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ABSTRACT. We prove a version of Manin’s conjecture (over F, for ¢ large) and the Cohen—
Jones—Segal conjecture (over C) for maps from rational curves to split quartic del Pezzo
surfaces. The proofs share a common method which builds upon prior work of the first
and fourth authors. The main ingredients of this method are (i) the construction of bar
complexes formalizing the inclusion-exclusion principle and its point counting estimates, (ii)
dimension estimates for spaces of rational curves using conic bundle structures, (iii) estimates
of error terms using arguments of Sawin—Shusterman based on Katz’s results, and (iv) a
certain virtual height zeta function revealing the compatibility of bar complexes and Peyre’s
constant. Our argument substantiates the heuristic approach to Manin’s conjecture over
global function fields given by Batyrev and Ellenberg—Venkatesh in this case.
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1. INTRODUCTION

One of the central problems in Diophantine geometry is to understand the distribution of
rational points on algebraic varieties over global fields. Around the 1980’s, Yuri Manin and
his collaborators proposed an ambitious program to predict the asymptotic formula for the
counting function of rational points on a smooth Fano variety defined over a number field
in terms of its global geometry. This leads to the formulation of Manin’s conjecture which
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has been refined by various mathematicians over the last three decades. Here is a current
formulation of Manin’s conjecture:

Conjecture 1.1 (Manin’s conjecture, [FMT89; BM90; Pey95; BT98a; |Pey03; |[LST22; 1.S24]).

Let k be a number field and let X be a smooth Fano variety defined over k. Fix an
adelic metrization on the anticanonical divisor — Ky and consider the corresponding height
function H_g, : X (k) — R and the associated counting function

N(Q,H ky,T)=#{r € Q|H k,(x) < T},

where Q C X (k) is any subset. Suppose that X (k) is not thin in the sense of Serre (|Ser92]).
Then there exists a thin set Z C X (k) such that we have

N(X(k)\ ZH_ gy, T) ~ o(—Kx, Nefy (X)) B(X)T_ (X)T(log T)")!

as T'— oo where p(X) is the Picard rank of X, a(—Kx, Nef;(X)) is the alpha constant of
the nef cone Nef;(X), S(X) is the size of the Brauer group of X modulo constants, and
T_ky (X) is the Tamagawa number as introduced in [Pey95|, [BT98a], and |LS24].

Our focus is the global function field analogue of Conjecture for trivial families over
Fy(t). When X is a Fano variety defined over a finite field F;, Manin’s conjecture for Xp,_ @
predicts the number of F -rational curves s : P! — X of bounded height, or equivalently,
the number of F,-points on a bounded subfamily of the moduli space of rational curves
Mor(P!, X). In this context, Victor Batyrev developed an influential heuristic argument
supporting Manin’s conjecture (|Bat88]). Moreover Jordan Ellenberg and Akshay Venkatesh
(IEVO05]) suggested that Batyrev’s heuristics might be justifed by combining homological
stability of Mor(P!, X),, with the Grothendieck-Lefschetz trace formula.

The approach proposed by Ellenberg and Venkatesh resonates with another conjecture on
homological stability of the space of rational curves: the Cohen—Jones—Segal conjecture for
Fano varieties over C (|Seg79; |CJS00]). Loosely speaking, this conjecture predicts that the
homology groups of the space of pointed algebraic morphisms Mor, (P!, X),, should “stabilize”,
as the homology class a becomes more positive, to the homology groups of the space of
pointed topological morphisms Top, (P!, X),. However the general relationship between the
Cohen—Jones—Segal conjecture and Manin’s conjecture is, for the most part, only explained
heuristically in the literature, and we consider further study into this aspect to be important.

Our main theorems prove a version of Manin’s conjecture (over F, for ¢ large) and the
Cohen—Jones—Segal conjecture (over C) for split degree 4 del Pezzo surfaces. The proofs rely
on a common method, highlighting the compatibility of the two conjectures and realizing
Batyrev—Ellenberg—Venkatesh’s heuristics for these surfaces. We combine algebro-geometric
methods which describe the geometry of the moduli spaces of rational curves with topological
methods which establish homological stability via the inclusion-exclusion principle. A key
tool in our work is the bar complex as recently developed by the first and fourth authors in
[DT24] in the context of the Cohen-Jones—Segal conjecture.

1.1. Main results. Let S be a smooth quartic del Pezzo surface over IF, such that the Picard
rank of S is equal to the Picard rank of S ® F,. We prove Manin’s conjecture for S after
slightly shrinking the nef cone of curves.

To this end, let ¢ be a non-negative, rational, homogeneous, continuous, and piecewise

linear function on the nef cone Nef;(S) of S. Let € > 0 be a small rational number. We
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define the rational polyhedral cone Nef;(S)s. to be the closure of the set of non-zero real
classes o € Nef(S) such that {(«)/(—Kgs.a) > €.

For a positive integer d, we let NNf1(9)ee (P! S — Kg. d) denote the number of F,-morphisms
s : P! — S of anticanonical degree < d such that the class of the image is contained in
Nefl(S)g,e.

