor(C,X) that generically parametrizes
almost r-free curves then dimM = H0(C, s∗TX).
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2.4. Pairs and the MMP. In this subsection we work over an algebraically closed field
of characteristic 0. A pair (X,∆) consists of a normal variety X and an effective Q-Weil
divisor ∆ such that KX +∆ is Q-Cartier. We will use the standard definitions of Kawamata
log terminal (klt), divisorially log terminal (dlt) and log canonical (lc) as in [KM98]. We
will frequently use the following results:

(1) If (X,∆) is dlt, then for any open neighborhood U of 0 ∈ N1(X)R there is a divisor
∆′ such that (X,∆′) is klt and ∆′ −∆ ∈ U . (See [KM98, Proposition 2.43].)

(2) Every dlt pair (X,∆) admits a Q-factorialization, i.e. a small projective birational
morphism ϕ : Y → X such that Y is Q-factorial. Furthermore, the strict trans-
form ∆Y of ∆ satisfies that (Y,∆Y ) is dlt. (See [BCHM10, Corollary 1.4.3], [Loh13,
Corollary 4.4].)

(3) If (X,∆) is a klt Fano pair and ϕ : Y → X is a Q-factorialization, then there is a
divisor ∆′ on Y such that (Y,∆′) is a klt Fano pair. (See [GOST15, Lemma 3.1].)

Combining these results, we see that for every dlt log Fano pair (X,∆) there is a small
projective birational map ϕ : Y → X and a divisor ∆′ on Y such that (Y,∆′) is a Q-factorial
klt log Fano pair.

2.5. Positivity of the tangent bundle. We start by recalling an important theorem of
[Ou23].

Theorem 2.10 ([Ou23, Theorem 1.4]). Let (X,∆) be a projective Q-factorial lc pair over
an algebraically closed field of characteristic 0. Suppose that −(KX + ∆) is nef. Then for
every surjection TX → Q to a torsion-free sheaf Q we have c1(Q) is pseudo-effective.

Equivalently, we have µmin
α (TX) ≥ 0 for every nef curve class α on X.

Proof. While [Ou23, Theorem 1.4] only states the result when ∆ = 0, the argument works
in this more general context. The only point where the proof of [Ou23, Theorem 1.4] needs
to be modified for ∆ ̸= 0 is when we apply [Ou23, Theorem 1.10]. Note however that [Ou23,
Theorem 1.10] is stated for pairs (X,∆) and yields the chain of inequalities

KF · α ≥ (KX +∆ver) · α ≥ KX · α
for α ∈ Nef1(X) which is all that is needed to finish the proof. □

We will be interested in lc Fano pairs which satisfy a slightly stronger property.

Definition 2.11. Let X be a normal projective variety over an algebraically closed field
of arbitrary characteristic. Suppose E is a torsion-free sheaf on X. We say that E has
the positive quotient property (PQP) if for every surjection E → Q onto a positive rank
torsion-free sheaf, the first Chern class c1(Q) lies in Effn−1(X) and is not numerically trivial.

The following result from [CP19] shows that if TX fails the PQP, then there is a rational
map associated to the largest quotient of TX with numerically trivial first Chern class.

Lemma 2.12. Let (X,∆) be a projective Q-factorial lc pair over an algebraically closed
field of characteristic 0. Suppose that −(KX +∆) is nef. Amongst all surjections TX → Q
to torsion-free sheaves such that c1(Q) is numerically trivial there is a unique “maximal
quotient”, i.e. a quotient TX → Qmax through which all other such morphisms factor. The
kernel F of this surjection defines an algebraically integrable foliation with rationally con-
nected leaves.
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Proof. If there are no quotients of slope 0, Qmax = 0 and the foliation is trivial. Otherwise,
choose a curve class α in the interior of Nef1(X) and consider the α-Harder-Narasimhan
filtration of TX :

0 = F0 ⊂ F1 ⊂ F2 ⊂ . . . ⊂ Fs = TX .

Theorem 2.10 shows that every successive quotient Fi/Fi−1 has non-negative α-slope. Thus
every quotient of slope 0 must be a quotient of the final term Fs/Fs−1. Due to the semista-
bility of Fs/Fs−1 we see that it also has slope zero so that Qmax = Fs/Fs−1.
[Pan15, Proposition 1.3.32] shows that Fs−1 is a foliation. Consider a smooth birational

model ϕ : X ′ → X and let F ′ denote the foliation on X ′ induced by Fs−1. Using the compat-
ibility of slopes with pull-back of nef curve classes as established by [GKP16b, Proposition
2.8], we see that µmin

ϕ∗α(F ′) > 0. Thus F ′ (and equivalently Fs−1) is algebraically integrable
with rationally connected leaves by [CP19, Theorem 1.1]. □

The arguments of [Ou23] show that the tangent bundle of a Q-factorial dlt Fano variety
always has the PQP.

Proposition 2.13. Let (X,∆) be a Q-factorial dlt Fano pair over an algebraically closed
field of characteristic 0. Then for every surjection TX → Q to a positive rank torsion-free
sheaf Q we have c1(Q) is pseudo-effective and is not numerically trivial.

Equivalently, we have µmin
α (TX) > 0 for every nef curve class in the interior of Nef1(X).

Proof. By perturbing ∆ we can find an effective divisor ∆′ such that (X,∆′) is a Q-factorial
klt Fano pair. Theorem 2.10 shows that every positive rank torsion-free quotient of TX has
pseudo-effective first Chern class. Suppose for a contradiction that there exists a quotient
whose first Chern class is numerically trivial. Let ϕ : X 99K Z denote the rational map
induced by the maximal quotient TX → Qmax as in Lemma 2.12. Let D denote an effective
Weil divisor on X defined by pulling back a very ample divisor H on Z and taking its
closure. Choose ϵ > 0 such that (X,∆′ + ϵD) is klt and −(KX + ∆′ + ϵD) is still ample.
Then [Ou23, Theorem 1.10] shows that c1(Qmax)− ϵD is pseudo-effective. Thus c1(Qmax) is
not numerically trivial, a contradiction. □

3. Existence of free curves

This section is devoted to proving the existence of free curves in the smooth locus of
a mildly singular Fano variety. In the first section, we use characteristic p techniques to
demonstrate that a curve s : C → Xsm such that µmin(s∗TX) > 0 can be modified to obtain
a free curve. In the later sections, we show to how verify the existence of curves s : C → Xsm

such that µmin(s∗TX) > 0 and then use these constructions to prove Theorem 1.3, Theorem
1.5, Theorem 1.7, and several variants.

3.1. Finding free curves. We start with a well-known lemma (see e.g. [Gou16, Section 2])
about Frobenius pullbacks of ample vector bundles on curves. One can also give an effective
version of this lemma using [Lan04, Corollary 6.2]. Given a field k of positive characteristic,
we let F denote the relative Frobenius map over Spec(k).

Lemma 3.1. Let k be a field of characteristic p. Suppose that C is a smooth projective curve
over k and E is an ample vector bundle on C. For any positive number r, there is an iterated
Frobenius pullback F k : C → C such that µmin(F k∗E) > r.
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Proof. The proof is by induction on the rank. When E is a line bundle, then µmin(F k∗E) =
pkµ(E) ≥ pk and it suffices to take k > logp(r).

In general, first suppose that F k∗E is semistable for every k ≥ 0. Then µmin(F k∗E) =
pkµ(E) ≥ pk 1

rk(E) so it suffices to choose k > logp(r rk(E)). Next suppose that F j∗E is not

semistable for some j ≥ 0. Since F j∗E is ample, every successive quotient in the Harder-
Narasimhan filtration is ample and we conclude by induction on the rank. □

The following theorem shows that if we can identify one “positive” curve in the smooth
locus of X then we can modify it to obtain a free curve in the smooth locus of X. The
argument is similar to Mori’s proof of the Bend-and-Break theorem: we spread out to char-
acteristic p and use the Frobenius morphism to improve the positivity of the curve. There
are related statements in [KSCT07, Section 4] and [Gou16, Theorem 5.5].