Theorem 1.2. There exists a uniform constant C' with the following properties:

Fix a sufficiently small positive rational € > 0 and let q be a prime power such that ¢¢ > C'.
Let S be a smooth quartic del Pezzo surface over IF, such that the Picard rank of S is equal
to the Picard rank of S @ F,. Then there exists a non-negative, rational, homogeneous,
continuous, and piecewise linear function ¢ on Nefy(S) which takes positive values on a dense
open cone U C Nefy(S) such that

NN Eec(PL S, — K, d) ~asoo (1= ¢ ) a(=Ks, Nef1 (S)) 7 ks (S)g"d”,

where a(—Kg,Nefy(S)e,) is the alpha constant of the cone Nefy(S)e, and T7_g (S) is the
Tamagawa constant, both introduced in [Pey95]. More explicitly, the Tamagawa constant is
given as the Euler product

1\ —6 _le G#S(F |c\)
)= (=) 11 (- B
ce|Pl| q

where |PY| is the set of closed points ¢ € P! and |c| is the degree of the residue field k(c) over
F,.
Remark 1.3. We prove that C' = 232 works in this statement. Also, the function ¢ is uniform
and independent of the choice of data g, €, S by naturally identifying the nef cones of any two
smooth quartic del Pezzo surfaces defined over algebraically closed fields.

Remark 1.4. For any integral class a € Nef;(S),,., we prove the convergence:
) Mor (P, S)na(F
m # ( ) ( lI) :TfKS(S).

77’1Ll—>oo q—mKSﬂ
We establish this convergence with a uniform error term so that we can take the summation
over lattice points in Nef;(S), and get the polynomial term. Thus one might consider our
statement as a version of Manin’s conjecture using the all heights approach proposed by
Peyre ([Peyl7; Pey21|) which predicts the asymptotic formula for the counting function of
rational curves whose classes are e-away from the boundary of the nef cone.

Remark 1.5. Our conic-bundle method for studying rational curves on split degree 4 del
Pezzo surfaces can be used to analyze curves on other split del Pezzo surfaces as well. This
leads to proofs of a similar version of Manin’s conjecture for split del Pezzo surfaces of degree
> 5 as well as lower bounds of the correct magnitude for split del Pezzo surfaces of degree
< 3. These applications will be explored in a subsequent paper [Tan25].

Remark 1.6. Using our method, one can achieve a power saving error term for the count-
ing function NNfi(S)ee(P1 S — K¢ d). Indeed there exists a uniform constant 0 < ¢ < 1
independent of ¢,e such that one can obtain an error term of order O(g'=™9) where
0 < < min{e —log, C, (e}. (We should mention that the polynomial part of the leading
term is given by the Ehrhart polynomial of the cone.) Note that our assumption ¢¢ > C

implies that ¢ —log, C' > 0, and this saving gets larger as g gets larger, but will not exceed (e.
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Since the exponential bound on ¢ depends on €, Theorem does not directly imply
Manin’s conjecture for the entire nef cone. However, we are able to establish an approximate
result.

Corollary 1.7. There exists a uniform constant R with the following property.
Let S be a smooth quartic del Pezzo surface over a finite field F, such that the Picard rank
of S is equal to the Picard rank of S ® F,. Then
N(P', S, —Kg,d)
q2db

R
log(q)

Next suppose that S is a degree 4 del Pezzo surface over C and that « is a curve class in
the interior of the nef cone Nef;(S) of curves. [Tes09] shows that there is a unique irreducible
component M, parametrizing morphisms s : P! — S of homological class a. We let M,
denote the corresponding moduli space of pointed morphisms and Top, (P!, X),, denote the
space of pointed continuous maps of class «.

Loosely speaking, [CJS00| predicts that if « is in the interior of the nef cone the cohomology
groups of M,,.. should stabilize to the cohomology groups of Top, (P!, X),.. as m goes to
infinity. The following statement gives a more refined statement of homological stability
behaves for the spaces M, ..

- (1 - q_l)_lq_Qa(_K& Nefl(s))T—KS(S> <

lim sup
d—0o0

Theorem 1.8. Let S be a smooth del Pezzo surface of degree 4 over C. There exist a dense
open subset cone U C Nefy(S), a rational homogeneous continuous piecewise linear function
¢ : Nef(S) — R which takes positive values on U, and a constant ¢ € Rsq such that for any
a € U the homomorphisms

H"™ (Mo, Z) — H;™(Top, (P!, X)a, Z)
induced by inclusion are isomorphisms in the range 1 < f(a)) — c.

We emphasize that the homotopy type of Top, (P!, X), does not depend on « (because up
to homotopy Top, (P!, X) is acted on by m3(X) which permutes {Top, (P', X).}, HS™(X,2)
transitively), so this statement indeed shows homological stability of the spaces of pointed
rational curves.

Our proof of this theorem follows the strategy of |[DT24] which confirms the Cohen—Jones—
Segal conjecture for quintic del Pezzo surfaces. The new ingredient in this paper is an
algebro-geometric argument estimating the dimension of certain loci in the space of rational
curves. This allows us to show that our stratification of the moduli space has the expected
behavior in a certain linear codimension range, allowing us to apply the results of [DT24].