Theorem 3.2. Let X be a projective variety over an algebraically closed field of arbitrary
characteristic. Let U be an open subset of the smooth locus of X. Suppose that C is a smooth
projective curve and s : C → X is a morphism such that s(C) ⊂ U and µmin(s∗TX) > 0.

Then for any positive number r, there is an r-free curve s′ : C → X whose image is
contained in U and whose numerical class in Nn−1(X)R is proportional to s∗C.

The content of this theorem is that we can improve the bound µmin(s∗TX) > 0 to the
bound µmin(s′∗TX) ≥ 2g(C) + r required for r-freeness.

Proof. When k has characteristic p, we find the desired curve by precomposing s with a high
iterate of the Frobenius and applying Lemma 3.1.

When k has characteristic 0, we start by spreading out to characteristic p. Set Z = X\U
and choose a resolution of singularities ϕ : Y → X that is an isomorphism over U . Choose a
finitely generated extension K/Q such that X, Z, C, Y , and the morphisms s, ϕ are defined
over K. Choose an integral domain R that is finitely generated over Z whose fraction field
is equal to K. We will repeatedly replace Spec(R) by a smaller open affine subset, which by
an abuse of notation we will continue to call Spec(R).
After perhaps replacing Spec(R) by an open affine subset, we can spread X, Z, and C out

to schemes X , Z which are flat and projective over Spec(R) and a scheme C which is smooth
projective over Spec(R). We set U = X\Z; we may assume U is smooth over Spec(R)
by shrinking Spec(R) if necessary. Consider the relative hom scheme MorR(C,X ). After
perhaps shrinking Spec(R) further, the morphism s : C → X spreads out to a morphism
s̃ : C → X whose image is contained in U . Finally, we can also ensure that ϕ spreads out to
give a family of resolutions ϕR : Y → X over Spec(R) that are isomorphisms over U .

[Nit11, Theorem 5] shows that after replacing Spec(R) by an open affine subset, we may
ensure that as we vary the prime p ∈ Spec(R) the slopes in the Harder-Narasimhan filtration
of s̃∗pTXp remain constant. In particular, there exists a prime ideal p such that µmin(s̃∗pTXp) >

0. By Lemma 3.1, there is an iterated geometric Frobenius morphism F k : Cp → Cp such
that µmin(F k∗s∗pTXp) ≥ 2g(C) + r. Thus the composition s′p := sp ◦ F k : Cp → Xp is an r-free
curve. It is clear that the numerical class of s′p∗Cp is proportional to the class of sp∗Cp.

Finally, we deform back to the general fiber using the freeness of s′p. Since the obstruction
group H1(Cp, s′∗p TXp) vanishes, [Kol96, I.2.17 Theorem] shows that every irreducible compo-
nentM of MorR(C,X ) that contains s′p has dimension at leastH0(Cp, s′∗p TXp)+dimp(Spec(R)).
Furthermore, since s′p is free its deformations in Xp have the expected dimension. By upper
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semicontinuity of fiber dimensions, we conclude that the map from M to Spec(R) is domi-
nant, and in particular, that the image contains the generic point. Using [Nit11, Theorem 5]
we see that a general map parametrized by M over the generic point will be an r-free curve
s′ : C → X. Since a general deformation of s′p remains in U , the image of s′ is in U .

It only remains to verify the proportionality of the numerical classes. Consider the strict
transform over ϕR : Y → X of the constructed family of deformations of sp : Cp → Xp.
Letting π : Y → Spec(R) denote the structure map, [MP12, Proposition 3.6] constructs an
injective morphism on numerical spaces of Cartier divisors from the geometric fiber of π over
the generic point of Spec(R) to the geometric fiber of π over p. Thus on Y we conclude that
the numerical class of s′∗C is proportional to the class of s∗C as an element of N1(Y )R. Using
the isomorphism N1(Y )R ∼= Nn−1(Y )R and the injectivity of ϕ∗ : Nn−1(X)R → Nn−1(Y )R
we obtain the desired proportionality on X. □

3.2. Finding starting curves. In order to apply Theorem 3.2, we must find “positive”
curves in the smooth locus of Fano varieties.

Proposition 3.3. Let (X,∆) be a normal projective variety of dimension n over an alge-
braically closed field of arbitrary characteristic. Suppose there is an ample Cartier divisor H
such that µmin

Hn−1(TX) > 0. Then there is a curve s : C → X whose image is contained in the
smooth locus of X that satisfies µmin(s∗TX) > 0.

Proof. By repeatedly applying [Fle84, 1.2 Theorem] (in characteristic 0) or [Lan24, 0.1 The-
orem] (in characteristic p) we see that a general complete intersection curve C constructed
by intersecting divisors linearly equivalent to a sufficiently positive multiple of H will have
the desired property. □

3.3. Proving main results. We are now prepared to prove some of the results from the
introduction.

Theorem 3.4. Let (X,∆) be a Q-factorial projective lc pair over an algebraically closed field
of characteristic 0. Suppose −(KX +∆) is nef. Then the following conditions are equivalent:

(1) There is no positive rank quotient of TX with numerically trivial first Chern class.
(2) X admits a 1-free curve.
(3) For every m > 0 we have h0(Xsm,Ω⊗m

Xsm) = 0.

If these conditions hold, then there is a smooth projective curve C such that for every r ≥ 0
there is an r-free morphism s : C → X.

Proof. (1) =⇒ (2): suppose that (X,∆) is a Q-factorial lc pair with −(KX + ∆) nef
such that TX has no positive rank quotient with numerically trivial first Chern class. By
Theorem 2.10 TX satisfies the PQP. Then Proposition 3.3 and Theorem 3.2 combine to prove
the existence of r-free curves for every r ≥ 0.
(2) =⇒ (3): suppose that X carries a 1-free curve. Then through any general point

x ∈ Xsm there is a curve s : C → Xsm such that s∗TXsm is ample. Thus every section of the
locally free sheaf Ω⊗m

Xsm must vanish at x. Since this is true for a dense set of points x ∈ Xsm,
we conclude that the space of global sections is 0.

(3) =⇒ (1): Let ϕ : Y → X be a resolution of singularities. Then we have h0(Y,Ω⊗m
Y ) = 0

for every m > 0 as well. In particular Pic0Y/C = 0, so every numerically trivial Cartier divisor
10



on Y is torsion. By appealing to Q-factoriality and pulling back divisors from X to Y , we
see the same is true of numerically trivial Weil divisors on X.
Suppose we had a surjection TX → Q where c1(Q) was numerically trivial. Since a torsion

sheaf always has pseudo-effective first Chern class, we may suppose Q is torsion-free. Then
for any m > 0 we have a chain of surjections on the smooth locus Xsm

T
⊗m rk(Q)
Xsm → Q|⊗m rk(Q)

Xsm →
(∧rk(Q)

Q|Xsm

)⊗m

.

In particular, whenm satisfiesmc1(Q) ∼ 0 we obtain a surjection T
⊗m rk(Q)
Xsm → OXsm . Dually,

we get a non-vanishing tensor field on Xsm, a contradiction. □

Proof of Theorem 1.5: Follows immediately from Theorem 3.4. □

Proof of Theorem 1.7: Follows immediately from Proposition 3.3 and Theorem 3.2. □

Proof of Theorem 1.3: As discussed in Section 2.4, there is a Q-factorialization ϕ : X ′ → X
and a divisor ∆′ on X ′ such that (X ′,∆′) is Q-factorial klt log Fano. Theorem 3.4 and
Proposition 2.13 show that there is a curve C such that for every non-negative r there is an
r-free morphism s′ : C → X ′. Since a general deformation of an r-free curve s′ : C → X ′ will
miss the codimension ≥ 2 sublocus of X ′ where ϕ is not an isomorphism, by taking images
on X we obtain the desired curves. □

3.4. Representing nef classes by free curves. In this section we prove two variants of
Theorem 1.3 which give more details about which numerical classes are represented by free
curves. We first discuss the situation for pairs which are not necessarily Fano.

Proposition 3.5. Let (X,∆) be a dlt pair over an algebraically closed field of characteristic
0. Suppose that F is a (KX+∆)-negative extremal face of the cone Nef1(X)+Eff1(X)KX+∆≥0.
Then there is some curve C such that for any r ≥ 0 there is an almost r-free curve s : C →
Xsm whose class is in F .

In particular, if (X,∆) is a dlt pair such that KX + ∆ fails to be pseudo-effective then
there is an almost r-free curve s : C → Xsm.

Proof. Let ϕ : X ′ → X be a Q-factorialization of (X,∆) and let ∆′ be the strict transform
of ∆. There is an extremal face F ′ of the analogous cone for (X ′,∆′) such that ϕ∗F ′ = F .
Since a general deformation of an almost free curve will avoid the codimension 2 locus where
ϕ is not an isomorphism, the desired statement for X follows from the statement for X ′.
Thus we may assume (X,∆) is Q-factorial. After perturbing ∆ we may also suppose that
(X,∆) is klt.

Let D be a pseudo-effective Q-divisor such that the nef curve classes with vanishing in-
tersection against D are exactly the classes in the face F . [Leh12, Lemma 4.3] shows that
(after rescaling) we may write D = KX + ∆ + A for some ample Q-divisor A such that
(X,∆ + A) is klt. By [BCHM10, Theorem C] we can run a D-MMP with scaling of A
to obtain a birational contraction ψ : X 99K X ′ such that ψ∗D is nef. We can write
ψ∗D ∼Q KX′ + ψ∗∆+ (1− ϵ)ψ∗A + ϵE +H for some choice of ϵ > 0, effective Q-divisor E
on X ′, and ample Q-divisor H on X ′ such that (X ′, ψ∗∆ + (1 − ϵ)ψ∗A + ϵE) is klt. Thus
we may apply the basepoint free theorem (see [KM98, Theorem 3.3]) to find a fiber space
π : X ′ → Z which contracts precisely the curves with vanishing intersection against ψ∗D.

11



Note that for a general fiber F of π the pair (F, (ψ∗∆+(1− ϵ)ψ∗A+ ϵE)|F ) will be klt Fano.
In particular, by Theorem 1.3 there is a curve C such that for any r ≥ 0 we have an r-free
curve s : C → F . By freeness, a general deformation of s will avoid the indeterminacy locus
of ψ−1. Thus the strict transform of these maps on X will be almost free curves. Since they
have vanishing intersection against D, their numerical classes lie in F . □

Our next result addresses the homological classes of free curves. Let X be a projective
variety and consider the set of cycles on X with a fixed codimension > 1. It is frequently
a delicate question whether or not a given homological class is represented by an effective
cycle, and even harder to determine whether it is represented by a “positive” cycle. We
prove a strong result in this direction for curves on dlt Fano pairs:

Theorem 3.6. Let (X,∆) be a dlt Fano pair over an algebraically closed field of character-
istic 0. Every rational ray in the interior of Nefn−1(X) is represented by a 1-free curve.

Before proving Theorem 3.6, we need a more precise version of Proposition 3.3 for dlt
varieties.

Proposition 3.7. Let (X,∆) be a Q-factorial dlt log Fano pair over an algebraically closed
field of characteristic 0. There is a dense set of rays in Nef1(X) which are represented by
curves s : C → X whose images are contained in the smooth locus of X and which satisfy
µmin(s∗TX) > 0.

Proof. [BCHM10, Corollary 1.3.1] proves that X is a Mori Dream Space. Suppose that
ϕ : X 99K X ′ is a small Q-factorial modification. Let A be a very ample divisor on X ′.
[Fle84, 1.2 Theorem] implies that for some sufficiently large m we can find a curve C ′ which
is a general complete intersection of elements in |mA| and satisfies

µmin(TX′ |C′) = µmin
C′ (TX′).

Since C ′ is a general complete intersection, we may ensure that it is contained in the locus
where ϕ−1 is an isomorphism. Let C denote the strict transform curve on X. By [GKP14,
Corollary A.22] we see that µmin

C′ (TX′) = µmin
C (TX). Combining the equalities above with

Proposition 2.13, we have

µmin(TX |C) = µmin(TX′ |C′) = µmin
C′ (TX′) = µmin

C (TX) > 0

showing that C has the desired properties.
It only remains to show that the rays spanned by classes of the above form are dense in

Nef1(X). Given any small Q-factorial modification ϕ : X 99K X ′, let Nϕ denote the strict
transform of the classes of the form An−1 on X ′ where A is an ample Q-Cartier divisor.
[LX19, Example 5.4] shows that Nef1(X) = ∪ϕNϕ and this concludes the proof. □

We now can apply this to representing rays of the nef cone by free curves.

Proof of Theorem 3.6: As discussed in Section 2.4, there is a Q-factorialization ϕ : X ′ → X
and a divisor ∆′ on X ′ such that (X ′,∆′) is Q-factorial klt log Fano. By Lemma 2.4 the
induced injective map ϕ∗ : Nefn−1(X) → Nefn−1(X ′) preserves the property of being a
boundary or interior class. Thus it suffices to prove the statement when (X,∆) is a Q-
factorial klt log Fano pair.

By combining Proposition 3.7 and Theorem 3.2, we see there is a dense set of rays {Ri}
in the interior of Nef1(X) which are represented by classes of 1-free curves. For any rational
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ray R in the interior of the nef cone, we can choose a simplicial cone in the interior of
Nef1(X) containing it. By choosing sufficiently small open neighborhoods of the generators
of this simplicial cone and appealing to density, we can find a finite set of 1-free curves
{Cj}rj=1 such that the cone generated by their numerical classes contains R in its interior.
In particular, there is a sum of the Cj with positive integer coefficients which has numerical
class lying on R. By choosing appropriate deformations of the Cj, we can glue them to
obtain a stable map s′ : C ′ → X such that the restriction of s′ to each component is 1-free.
Since H1(C ′, s′∗TX) = 0, this curve can be smoothed to obtain a 1-free curve. □

Remark 3.8. With a little additional effort along the lines of the proof of Proposition 3.5,
one can show that every rational ray on the boundary of the nef cone is represented by an
almost free curve.

4. Rational curves on terminal Fano threefolds

In this section we prove the existence of free rational curves in the smooth locus of a ter-
minal Fano threefold. Throughout we work over an algebraically closed field of characteristic
0. Starting with a family of free (higher genus) curves in the smooth locus of X, we carefully
study how such curves can break. This allows us to construct a dominant family of rational
curves which meet the singular locus no more than twice. Finally, an application of [KM99,
Corollary 5.9] yields a free rational curve.

Remark 4.1. When X is a terminal Fano variety with LCI singularities, there is a well-
known direct proof of the existence of free rational curves in the smooth locus. Suppose
M ⊂ Mor(P1, X) is an irreducible component parametrizing a dominant family of rational
curves s : P1 → X. Let ϕ : Y → X be a resolution of singularities and let s′ : P1 → Y
denote the strict transform of a general s. By [Kol96, II.1.3 Theorem]

−KX · s∗P1 + dimX ≤ dimM = −KY · s′∗P1 + dimY.

Thus KY/X · C ′ ≤ 0. Since KY/X is effective and C ′ is general in a dominant family, we
conclude that equality holds, i.e. ϕ(C ′) avoids the singular locus of X.

We start with a couple helpful lemmas. The first is a basic observation about families of
curves which are generically disjoint from an effective divisor E.

Lemma 4.2. Let X ′ be a smooth projective variety and let E be an effective divisor on X ′.
Suppose B is a one-parameter family of stable maps in Mg,n(X

′, β) whose general member
is disjoint from E.

Let s : C → X ′ be a morphism parametrized by B and suppose that there is an irreducible
component T ⊂ C and a point q ∈ T such that s(q) ∈ Supp(E) but s(T ) ̸⊂ Supp(E). Then
C must have an irreducible component R that meets T at q such that s(R) ⊂ Supp(E).