1.2. A sketch of our proofs. Here we provide a sketch of our proof of Theorem We
will study the moduli space Mor(P!,S) by fixing a birational map p : S — P! x P! and
studying the postcomposition map Mor(P!, S) — Mor(P!, P! x P!). (In practice we must
let the choice of p vary as we consider different families of curves.) Given a rational curve
s' : P* — P! x P!, the numerical class of its strict transform s : P! — S is determined by
its multiplicities along the four blown-up points. In this way each irreducible component of
Mor(P!, P! x P!) admits a stratification into locally closed subsets representing the images of
various irreducible components of Mor(P!, S).

In fact, we do not work with the space of morphisms directly but with a closely related

affine bundle £ coming from the universal torsor description of maps to P! x P*. We can
4



stratify F into locally closed subsets which have fixed order of vanishing against the four
blown-up points and the “degeneracy loci” in E. For each irreducible component M, of
Mor (P!, S) there is a G2 -torsor M, — M, and an inclusion M, C E realizing M, as one of
the strata. Unfortunately the pieces of this stratification are complicated and it is not clear
how to directly run an inclusion-exclusion argument to analyze M,,.

Instead, we consider the subloci of E where the four blown-up points and degeneracy loci
vanish along fixed subschemes of P!. The advantage of this approach — and the reason for
passing to P! x P! in the first place — is that each such locus is a linear subspace of E. By
varying the subschemes of P! where the points and degeneracy loci are forced to vanish, we
obtain a family of linear subspaces of E; together these families yield a simplicial resolution
of E.

Note that the spaces in this simplicial resolution are fibered by linear spaces over certain
labeled configuration spaces. To count points, it is crucial to understand the dimension of the
linear fibers. Using conic bundle structures, we prove that fibers of low codimension always
have the expected dimension. However, the fibers with high codimension are harder to control
and are parametrized by a locus that is difficult to understand using point counting arguments.
To resolve this issue, we work with étale cohomology and control the contributions of high
codimension strata using a general result of Sawin and Shusterman about étale cohomology
groups of moduli spaces of curves (see Appendix .

Following [DT24], we implement our inclusion-exclusion argument using a “homological
sieve” method based on posets and the bar complex. Since we only understand the strata
of low codimension, we truncate the bar complex and prove that the cohomology of the
truncated bar complex approximates the cohomology of our original space in some range.
We then carry this comparison one step further by considering a “virtual” bar complex where
we compute what would happen if each linear fiber had exactly the expected dimension. The
final step is to show that an application of the Grothendieck-Lefschetz trace formula to the
virtual bar complex yields Peyre’s constant; we construct and study a height zeta function
that allows us to compare the local factors for the two quantities.

The following subsections highlight the various technical advances needed to execute this
plan.

1.2.1. Conic bundle structures and the space of rational curves. Let S be a split quartic
del Pezzo surface over k = F,. For clarity we henceforth let B = P! denote our domain
curve. [BLRT23| proved that for any nef curve class o the moduli space M, = Mor(B, S), is
geometrically irreducible and has the expected dimension —Kg.ao + 2. For each a we show
that one can find a birational morphism p : S — P! x P! with the following properties: let
Ey, ..., E; be the exceptional divisors contracted by ¢, and F, F’ be general fibers of two
conic fibrations S — P! x P! — P! respectively. Then we have

4 4
2F.a > ZEi.oz, 2F .o > ZEi.oz
i=1

=1

Let us fix such a birational morphism. Let (p;,p) € P! x P! be the four points which are

blown-up by 5. Then M, can be identified with the space of morphisms B — P! x P! of

degree (a,a’) := (F.«, F'.a) such that the multiplicity at (p;, p}) is equal to k; := E;.a.. Using
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this description and the above inequalities, one can show that the morphism
U,: M, — Uy, [s: B— S|~ (s"E1,s"Ey, s E3, s"Ey)

is dominant where k = (ky, ko, k3, k4) and

4
Uy = {(T;) € [] Hilb¥(B) | for any i # j, the supports of T; and T} are disjoint.}.
i=1

We study the structure of M, using the map V¥,. First, we are able to prove an upper
bound for the dimension of the complement Uy \ ¥, (M,). Second, we show that ¥, realizes
M, as a Zariski open subset of a relative product of projective bundles over an open subset
of Uk.

In particular, we have an explicit upper bound of the correct magnitude for the number of
rational curves of class a. Altogether, these results allow us to prove an “unobstructedness”
statement showing that certain subloci of M, have the expected dimension.

1.2.2. The method of the bar complexes. We have identified M, with the space of morphisms
B — P! x P! of degree (a,da’) = (F.a, F'.«) such that the multiplicity at (p;, p) is equal
to k; = F;.c. One may rephrase this in the following way: let P! x P! = P(V}) x P(V3)
where V; is a 2-dimensional vector space over k. Let ¢; ; C V; be the 1-dimensional subspaces
corresponding to p;, p; respectively for j = 1,2. We consider the space M, of sections

(s,t) e (B, V4 ® O(a)) ®T(B, Vo ® O(d")),

such that s,t are nowhere vanishing and the length of (s,%) ™1 (¢;; ® O(a) ® 42 @ O(d)) is k;
for: =1,...,4. Then there is a natural morphism

Ma—>Ma

realizing M, as a G2 -torsor over M,. So one can reduce the counting problem for the number
of k-rational points on M, to the counting problem for the number of k-rational points on
Ma. As mentioned before, we have a dominant morphism Ma — Uy, and for each w € Uy,
the fiber Maﬂﬂ is realized as a Zariski open subset of

E,=T(B,Vi®0(a) ® Vs ® O(d))w,

which is the space of sections (s,t) with the incidence conditions s(w;) C ¢;; ® O(a) and
t(w;) C l; 2 ® O(a’). Since the fibers of £ — Uy generically have constant rank, in this way

we almost realize M, as a Zariski open subset of a vector bundle over Uy.
Our next goal is to understand the number of k-rational points on the complement

E\ M,.