Proof. After perhaps replacing B by a cover, we let φ : C → B denote the universal family
equipped with the evaluation map s : C → X ′. Note that every irreducible component of
the divisor s∗E is φ-vertical. Since T meets s∗E at q but is not contained in it, there must
be an irreducible component R of s∗E meeting T at q. Since every irreducible component of
s∗E is φ-vertical, R must be an irreducible component of C. □
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The next lemma will allow us to compare intersection numbers on our terminal threefold
X and on a resolution of singularities ϕ : X ′ → X. In practice, we will apply it when T is a
free rational curve on X ′.

Lemma 4.3. Let ϕ : X ′ → X be a resolution of singularities of a Fano variety with canonical
singularities. Suppose B is a one-parameter family of stable maps in Mg,n(X

′, β) whose
general member is disjoint from the ϕ-exceptional locus. Let s : C0 → X ′ be any stable map
parametrized by B. Suppose S ⊂ C0 is a connected subcurve such that

(1) s does not contract S to a point in X ′, and

(2) for any irreducible component T ⊂ C0 \ S meeting S, KX′ · s∗T ≤ 0 and s(T ) is not
contained in the exceptional locus of ϕ.

Then (ϕ∗KX −KX′) · s∗S ≥ 0. Moreover, −KX′ · s∗S ≥ 1 if ϕ ◦ s does not contract S or if

s(S ∩ C0 \ S) meets a ϕ-exceptional divisor which has positive discrepancy.

Proof. We denote the ϕ-exceptional divisors by {Ei}qi=1. Let C1 = C0 \ S. After perhaps
replacing B by a cover, there is a family of curves φ : C → B with a morphism s : C → X ′

realizing our family of stable maps where C is a surface with Q-factorial singularities and
every fiber of φ is reduced.
We claim Ei · s∗S ≤ 0 for each i. Indeed, since the general curve is disjoint from Ei

the pullback s∗Ei is φ-vertical. Suppose s
∗Ei|C0 contains an irreducible component R of C0.

Then R ·C0 = 0 because C0 is the class of a φ-fiber. In particular, if R ⊂ C0 is the union of R
with all components in C0 adjacent to it, then R·R = 0. If S meets an irreducible component
R ⊂ s∗Ei|C0 , then R ⊂ S by assumption (2). Hence, R · S ≤ R · R = 0, with equality if
and only if S contains R. As this holds for all R ⊂ s∗Ei|C0 , we conclude s∗Ei · S ≤ 0. Since
X has canonical singularities, the inequalities Ei · s∗S ≤ 0 for all i together imply the first
statement.

To see the last statement, first note that since KX′ and s∗S are integral classes their
intersection must be an integer. Thus it suffices to show that either KX · (ϕ ◦ s)∗S < 0 or
Ei · s∗S < 0 for some exceptional divisor Ei on X

′ with positive discrepancy. By assumption
(1), the image s(S) has dimension one in X ′. Because X is Fano, if ϕ ◦ s does not contract
S, KX · (ϕ ◦ s)∗S < 0. So we may assume each component of s(S) is contracted by ϕ. By
hypothesis, there is an exceptional divisor Ei with positive discrepancy and a point p ∈ S∩C1

such that s(p) ∈ Ei. By Lemma 4.2, there must be a curve R ⊂ S ∩ s−1Ei that contains p.
For this component, R ̸⊂ S, proving s∗Ei · S ≤ R · S < 0. □

Given a projective variety X and a rational curve s : P1 → X, we say that s meets the
singular locus k times if the complement of s−1(Xsm) is a union of k closed points of P1.

Theorem 4.4. Let X be a terminal Fano variety. There is a dominant family of rational
curves on X such that the general curve meets the singular locus of X at most dimX − 1
times.

Proof. Set n = dimX. We may suppose n ≥ 3, as otherwise X is smooth. Suppose for a
contradiction that every rational curve that deforms in a dominant family meets the singular
locus at least n times.

Let ϕ : X ′ → X be a resolution of singularities of X which is an isomorphism away from
the singular locus of X. Let {ai}ti=1 be the discrepancies of the ϕ-exceptional divisors {Ei}ti=1

on X ′ and set amin = min{a1, . . . , at, 1}.
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By Theorem 1.3, there is a curve C of genus g such that for any r ≥ 0 the variety X
admits an r-free curve s : C → X. By possibly replacing C by a finite cover we may suppose
that g ≥ 2. Choose a positive integer r so that aminr > ng + 1.
According to the previous paragraph, we may select an irreducible component M of

Mor(C,X) that generically parametrizes 2r-free curves. Let M ′ be the irreducible com-
ponent of Mor(C,X ′) parametrizing the strict transforms s′ : C → X ′ of general curves
parametrized by M . Let Z ⊂ X ′ denote the union of the ϕ-exceptional divisors and the
locus in X ′ swept out by all families of non-free rational curves whose degree against a fixed
ample divisor is at most the degree of s′∗C.

We let d denote the −KX-degree of the curves parametrized by M . Note that d is also
the −KX′-degree of the curves parametrized by M ′. Since M has the expected dimension
we have

dimM = d+ (1− g)n.

The image of a general curve s′ : C → X ′ parametrized by M ′ will not be contained in Z.

By applying [JLR25, Proposition 2.2] to M ′, we see that for k = ⌊d−n(g−1)
n+1

⌋ the closure of

the image of M ′ in Mg,0(X) parametrizes a stable map s′ : C ′ → X ′ where C ′ contains:

• an irreducible component C0 isomorphic to C, and
• k trees of rational curves Ti whose image in X ′ is not contained in Z.

Because C is 2r-free, d ≥ (2r + 2g)n and thus k is at least r. From the definition of k we
also see that (n+ 1)k > d− n(g − 1)− (n+ 1) = d− ng − 1.
For each i, we can choose a component Ri ⊂ Ti whose image in X ′ is not contained in

Z. By construction Ri deforms in a dominant family on X ′ and thus −KX′ · Ri ≥ 2. By
assumption, each Ri meets the ϕ-exceptional locus in at least n points. By Lemma 4.2 there
must be at least n− 1 connected components of Ti \Ri not adjacent to C0. By Lemma 4.3,
the −KX′-degree of each of these connected components must be at least 1. Moreover, either
there are n such connected components, or Ri meets the ϕ-exceptional locus along a point
which is not incident to any of these components. Altogether we see that the −KX-degree
of ϕ∗s∗Ti is at least 2 + (n− 1) + amin. It follows that d is at least

(n+ 1 + amin)k = (n+ 1)k + amink

> d− ng − 1 + aminr

> d− ng − 1 + ng + 1 = d

This is impossible. □

Proof of Theorem 1.4: When X is a terminal Fano threefold, Theorem 4.4 shows that there
is a dominant family of rational curves on X which meet the singular locus at most 2 times.
Recall that every terminal Fano threefold has LCIQ singularities (see [KM98, Corollary
5.39]). Thus the existence of a free rational curve follows from [KM99, 5.9 Corollary] which
shows that any terminal Fano variety that has LCIQ singularities and admits a dominant
family of rational curves meeting the singular locus at most twice will also have a free rational
curve in its smooth locus. □
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5. Log free curves

In this section we extend previous results to the log setting. Given a Q-Weil divisor ∆,
we define the Weil divisor ⌊∆⌋ by rounding down the coefficients of the irreducible divisors
in the formal sum defining ∆.

5.1. Log tangent bundle and positivity. Let (X,∆) be a projective lc pair. There is
a smooth open subset V ⊂ X such that X\V has codimension ≥ 2 and ⌊∆⌋|V is a SNC
divisor. We call the largest such open set V the SNC locus of (X,∆). The log tangent bundle
TV (− log⌊∆⌋) is the kernel of the map TV → ⊕iN∆i∩V , where the ∆i are the irreducible
components of ⌊∆⌋.

Definition 5.1. Let (X,∆) be a projective lc pair with SNC locus V . We define the log tan-

gent bundle T log
(X,∆) to be the unique saturated subsheaf of TX that extends TV (− log⌊∆⌋) ⊂

TX |V .

The log tangent bundle satisfies a natural positivity property.

Theorem 5.2 ([Ou23]). Let (X,∆) be a Q-factorial projective lc pair over an algebraically
closed field of characteristic 0. Suppose that −(KX + ∆) is nef. For every torsion-free

quotient T log
(X,∆) → Q the divisor class c1(Q) is pseudo-effective.

[Ou23] proves this statement for the orbifold tangent bundle as defined by [CP19]. One

could prove Theorem 5.2 by comparing the orbifold tangent bundle and T log
(X,∆) using [Cla17,

Définition 2.10]. We will instead prove the desired positivity simply by repeating the argu-
ments of [Ou23].

Proof. Assume for a contradiction that the statement fails. Then there is a nef curve class α
such that µmin

α (T log
(X,∆)) < 0. On the other hand, since −KX−∆ is nef the divisor −KX−⌊∆⌋

is pseudo-effective and thus µα(T
log
(X,∆)) ≥ 0. We conclude that the α-Harder-Narasimhan

filtration of T log
(X,∆) includes a term with positive slope. By taking the last such term, we find

G ⊂ T log
(X,∆) such that µmin

α (G) > 0, µmax
α (T log

(X,∆)/G) ≤ 0, and µα(T
log
(X,∆)/G) < 0.

Let ϕ : Y → X be a log resolution of (X,∆) which is an isomorphism over the SNC locus
and let ∆Y denote the sum of the strict transform of ⌊∆⌋ with the reduced ϕ-exceptional
divisor. Then (Y,∆Y ) is a smooth SNC pair. By [GKP14, Corollary A.22] we see that the
terms in the ϕ∗α-Harder-Narasimhan filtration of TY (− log∆Y ) will coincide with the terms

of the α-Harder-Narasimhan filtration of T log
(X,∆) when restricted to the locus where ϕ is an

isomorphism. In particular, there is a subsheaf GY ⊂ TY (− log∆Y ) that is isomorphic to G
over the SNC locus of X and satisfies the same slope inequalities as G on X. By [CP19,
Theorem 1.4] the saturation FY of GY in TY defines an algebraically integrable foliation
corresponding to a rational map πY : Y 99K Z. By [Cla17, Proposition 2.17] we have that
c1(GY ) = c1(FY ) − ∆Y,hor where ∆Y,hor denotes the horizontal part of ∆Y for the rational
map πY .

Passing back down to X, we see that the saturation of G inside TX , which we denote by
F , is the foliation induced by a rational map π : X 99K Z. We define ∆hor and ∆ver to be
the horizontal and vertical parts of ∆ with respect to π. Furthermore we know that c1(G) =
c1(F)− ⌊∆hor⌋. On the other hand, [Ou23, Theorem 1.10] shows that −c1(F)−KX −∆ver
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is pseudo-effective. Thus the same is true of −c1(F)−KX − ⌊∆ver⌋. Since we can identify

c1(T
log
(X,∆)/G) = −KX − ⌊∆⌋ − (c1(F)− ⌊∆hor⌋) = −c1(F)−KX − ⌊∆ver⌋

this contradicts the fact that µα(T
log
(X,∆)/G) < 0. □

Just as with the usual tangent bundle, one can characterize the failure of the PQP for the
log tangent bundle via a maximal quotient. However, we will not need this statement in this
paper.

5.2. Log free curves. Let (X,∆) be a projective lc pair. We define the space of log curves
associated to (X,∆) as follows:

Definition 5.3. Let (X,∆) be a projective lc pair and let C be a smooth projective curve
equipped with a reduced divisor D. Suppose that {∆i}ki=1 are the irreducible components
of ⌊∆⌋. For each index i choose an effective divisor Di ⊂ C whose support is contained

in D. We define the space Morlog{Di}(C,X) to be the locally closed subscheme of Mor(C,X)

consisting of maps s : C → X such that

(1) the image s(C) is contained in the SNC locus of (X, ⌊∆⌋) but not in Supp(⌊∆⌋), and
(2) s∗∆i = Di for every index i.

We will say that a map s : (C,D) → (X,∆) is a log curve when we want to think of it as

an element of the appropriate space Morlog{Di}(C,X). We write Morlog(C,X) for the union of

the moduli spaces as we vary over all {Di}.

Let V ⊂ X denote the open locus where the pair (X, ⌊∆⌋) is SNC. We can equip C × V
with the log structure defined by the SNC divisor C × ⌊∆⌋|V . By identifying a morphism
s : C → V with its graph, one can identify Morlog(C,X) as an open substack of the moduli
space of log sections Seclog(C × V/C) as constructed in [CLT25, Section 3.1]. According to
[CLT25, Discussion after Equation (3.5)], the log deformation theory of s is controlled by
the cohomology groups of the pullback of TV (− log⌊∆⌋), or equivalently, by the cohomology

groups of s∗T log
(X,∆).

Definition 5.4. Let (X,∆) be a projective lc pair and let C be a smooth projective curve of

genus g. Fix an r ≥ 0. A log curve s : (C,D) → (X,∆) is r-free if µmin(s∗T log
(X,∆)) ≥ 2g(C)+r.

We say that s : (C,D) → (X,∆) is an unmixed r-free log curve if additionally for every
pair of distinct irreducible components ∆i,∆j of ⌊∆⌋ the preimages s∗∆i and s∗∆j are
disjoint. (In other words, s(C) is only allowed to meet the boundary ⌊∆⌋ along codimension
1 strata.)

Lemma 5.5. Let (X,∆) be a projective lc pair over an algebraically closed field of character-
istic 0. Suppose that s : (C,D) → (X,∆) is an r-free log curve. Then there is a log resolution
ϕ : Y → X of (X, ⌊∆⌋) and an effective divisor ∆Y on Y such that ϕ : (Y,∆Y ) → (X,∆) is
log étale on a neighborhood of s(C) and the strict transform of s on Y is an unmixed r-free
curve with respect to (Y,∆Y ).

In characteristic p, one can accomplish the same goal simply by repeatedly blowing up
strata of the boundary, but we will not need such a result.
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Proof. For any log resolution ϕ : Y → X of (X, ⌊∆⌋) we define ∆Y to be the sum of the
strict transform of ⌊∆⌋ with the reduced ϕ-exceptional divisor.

Let ϕ : Y → X be any log resolution of (X, ⌊∆⌋) that is an isomorphism over the SNC
locus. Thus the strict transform sY of s is r-free. If sY is not unmixed, then we let ψ :

Ỹ → Y denote the blow-up of any minimal dimension strata of ⌊∆Y ⌋ that meets every
log deformation of sY . Since this blow-up is log étale, the strict transform sỸ is again r-
free. After repeating this construction finitely many times we obtain the desired birational
model. □

The following lemma verifies the basic properties of free log curves.

Lemma 5.6. Let (X,∆) be a projective lc pair. Suppose that s : (C,D) → (X,∆) is an
r-free log curve with r ≥ 0.

(1) If s is unmixed, then for any codimension ≥ 2 closed subset Z ⊂ X a general log
deformation of s will be disjoint from Z.

(2) If M ⊂ Morlog(C,X) is the irreducible component containing s then the (⌊r⌋+1)-fold
evaluation map ψ : C×(⌊r⌋+1) ×M → C×(⌊r⌋+1) ×X×(⌊r⌋+1) is dominant.

Proof. We first explain (1). Observe that unmixed log free curves only meet the smooth
locus of ⌊∆⌋. Let M◦ be the open locus in M parametrizing r-free log curves. For x ∈ X,
consider the set Up,x ⊂ M◦ × C of pairs (s, p) with s(p) = x. For x ∈ Xsing ∪ ⌊∆⌋sing, Up,x

is empty. For x ∈ X \ ⌊∆⌋, Up,x has dimension at most dimM − dimX because the map
Up,x → X is smooth due to the r-free assumption. For x ∈ ⌊∆⌋sm, Up,x has dimension at

most dimM − dimX + 1 because the map T log
(X,∆)|p → TX |p has image of codimension 1;

however, Up,x will be empty if p /∈ D. Taking the union over all p ∈ C, we get a set Ux of
dimension at most dimM − dimX + 1. Taking the union over all x ∈ Z, we get a set UZ of
dimension at most dimM − 1. Since UZ does not dominate M , the result follows.
To see (2), it suffices to find a single point (s, p1, . . . , p⌊r⌋+1) where the map dψ is surjective.