This complement can be described as a union of locally closed strata coming from moduli
spaces of curves of lower degree. Thus we are well-situated to apply the inclusion-exclusion
principle. The formalization of this idea is the method of bar complexes developed in [DT24]
over C. While in [DT24] the bar complexes are certain topological simplicial spaces, in
this paper we develop the theory of bar complexes over an arbitrary perfect field using the
language of simplicial schemes and their homotopy theory. The advantage of this perspective
is that we formalize the intersection properties of stratifications and point counting becomes
cleaner in this setting. In particular, one can appeal to the Grothendieck—Lefschetz trace

formula for simplicial schemes to translate étale cohomology computations into point counts.
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We think of the Hilbert scheme Hilb(B), ordered by inclusion, as a poscheme, i.e., a scheme
with a poset structure. Consider the following finite poset (), which we also think of as a
poscheme (with the reduced scheme structure):

Q={V.Vie{0},{0} @ V5,0t U{l;1 ®lis, ;s ®{0}, {0} @ lio}iz1,. 4,

ordered by inclusion of subspaces. We let Hilb(B)? denote the scheme parametrizing poset
homomorphisms
x: Q — Hilb(B),
such that z='(B) = V. Then the complement E \ M, admits a stratification into linear
subspaces parametrized by the poscheme Hilb(B)%.
More precisely, we embed Uy into Hilb(B)®? by mapping w + x with Ty, 0, = Wi, Ty = B,
and z, = ) for other ¢ € Q. We then define

(U < Hilb(B)?) = {(w < z) |w € Uy, x € Hilb(B)?},

We construct our stratification as follows: for any (w < z) € (Ux < Hilb(B)?)(k), the
subspace

Zwew =T(B,V1®0(a) V2 ® O(d))s C Bu,
is the space of sections satisfying the incidence condition imposed by x. Then these subspaces
are bundled as

Z C (U < Hilb(B)®) xy,. E.

We stratify (U < Hilb(B)®?) = Uz N7 into locally closed subsets based on the combinatorial
type T (see Definition . Only certain types T — the “saturated” types (see Definition
— impose non-redundant conditions on the space of sections. We then truncate the poset: we
choose a closed subscheme P C (Uy < Hilb(B)?) which is obtained by taking a finite union
of loci N7 where the expected codimension is not too large and then take the downward
closure under the poset structure. The bar complex B(P, Z) is a simplicial scheme whose
objects are described by

B(P,Z)([n]) ={w<zo <+ <xp,2 € Zyeu, | (w < z;) € P}.

The following theorem has been proved over C in [DT24, Theorem 5.9], and we establish this
over an arbitrary perfect field:

Theorem 1.9 (a weaker version of Theorem [7.5)). Let I € N. Assume that

(1) P — Ux is proper and P is downward closed;
(2) for every pair (w < ) € P(k) with x saturated and for every saturated y € Hilb(B)%(k)
such that x <y, the fiber Z,<, has the expected dimension, and;
(3) P contains every Nt such that the expected cohomological codimension function k
satisfies k(T) < I.
Then for all i > 2dim(E) — I — 2, the map

H, (im((Z); = (E)g), Ze) = Hly (B(P, Z)7, Zy),

ét,c ét,c

is an isomorphism.

Assumption (2) of the above theorem is almost verified in the stability range given by
I = | min{2a — 3, k;, 2a — X, k;} — 5] by our analysis of M, described in the previous
subsection. (More precisely, we need to shrink Uy to a Zariski open subset U such that Uy \ U

has high codimension. Since the complement has high codimension, this is negligible for our
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discussions and so we ignore this issue for now.) Then Theorem guarantees that the
cohomology of E \ M, is approximated by the corresponding bar complex.

One advantage of working with the bar complex is that we can compute its cohomology
using the following spectral sequence. An important feature of this spectral sequence is that
only certain combinatorial types T (i.e. the “essential saturated” types; see Definition [5.7))
can contribute.

Theorem 1.10 (Theorem [7.3). There is a spectral sequence:
P B = D i ((Z ) 1(T)1]) = HE (B(P, Z)5, Ze),
i+j=n T: essential, saturated type of P

where p/'(T') is a complex in the derived category of Ze-constructible sheaves in the pro-étale
topology whose stalk at (w < x) captures the compactly supported cohomology of the nerve of
the poset interval (w, x).

The Grothendieck-Lefschetz trace formula allows us to compute the number of F;-points on
a variety by analyzing the Frobenius action on cohomology. Thus our goal is to understand,
up to error terms, the truncated alternating sum of the Frobenius traces:

2 (=1)"Te(Frob ~ Hg (B(P, Z), Qu)).
i>da+4a’ =23 k;—I+10
The spectral sequence of Theorem [I.10| reduces this to a computation over essential saturated
types:

> > (=1)"Tr(Frob ~ Hy, ((Z]ny )5 1/ (T)[1] @ Qo).

T: essential type ;>4q+4a’—2 Zj kj—I+10

Assuming that Z has the expected dimension over N, one can use the Grothendieck—Lefschetz
trace formula for simplicial schemes to conclude that, up to error terms, the above quantity

is equal to
_q2a+2a’+4 Z 1. (w, I)q*’Y(f’?)’
(w<w)e(Uk<Q7P) (k)
where Q7P C Hilb(B)¥ is the Zariski open subset parametrizing saturated elements, s, is the
Mébius function for the poset Q72 (k), and v(z) is the expected codimension of the incidence
condition imposed by x. Putting everything together, the quantity #Ma(k:) is equal to

q2a+2a’+4 Z s (w, x)q—v(r),
(w<z)e(Uk<Q7P)(k)
up to error terms.

1.2.3. The virtual height zeta function and Peyre’s constants. Let o be an ample curve class
on a split quartic del Pezzo surface S. Using the invariants a(«), a’(«), ki(«), we assume that

4 4
2a(a) — Y ki(a) > 0,2d (o) = > ki(a) > 0.
i=1 i=1
We showed that

#Ma(kf) ~ q2a+2a’+4 Z “k(w’ x)q—’y(x)

(w<z)E(Uk=Q7 ) (k)
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as a,a’, k; — oco. On the other hand, Manin’s conjecture predicts that
#Ma(k) ~ (1 . q71)74q2a+2a/,zi ki+4 T_Ks (S)
_ (1 q 1) 4q2a+2a —> o kit4 H ) (1+6q \c\+q 2|c|)
c€|B]|

as a,a’, k; — o0o. To this end, we consider the following virtual height zeta function:

Z(t) = Z qZ?:l ki ( Z Mk(w; I)q—"f(z)) t’flt§2t§3ti4.
(w<w)€e(

K1,...,ka=0 €(Ux<Q'B)(k)

Since the Mo6bius function is multiplicative, the above zeta function can be rewritten as the
following convergent Euler product:

H <1 _ 6q—2\0\ + 8q—3|6\ _ 3q—4|6|

c€|B]|

4 oo
+ Z Z c|d —2d|c| o 2q—(2d+1)\c\ + 2q—(2d+3)|c| o q—(2d+4)|c|)> )

i=1d

Then we have the following proposition:

Proposition 1.11 (Proposition [0.6). There exists a § > 0 such that the series

4
[T(1—t)Z(t)
i=1
absolutely converges when |t;| < ¢° fori=1,...,4. Moreover we have
4
i ). _ —4 g e =lel 4 =2l
tli1£n>1 ' (1-t)-Zt)=(1-¢H* J] 1 (14+6q '+ ¢ 9).
1= c€|B|
Thus Abel summation implies that
g2t > pe(w, 2)g 7~ (1= g™ T (1= ¢ )01+ 671 4 72,
(w<a)e(Uk<Q'B) (k) ce|B|

as k; — 0o. Therefore Theorem has been verified modulo the error terms.

1.2.4. Uniform estimates for error terms by Sawin—Shusterman based on Katz’s results. To
handle the error terms, we use the following theorem by Sawin-Shusterman based on Katz’s
results:

Theorem 1.12 (Sawin—Shusterman in Appendix . Let X be a projective variety with an
ample divisor H. Then there exists a constant C > 1 such that for any a € N1(X)z we have

ZdlmH

=0

etc(Mor(]P’l,X, a),Q,) < CcHerL

In our setting, we let H = —Kg. Assuming that « is in the cone Nef;(.S),, our stability
range satisfies that 55 min{2a(a) — 3, ki(), 2a/(a) = > ki(a) } > —eKs.. To beat the above
error estimates we need to assume that ¢¢ > C. This forces us to restrict to the modified

cone Nef;(S)s instead of the entire nef cone.
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One might ask why one needs to consider compactly supported cohomology instead of
directly conducting point counting using the inclusion-exclusion principle. A reason for this
is that to show that our stratification has expected behavior in certain codimension range,
we need to shrink Uy to a certain Zariski open subset U. Unfortunately we do not have
much access to this U other than knowing that Uy \ U has high codimension. To do a naive
point counting, one needs to estimate the number of F,-points on this complement which is a
formidable task from our experience. Fortunately Sawin—Shusterman’s result shows that we
only need to understand high degree cohomologies and these cohomologies are not affected
by shrinking Uy to U because the complement has high codimension. This is one of main
motivations why we appeal to compactly supported cohomology and Grothendieck—Lefschetz
trace formula.

1.3. Comparison to [DT24]. [DT24] studies the Cohen—Jones—Segal conjecture for blow
ups of the projective space at finitely many points. Some key breakthroughs in [DT24] are:

e the realization that birational geometry yields a stratification of the moduli space of
curves that is well-suited for the inclusion-exclusion principle using the bar complex;

e the study of the posets Hilb(C)?, Q7¢, their combinatorial stratifications, and a
criterion for the cohomology of bar complexes to converge;

e the introduction of spaces of positive and semi-topological maps as “intermediate
steps interpolating between the spaces of holomorphic and continuous maps, and;

e techniques for verifying that the cohomology of the bar complex agrees with the
cohomology of the space of positive maps in an optimal range, via finite dimensional
approximation and spaces of semi-topological maps.