In other words, it suffices to find (s, p1, . . . , p⌊r⌋+1) with

h1(C, s∗T log
(X,∆)(−p1 − · · · − p⌊r⌋+1)) = 0.

The existence of such an s follows immediately from the hypothesis that s is r-free: Serre
duality guarantees the vanishing of h1 for any choice of ⌊r⌋+ 1 points on C. □

5.3. Existence of log free curves. The next result is the analogue of Theorem 1.7 in the
log setting.

Theorem 5.7. Let (X,∆) be a projective lc pair of dimension n over an algebraically closed

field. Suppose that H is an ample divisor such that µmin
Hn−1(T

log
(X,∆)) > 0. Then there is a

smooth projective curve C and a finite set D ⊂ C such that for every r ≥ 0 there is an r-free
log curve s : (C,D) → (X,∆).

Proof. Let i : C → X denote a general curve obtained as a complete intersection of elements
of |mH| for m sufficiently large. We may ensure that i(C) will lie in the SNC locus of
(X,∆). By a repeated application of [Fle84, 1.2 Theorem] (in characteristic 0) or [Lan24,

0.1 Theorem] (in characteristic p) we may also ensure that µmin(i∗T log
(X,∆)) > 0.
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In characteristic p, Lemma 3.1 shows that we can precompose i by an iterated Frobenius
to construct an r-free log curve s. Since the Frobenius morphism is a homeomorphism, the
support of the pullback of ⌊∆⌋ does not depend on r and thus we may choose D = i−1⌊∆⌋.

In characteristic 0, as in the proof of Theorem 3.2 we spread out to characteristic p by
constructing

• a family X → Spec(R) equipped with a boundary ∆R and an open locus U , and
• a smooth projective curve C over Spec(R) equipped with a morphism i : C → X and
with a reduced divisor D ⊂ C such that i−1(⌊∆R⌋) ⊂ D.

By [Nit11, Theorem 5], for a general prime p ∈ Spec(R) we will still have µmin(i∗pT
log
(Xp,∆p)

) > 0.

Lemma 3.1 shows that by precomposing by an iterated Frobenius we obtain an r-free log
curve sp : Cp → Xp. Since the Frobenius is a homeomorphism we see that s−1

p (⌊∆R,p⌋) will
continue to lie in Dp.

Arguing as in [Kol96, p95], one may construct a space of relative log maps MorlogR (C,X )
that is cut out from the relative morphism scheme MorR(C,X ) by deg s∗p⌊∆⌋ equations in

a neighborhood of sp. Thus any irreducible component M of MorlogR (C,X ) that contains sp
has dimension at least H0(Cp, s′∗p T

log
(Xp,⌊∆R,p⌋)) + dimp(Spec(R)) as in [Kol96, I.2.17 Theorem].

Because sp is an r-free log curve, it follows that Morlog(Cp,Xp) must have the expected
dimension at sp, and henceM must dominate SpecR. A general log deformation of sp in the
generic fiber of M yields an r-free log curve s : (C,D) → (X,∆) by [Nit11, Theorem 5]. □

In characteristic 0, we prove the analogue of Theorem 3.4 in the log setting.

Theorem 5.8. Let (X,∆) be a projective Q-factorial lc pair over an algebraically closed
field of characteristic 0. Suppose that −(KX +∆) is nef. Then the following conditions are
equivalent:

(1) The log tangent bundle admits no positive rank quotient with numerically trivial first
Chern class.

(2) (X,∆) admits a 1-free log curve.
(3) For every m > 0 we have h0(V,ΩV (log⌊∆⌋)⊗m) = 0 where V ⊂ X is the SNC locus

of the pair (X, ⌊∆⌋).
If these equivalent conditions hold, then there is a smooth projective curve C and a finite

set D ⊂ C such that for every r ≥ 0 there is an r-free log curve s : (C,D) → (X,∆).

Proof. (1) =⇒ (2): Under assumption (1), T log
(X,∆) satisfies the PQP by Theorem 5.2. Thus

for any ample divisor H we have µmin
Hn−1(T

log
(X,∆)) > 0. We conclude the existence of r-free

curves by Theorem 5.7.
(2) =⇒ (3): Under assumption (2), for any general point x ∈ V there is a curve s : C → V

such that s∗T log
(X,∆) = s∗ΩV (log⌊∆⌋)∨ is ample. Thus any section of ΩV (log⌊∆⌋)⊗m must

vanish at x. Since this is true for a dense set of points x ∈ V , we conclude that the space of
global sections is 0.

(3) =⇒ (1): Let ϕ : Y → X be a log resolution of (X, ⌊∆⌋) that is an isomorphism
over V and let ∆Y be the sum of the strict transform of ⌊∆⌋ with the reduced ϕ-exceptional
divisor. Then we have h0(Y,ΩY (log∆Y )

⊗m) = 0 for every m > 0 as well. Since ΩY is a
subsheaf of ΩY (log∆Y ), we conclude that Pic0Y/C = 0, so every numerically trivial Cartier
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divisor on Y is torsion. By appealing to Q-factoriality and pulling back divisors from X to
Y , we see the same is true of numerically trivial Weil divisors on X.

Suppose we had a surjection s∗T log
(X,∆) → Q where c1(Q) was numerically trivial. Since a

torsion sheaf always has pseudo-effective first Chern class, we may suppose Q is torsion-free.
Then for any m > 0 we have a chain of surjections on V

TV (− log⌊∆⌋)⊗m rk(Q) → Q|⊗m rk(Q)
V →

(∧rk(Q)
Q|Xsm

)⊗m

.

In particular, when m satisfies mc1(Q) ∼ 0 we obtain a surjection TV (− log⌊∆⌋)⊗m rk(Q) →
OV . Dually, we get a non-vanishing tensor field on V , a contradiction. □

Proof of Theorem 1.9: Follows immediately from Theorem 5.8. □

6. Finiteness of fundamental groups

We next address finiteness of the fundamental group. For the smooth locus of a klt
Fano variety over C, this famous question has been addressed in various settings – the
étale fundamental group, the topological fundamental group, and the regional fundamental
group of a klt singularity – by [Xu14], [GKP16a], [BGO17], [TX17], [CRST18], [BCRG+19],
[Bra21].

In this section we use the existence of 1-free curves to prove finiteness of fundamental
groups. (It was known previously that the existence of a 1-free rational curve in Xsm could
be used to prove this statement – see e.g. [KM99, 7.5 Lemma].) The proof relies on four
properties of (topological or étale) fundamental groups over an algebraically closed field k.

(A) Suppose X, Y are smooth varieties over k with X proper. Given geometric points
x ∈ X, y ∈ Y , the natural homomorphism π1(X × Y, (x, y)) → π1(X, x)× π1(Y, y) is
an isomorphism. Furthermore the projection map is split by the inclusion of {x}×Y .

(B) Suppose f : X → Y is a dominant morphism of normal varieties over k. For any
k-point x ∈ X the image f∗π1(X, x) has finite index in π1(Y, f(x)).

(C) We have π1(Spec(k), Spec(k)) = 0.
(D) Let X be a variety over k. If x, x′ are two k-points of X then there is an isomorphism

between π1(X, x) and π1(X, x
′) that is defined up to conjugacy.

For topological fundamental groups, (A) is established by [Hat02, Proposition 1.12] and (B)
is established by [Kol93, 2.9 Proposition]. For étale fundamental groups, (A) is established
by [Gro63, Exposé X Corollaire 1.7]. The argument for (B) seems to be well-known: one can
write f as a composition of an open embedding, a morphism with geometrically connected
fibers, and a generically étale map. The first two maps induce surjections on étale funda-
mental groups and the last induces a map whose image has finite index. Properties (C) and
(D) are well-known in both settings.