7

In particular these innovations lead to the proof of Cohen—Jones-Segal conjecture for quintic
del Pezzo surfaces.

Our results also rely on the inclusion-exclusion principle using the bar complex. One
important technical change is that our proof of Theorem requires the bar complex method
over perfect fields — this involves a translation of the method developed in [DT24] into the
language of simplicial schemes and their homotopy theory. In addition, our proofs contain
the following new ideas and developments:

e the realization that the “homological sieve” method can be used to obtain control of
error terms even when naive point counting does not apply;

e algebro-geometric proofs of stronger unobstructedness results for the moduli spaces of
rational curves using conic bundle structures on split quartic del Pezzo surfaces;

e a description of the main term of the counting function in terms of the combinatorics
of posets and their Mobius functions by applying the Grothendieck—Lefschetz trace
formula for simplicial schemes to the bar complex, and;

e the introduction of the virtual height zeta function revealing the compatibility of the
combinatorial main term and Peyre’s constant.

In particular, our approach leads to tight control of the behavior of the number of [F-points
on the moduli space of rational curves of a given class. The techniques developed in this
paper open up new geometric and topological approaches to Manin’s conjecture over global
function fields.

1.4. Open questions. Here we record some possible follow-ups to this paper.
10



1.4.1. Motivic Manin’s conjecture. There have been extensive activities on motivic Manin’s
conjecture, which concerns the convergence of the moduli space of rational curves in
Grothendieck ring of varieties (see [Bou09b; (CL16; Bil23; BDH22; |[Fai23} [Fai25]). It would be
interesting to explore our homological sieve method in the motivic setting.

1.4.2. Stabilization maps. Another interesting question is to explore the realization of sta-
bilization maps exhibiting homological stability established by Theorem [I.8 We should
emphasize that we only establish homological stability over C, and in particular we did
not establish stability over finite fields as Galois representations even though we show the
convergence of point counting for the spaces of rational curves. It would be interesting to
prove Galois equivariant homological stability; one possible approach would be using log
geometry and the Kato-Nakayama formalism introduced by Vaintrob in [Vail9; [Vai21] and
applied in [BDPW23; EL23; LL25]. We plan to come back to this issue in our future work.

1.5. Related works.

1.5.1. Manin’s conjecture. Manin’s conjecture for smooth del Pezzo surfaces over number
fields has been extensively studied. Conjecture for smooth del Pezzo surfaces of degree
> 6 follows from [BT96; |BT98b| because these surfaces are toric. Conjecture for smooth
split del Pezzo surfaces of degree 5 has been proved over Q in [dIBre02| and recently over
arbitrary number fields in [BD24]. However, the conjecture is largely open for smooth del
Pezzo surfaces of degree < 4: there is only one confirmed case of Manin’s conjecture for
quartic del Pezzo surfaces (|[dIBB11]) and there is no example of proved cases of the conjecture
for del Pezzo surfaces of degree < 3. |[BS19] established upper bounds and lower bounds
of the correct magnitude for quartic del Pezzo surfaces with conic bundle structures and
[FLS1§| established lower bounds of correct magnitude for del Pezzo surfaces with the same
structures. These approaches using conic bundles are inspirational to us and motivated the
material in Section [L.2.1]

There are fewer results on Manin’s conjecture over global function fields. As mentioned
before, there is a very influential heuristic argument by Batyrev |Bat88] combined with
Ellenberg—Venkatesh’s proposal of using homological stability in this context [EV05]. Manin’s
conjecture over global function fields has been proved for toric varieties ([Bou03; Boulla])
and equivariant compactifications of forms of G? ([Alf25]) using harmonic analysis and for
low degree hypersurfaces (|[BV17; BS23; Saw24]) and complete intersections (|Gla24]) using
the circle method. There are also approaches using universal torsors which were pioneered
by Bourqui in [Bou09aj; Boullb; |Boul3|. [GH24; Gla25] obtain certain upper bounds for
the counting functions of rational points on low degree del Pezzo surfaces, but this does not
provide upper bounds of optimal magnitude.

1.5.2. Cohen—Jones—Segal conjecture. [Seg79] showed the cohomology of the moduli space of
degree d pointed rational curves on P" stabilizes as d increases to the cohomology of the space
of pointed continuous maps S? — P". Segal’s result was extended to various homogenous
spaces such as projective toric varieties (|[Gue95|), Grassmannians ([Kir86]), generalized flag
varieties ([BMHM94]), and varieties admitting actions by connected solvable Lie groups with
dense orbits ([BHMO1]). [CJS00] predicted an analogous statement for all Fano varieties
X. More recently, Browning—Sawin used the circle method to construct a spectral sequence

converging to the compactly supported cohomology of the space of maps to low degree affine
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hypersurfaces. They showed that the degeneration of this spectral sequence is closely related
to the Cohen—Jones—Segal conjecture ([BS20]). In [DT24] the first and fourth authors studied
the Cohen—Jones—Segal conjecture for spaces X which are the blow-ups of projective space at
a collection of points. Their results establish the conjecture under certain conditions on the
numerical class «. In particular, their work settles the conjecture for 100% of nef classes in
the case of quintic del Pezzo surfaces but only applies to a certain subset of the nef cone for
quartic del Pezzo surfaces.