Theorem 6.1. Let U be a smooth variety over an algebraically closed field k and let x ∈ U be
a k-point. Suppose that C is a smooth projective k-curve, M is a k-variety, and e : C×M →
U is a k-morphism such that the induced map

r = (p1, p2, e ◦ p13, e ◦ p23) : C × C ×M → C × C × U × U

is dominant, where pi and pij denote projections onto the corresponding factors. Then:

(1) The étale fundamental group πet
1 (U, x) is finite.
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(2) If k = C, the topological fundamental group π1(U, x) is finite.

Proof. We start with (1). Fix a general k-point x ∈ U and a general k-point c ∈ C. Let
S ⊂M be the set of curves sending c to x, i.e., S = p3(r

−1(C×{c}×U×{x})). By assumption
the map e : C×S → U is dominant. We may replace S by a smooth open subset of a suitably
chosen irreducible component while still keeping the dominance of e : C × S → U .

Let s : C → U be a general curve parametrized by S. We claim that the subgroup
s∗π

et
1 (C, c) ⊂ πet

1 (U, x) has finite index. Indeed, (B) above shows that the subgroup e∗π
et
1 (C×

S, c × s) ⊂ πet
1 (U, x) has finite index. Note however that e contracts the section {c} × S of

p2 : C × S → S. Using the isomorphism πet
1 (C × S, c × s) ∼= πet

1 (C, c) × πet
1 (S, s) from (A)

above and the fact that the projection map is split by the inclusion of {c} × S, (C) implies
that e∗π

et
1 (C × S, c× s) = s∗π

et
1 (C, c), proving the claim.

Thus it suffices to show that s∗π
et
1 (C, c) is finite. Fix general points c1, c2 ∈ C and a

general point y ∈ U . Define R = p3(r
−1({c1} × {c2} × {y} × s(C))). By generality of s, the

map e : C × R → U sends {c1} × R to y and maps {c2} × R dominantly to s(C). Let R′

be the fiber product of e|{c2}×R and s over s(C). The induced map e′ : C ×R′ → U has the
additional property that e′|{c2}×R′ factors through s. Let f : {c2} ×R′ → C be such that
e′|{c2}×R′ = s ◦ f .

After shrinking R′, we may assume R′ is smooth and irreducible and that the image of f
is a dense subset of C. Appealing to generality of c ∈ C, we may assume it lies in the image
of f . Fix a point r ∈ R′ such that f(c2 × r) = c. By (B) above e′∗π

et
1 ({c2} × R′, c2 × r)

has finite index in s∗π1(C, c). However, e′ contracts the section {c1} × R′ of C × R′ → R′.
By (D) there is an isomorphism πet

1 (C, c2)
∼= πet

1 (C, c1) which is determined up to an inner
automorphism; this induces an isomorphism

πet
1 (C ×R′, c2 × r) ∼=

(
πet
1 (C, c2)× πet

1 (R
′, r)

) ∼= (
πet
1 (C, c1)× πet

1 (R
′, r)

) ∼= πet
1 (C ×R′, c1 × r)

that is determined up to conjugacy on the first factor of the middle terms. We conclude that
the image of πet

1 ({c2} ×R′, c2 × r) is conjugate to the image of πet
1 ({c1} ×R′, c1 × r), which

is the trivial group by (B). This concludes the proof.
The proof of (2) is the same as the proof of (1). □

Proof of Theorem 1.6: Theorem 3.4 proves the existence of a 1-free curve s : C → Xsm.
Proposition 2.7.(2) shows that deformations of s go through two general points of Xsm. We
conclude the desired statement by Theorem 6.1.(2). □

Proof of Theorem 1.8: Follows from Proposition 2.7.(2) and Theorem 6.1.(1). □

6.1. Log setting. We next prove a finiteness statement for fundamental groups in the log
setting. Note that in characteristic p even the simplest example U = A1 = P1\{∞} will
have infinite étale fundamental group. We must instead work with the curve-tame étale
fundamental group as defined in [Wie08], [KS10]. We write πt

1(X, x) := πt
1(X/ Spec(k), x)

for this group.
The following statement is almost identical to Theorem 6.1. The key difference is that

the curve C is only quasiprojective, since in the log setting we can no longer hope to find
projective curves in the open locus U . The proof relies on results of Appendix A.

Theorem 6.2. Let U be a smooth variety over an algebraically closed field k and let x ∈ U be
a k-point. Suppose that C is a smooth irreducible quasi-projective k-curve, M is a k-variety,
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and e : C ×M → U is a k-morphism such that the induced map

r = (p1, p2, e ◦ p13, e ◦ p23) : C × C ×M → C × C × U × U

is dominant, where pi and pij denote projections onto the corresponding factors.

(1) The tame fundamental group πt
1(U, x) is finite.

(2) If k = C, then the topological fundamental group π1(U, x) is finite.

Proof. (1) We have the following properties of tame fundamental groups. The only differ-
ence from the corresponding properties for étale fundamental groups is that no properness
assumption is necessary in (A).

(A) Suppose X, Y are smooth varieties over k. Given geometric points x ∈ X, y ∈ Y ,
Theorem A.1 shows that the natural homomorphism πt

1(X × Y, (x, y)) → πt
1(X, x)×

πt
1(Y, y) is an isomorphism. Furthermore the projection map is split by the inclusion

of {x} × Y .
(B) Suppose f : X → Y is a dominant morphism of normal varieties over k. Then for

any k-point x ∈ X, f∗π
t
1(X, x) has finite index in πt

1(Y, f(x)). This follows from
the corresponding fact for étale fundamental groups via the existence of a functorial
surjection πet

1 (X, x) → πt
1(X, x).

(C) We have πt
1(Spec(k), Spec(k)) = 0.

(D) Let X be a variety over k. If x, x′ are two k-points of X then there is an isomorphism
between πt

1(X, x) and π
t
1(X, x

′) that is defined up to conjugacy.

Using these properties, the proof is identical to the proof of Theorem 6.1.(1).
(2) Follows from the same argument as Theorem 6.1.(2). □

Proof of Theorem 1.11: Let U = X\⌊∆⌋. Let M ⊂ Morlog{Di}(C,X) denote an irreducible

component containing a 1-free log curve s : (C,D) → (X,∆) and let e : C ×M → X denote
the evaluation map. Lemma 5.6.(2) shows that the induced map C×2 ×M → C×2 ×X×2 is
dominant.

We let C◦ ⊂ C be the complement of D so that we have a map e : C◦ ×M → U sm. It is
clear that C◦×2×M → C◦×2× (U sm)×2 is still dominant. We conclude by applying Theorem
6.2. □

6.2. Dichotomy. Theorem 3.4 and Lemma 2.12 establish a fundamental geometric di-
chotomy for Q-factorial lc Fano pairs (X,∆) over C. When TX satisfies the PQP, X also
satisfies other desirable geometric properties:

(1) X carries a 1-free curve by Theorem 3.4,
(2) Xsm has no non-vanishing tensor fields by Theorem 3.4,
(3) X is rationally connected by [Gou16, Theorem 5.2], and
(4) the smooth locus of X has finite fundamental group by Theorem 1.6.

On the other hand, when TX does not satisfy the PQP then Lemma 2.12 shows that there
is a canonical quotient π : TX → Q witnessing this failure where c1(Q) is numerically trivial.
The kernel of π is an algebraically integrable foliation and every almost free curve on X
is contained in a fiber of the corresponding rational map. Indeed, as an almost free curve
s : C → TX can be moved off of any codimension 2 subset, we may assume s(C) is contained
in the smooth locus of the map induced by TX → Q. Only the trivial factors in s∗TX can
admit non-trivial maps to s∗Q, showing that s(C) must be contained in a fiber.
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The following example clarifies that the dichotomy discussed above is not controlled by
the rationally connected property or by the fundamental group.

Example 6.3. We give an example of an lc Fano variety X such that X is rationally
connected, Xsm has finite fundamental group, and TX fails the PQP. (In other words, the
PQP for TX implies the first two properties but is not necessary for them to hold.)

Let B be a smooth sextic in P2. Starting from P2 × P1, we choose a section S = P2 × {0}
and define F = B × P1. We then perform the following blow-ups:

• blow up S ∩ F to obtain an exceptional divisor E1
∼= B × P1;

• blow up the intersection of E1 with the strict transform of F to get an exceptional
divisor E2.

The resulting variety X̃ is equipped with a morphism π̃ : X̃ → P2 obtained by composing

the blow-downs and the projection map. We denote by S̃, F̃ , Ẽ1 the strict transforms on

X̃ of S, F,E1. We also denote by H1 and H2 the pullbacks to X̃ of O(1) from P2 and P1

respectively. Every fiber of π over B consists of three components: a reduced component ℓF̃
lying in F̃ , a reduced component ℓẼ1

lying in Ẽ1 and a multiplicity two component ℓE2 lying
in E2.

We next construct a variety X by contracting certain divisors on X̃. Define the divisor

D = 6H1 + 2H2 − Ẽ1 − 2E2. Note that D can also be expressed as D = F̃ + 2H2 and as

D = 2S̃ + Ẽ1 + 6H1. From these expressions we see that D is big and nef and that the base
locus of |D| is empty. Since D has vanishing intersection against ℓF̃ , ℓẼ1

, and every curve in

S̃, the linear series |D| defines a birational morphism ϕ : X̃ → X that contracts the divisors

F̃ , Ẽ1, S̃. In particular X has Picard rank 1. Since ϕ∗KX = KX̃ + S̃ + 1
2
Ẽ1 we see that X is

a log Fano variety with log canonical singularities.
Note that π̃ : X̃ → P2 induces a rational map π : X 99K P2 which is a morphism on

Xsm. We claim that this map yields a quotient TX → Q such that c1(Q) is numerically

trivial. Indeed, consider the corresponding map π̃ : X̃ → P2. Since the fibers over B have
multiplicity 2 along E2, the image of the map TX̃ → π̃∗TP2 has first Chern class 3H1 − E2.

Since this divisor is Q-linearly equivalent to 1
2
(F̃ + Ẽ1), by pushing forward to X we see that

Q has numerically trivial first Chern class.
The previous paragraph showed that TX does not have the PQP. It is clear that X is

rationally connected. It only remains to verify that Xsm has finite fundamental group. The
double cover of P2 ramified over B is a K3 surface Z. Let U denote the normalization of
the base change Z ×P2 Xsm. Since every fiber of Xsm over B has multiplicity 2, U → Xsm

is an étale double cover. Furthermore, U is an open subset of an A1-bundle Y over Z where
the complement of U in Y has codimension ≥ 2. This implies that π1(U), and hence also
π1(X

sm), is finite.
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Appendix A. Tame fundamental group of a product
(written by Aise Johan de Jong)

Setup: we take an algebraically closed field k and we set S = Spec(k). When X is a
smooth variety over k we set

πt
1(X) = πt

1(X/S, x)

for some choice of geometric point x of X as defined in [KS10, Section 7]. Correspondingly
we will say a finite étale cover of X is tame if it is curve-tame in the sense of [KS10].

If Y is a second smooth variety over k, then we denote by X×Y the product variety. Choose
closed points x ∈ X, y ∈ Y . We will use x, y, and (x, y) as the base points of our tame
fundamental groups. Functoriality of the tame fundamental group (discussed in [KS10])
gives homomorphisms

πt
1(X) → πt

1(X × Y ) and πt
1(Y ) → πt

1(X × Y )

It turns out that we also have a canonical surjective map

(∗) πt
1(X × Y ) → πt

1(X)× πt
1(Y )

corresponding to the fully faithful functor

FÉtX × FÉtY → FÉtX×Y , (U, V ) 7→ U × V

of categories of (tame) finite étale coverings. This looks strange at first sight; in terms of
Galois groups, it corresponds to the fact that the absolute Galois group of the function field
k(X × Y ) maps onto the product of the absolute Galois groups of k(X) and k(Y ).

Theorem A.1. The map (*) is an isomorphism.

[Hos09, Proposition 3] gives a related but slightly weaker statement in a different setting.

Proof. We will reduce this theorem to Lemma A.2.

We claim that the images of πt
1(X) and πt

1(Y ) in πt
1(X × Y ) commute. By Lemma A.2 this

is true for elements in the image of πt
1(C) → πt

1(X) and πt
1(D) → πt

1(Y ) for any pair of
morphisms f : C → X and g : D → Y where C and D are smooth curves and x ∈ f(C) and
y ∈ g(D). By Lemma A.3 such elements form dense subgroups of πt

1(X) and πt
1(Y ) and this

proves the claim. Thus we have an induced map πt
1(X) × πt

1(Y ) → πt
1(X × Y ). It is clear

that this map splits the surjection πt
1(X × Y ) → πt

1(X)× πt
1(Y ) discussed earlier.

It suffices to show that the map πt
1(X) × πt

1(Y ) → πt
1(X × Y ) is surjective. Suppose that

Z → X × Y is a connected tame Galois cover. By Lemma A.3 we can choose a morphism
g : C → X × Y where C is a smooth curve with (x, y) ∈ g(C) such that Z ×X×Y C is
connected. Let C1, resp. C2 be the normalization of the image of C in X, resp. Y . Since g
factors through C1 ×C2, the covering Z ×X×Y (C1 ×C2) is also connected. By Lemma A.2.
we see that Z defines a connected πt

1(C1) × πt
1(C2) set. As the action of these groups on Z

factors through πt
1(X)× πt

1(Y ), we obtain the claim. □

Lemma A.2. If X and Y are curves, then (*) is an isomorphism.

Proof. Choose smooth projective compactifications X ⊂ X̄ and Y ⊂ Ȳ . Let f : Z → X ×Y
be a tame finite étale Galois covering with group G (we do not require connectedness in this
proof). The covering X ′ = f−1(X × {y}) → X is a tame finite étale Galois covering with
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group G. Similarly for Y ′ = f−1(x × Y ) → Y . The ramification index of X ′ → X at a
point x1 ∈ X \ X is the same as the ramification index of Z → X × Y along the divisor
{x1}× Ȳ ⊂ X̄× Ȳ ; here we use the Galois structure to know that all the ramification indices
above a given point are the same. Similarly for Y ′. Thus Abhyankar’s lemma shows that the
pull back Z ′ of Z to X ′ × Y ′ does not ramify at all along the generic points of the boundary
of X ′ × Y ′ in X̄ ′ × Ȳ ′. Here X̄ ′ and Ȳ ′ are the smooth projective compactifications of X ′

and Y ′; of course X̄ ′ × Ȳ ′ is the normalization of X̄ × Ȳ in the function field of X ′ × Y ′. By
purity we see that Z ′ extends to a finite étale covering of X̄ ′ × Ȳ ′. Thus Z ′ is dominated by
a product X ′′ × Y ′′ with X ′′ and Y ′′ tame finite étale over X and Y . This proves that the
map (*) is injective, whence an isomorphism. □

Lemma A.3 ([EK16b]). Let X be a smooth variety over k and x ∈ X be a closed point. Let
Z → X be finite tame étale with Z connected. Then there exists a morphism f : C → X
where C is a smooth curve with x ∈ f(C) such that Z ×X C is connected.

Proof. Since X and thus Z are smooth, Z remains connected after passing to a non-empty
open subset. Thus we may assume that X is quasiprojective. Furthermore if X ′ denotes
the blow-up of X at x then the pull back of Z to X ′ will remain connected. Let X̄ ′ denote
a normal projective closure of X ′ and let C ⊂ X̄ ′ be a smooth complete intersection curve
passing through x that is transverse to D := X̄ ′\X ′ and disjoint from the singular locus of D
and X̄ ′. By [EK16b, Proposition 6.2] (see [EK16a]), the pull back of Z to C is connected. □
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