1.5.3. Topological approaches to analytic number theory over global function fields. There is
a vast literature on topological approaches to analytic number theory over global function
fields. This has been first pioneered in [EVW16] which explored the Cohen—Lenstra heuristics
over global function fields. The homological stability of Hurwitz spaces plays a crucial role,
and there are many subsequent works on the same topic, e.g., applications of homological
stability to Malle’s conjecture |[ETW23; LL25|, heuristics on Selmer groups [EL23|, and
the Cohen—Lenstra heuristics |LL24b; [LL24a; LL25]. An application of stable homology of
the braid group to moments of families of quadratic L-functions was studied in [BDPW23;
MPPR24]. There are fewer results applying homological stability to Manin’s conjecture;
for example, [Ban22] shows an approach to Manin’s conjecture for toric varieties using a
topological method that is also a version of inclusion-exclusion.
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2. PRELIMINARIES

Notation: The natural numbers N include 0.

The ground field is denoted by k and a variety over k is an integral separated scheme of
finite type over k. Given a scheme X over k, a component of X will mean an irreducible
component unless we state otherwise. We will denote the base change of X — Speck to
Spec k by X7.

For a projective variety X, we denote the space of R-Cartier divisors up to numerical
equivalence by N1(X) and the space of R-1-cycles up to numerical equivalence by N;(X).
Inside these real vector spaces, we denote the lattice generated by integral Cartier divisors

(resp. integral 1-cycles) by N'(X)z (resp. Ni(X)z). The nef cones of divisors and curves
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are denoted by Nef'(X) c N'(X) and Nef;(X) C Ni(X) respectively, and the pseudo-

effective cones of divisors and curves are denoted by EI(X ) C NY(X) and Eff;(X) C Ny (X)
respectively. For any closed cone C C Ni(X), we denote C N Ni(X)z by Cz.

Lemma 2.1. Let f: X — Y be a k-morphism of finite-type separated k-schemes such that
X is equidimensional and Y is irreducible. Suppose that'Y is smooth and that every fiber of
f over a closed point is smooth of dimension dim(X ) —dim(Y’). Then X is a smooth scheme
and f is a smooth morphism.

Proof. Let x € X be a closed point. Since the fiber of f containing z is smooth, rk,{x/y =
dim(X) — dim(Y"). Since Y is smooth, the exact sequence

[ Qv @ k(x) = Qxp @ k(x) = Qx/y @ k(x) =0

shows that rk,Qx/; < dim(X). Since dim(X) is also a lower bound on the rank, equality is
achieved. Thus X is smooth at every closed point, hence smooth.

By upper semicontinuity of fiber dimension on the domain, every fiber of f has dimension
dim(X) — dim(Y"). Since X, Y are smooth, we conclude that f is flat by [Stacks, Tag 00R4].
Finally, a flat morphism of finite-type k-schemes such that the fibers over closed points are
smooth is a smooth morphism. [l

2.1. Bounds on traces of endomorphisms. In this section, we record certain estimates
for the sum of eigenvalues of an endmorphism, which we will eventually apply to Frobenius
acting on étale cohomology:

Definition 2.2. Suppose that K is a field equipped with a norm |- | : K — R. For any
finite-dimensional K-vector space V with an endomorphism F, the L!-trace of F' on V is

|F, V=Y dim((V ® K)a)[Al,
AeK
where (V ® K), denotes the generalized eigenspace of I with eigenvalue \.

Note that |Tr(F ~ V)| < |F,V| and if W is an F-subquotient then |F,W| < |F,V|.
Furthermore the L!-trace is additive in short exact sequences.

Our first lemma addresses the behavior of spectral sequences when taking the trace of
an endomorphism. Let E}’ be a spectral sequence of K-vector spaces which are nonzero
for only finitely many 4, j, converging to H*™/ equivariantly with respect to the action of an
endomorphism F. We denote the differentials in this spectral sequence by d,.

Lemma 2.3. For any integer I, we have the inequality

IS (-)"Tv(F ~ @ EY) =Y (-)"Tx(F ~ H")| < |F, @ EY|.
n>I i+j=n n>I irj=I
Proof. We write (E,)™ for the group @, ;—,, £/’ and we write B} for d,((E,)""), i.e. for
the total boundary group in cohomological degree n on the r-th page. We have that
(=D '"Te(F ~ B + Y (=1)"Te(F ~ (BE.)") =Y (=1)"Tx(F ~ (Br11)").

n>1 n>1
13



Since there are finitely many nonzero terms on the E; page, the spectral sequence degenerates
at a finite stage R so that Fr = FE,. Inductively we obtain

S (-DMTR(F ~ B = 3 (~1)"TH(F ~ (Ep)")

>1 = .
= (—1)"! ZlTr(F ~ B 4+ > (=1)"Te(F ~ (E1)").

To bound % | Tr(F ~ BY), note that there is a filtration 0 C G; € Gy C -+ C Gy of (Ey)!
such that the associated graded G, /G,_; = Bf. Hence we have that

R
<D |F.Bl| = |F,Gr| = |F,(E)']

r=1

R
> Tr(F ~ Bl
r=1

as desired. 0

Our next goal is to bound the L!-trace under various tensor operations. Let W =
D(n,iyen2Wh,; be an N2-graded K-vector space. We will be interested in the case when W is
equipped with an endomorphism F' that respects the grading.

Lemma 2.4. Let V,W be N2-bigraded vector spaces equipped with endomorphisms Fy and
Fyw which are compatible with the grading. Suppose there are positive constants d,b such that
|FV, Vn,z‘ S Cldnbz and |Fw, Wn71| S Cv2dnbz_ Then

Fy @ Fu, (V@ Wi < CiCa(n + 1)(i + 1)d".
Proof. We have
|FV®FW7(V®W)”77«| - Z ’FV7VH1,1'1HFW7W7L2,752|
(n)i):(n17i2)+(n277:2)

and the sum is indexed over a set of size (n +1)(i + 1). O

Lemma 2.5. Let W be an N2-bigraded vector space with endomorphism F which is compatible
with the grading. Suppose that Wy; = Wy o = 0 for all n,i and that there are positive
constants E,d,b with E > 1 such that |F, W, ;| < Ed"b'. Then the free associative algebra
T(W) =@, W satisfies |F, T(W),.| < (2Ed)™(2b)".
Proof. We have
|F7T<W)n,74| = Z Z H |F7 Wnsﬂ:.s|'
20 (n,i)=(n1,%1)++(nrir) s=1

By our vanishing hypothesis on W, the only non-zero contributions occur when r < n. In
particular, since we have £ < E"™ in this range, we conclude that

[FT(W)ail <30 > E"d"Y.
r>0 (n,3)=(n1,i1)++(nrir)

Since a positive integer ¢ has 2!=! compositions (i.e. ordered partitions) there are no more
than 2771271 tuples satisfying the hypotheses. O

Lemma 2.6. Let W be an N%-bigraded vector space with an endomorphism F that is compatible
with the grading. Suppose that:

o Wy, =0 for alln,
14



o Weo =B, Wy is finite dimensional, and;
e there are positive constants E,d,b with E > 1 such that |F,W,, ;| < Ed"l'.

Let D > 1 be a constant such that |F,W,o| < D. Then the free symmetric algebra Sym(W)
satisfies | F, Sym(W )| = O((n+1)(i + 1)(max(2Ed, D))"(2b)") (where the implied constants
are independent of n,i).

Proof. We have that Sym(W) = Sym(W, o) @ Sym(P;~o We;). We may apply Lemma

and appeal to the surjection T'(V) — Sym(V) to obtain that |F, (Sym(Bso Wei))ni| <
(2Ed)™(2b)". Furthermore

|F, Sym(Wa o)no| < |F,Sym™~"(Wao)| <> DI =0O(D
j<n

So applying Lemma to the the tensor decomposition of Sym(W/') we obtain the result. O

2.2. Homology of configuration space. Given a poset P with a bottom element 0 and a
top element 1, we denote by H*(P) the reduced cohomology with Q-coefficients of the nerve
of the open interval (0,1) in P. In particular, when X is a finite set then the poset P(X) of
set partitions admits a bottom and top element and thus it makes sense to discuss H*(P(X)).

[Pet17, Example 3.14] gives a description of an upper bound for the compactly supported
cohomology of the ordered configuration space. This example is stated when the base field is
C, however the analogous statement over arbitrary fields follows from [Pet17, Theorem 3.3

(ii)]:
Theorem 2.7. There is a Frobenius and S,-equivariant spectral sequence converging to
H (Conf, ]P’1 ,Q¢) with total Ey page given by

B  Q(HiPLQ) @ BN PO [N +1]) .

p a set partition A\Ep
of degree n

Summing over all n, we obtain a spectral sequence converging to ®,H? .(Conf, ]P’k, Q) with
total £ page

sy (H3(Ph Q1) @ (@ (L.}l ).

n

where the symmetric power takes place in the category of symmetric sequences of bigraded
vector spaces with Frobenius action.

We need the following upper bound on the poset homology of the partition lattice.

Proposition 2.8 ([Sta82, Theorem 7.3]). Assume that K is a field of characteristic 0. For
all n > 1, there is an S, -equivariant quotient

KS, — H"*(P{1,...,n}), K),
where S,, acts by left multiplication.
In particular, for any vector space V', there is a surjection
Ve = KS, ®s, V" — H"3(P({1,...,n}), K) ®g, V"

Combining this with Theorem we obtain the following upper bound on L!-traces.
15



Proposition 2.9. Assume that our ground field k is F,. Let V be a bigraded vector space
over K. Suppose that F' acts as an endomorphism on V' and as the Frobenius on H;(IP%, Qo).
Then there is an inequality of L*-traces

> |F, @ H}, (Conf,,Pr, Q) ®s, V™.

ét,c
m>0

F, Sym (H;ﬁt(IP’,ﬁ, Q)] ® @(V[—l])®”)

n>1

Using the estimates of the previous subsection we get the following.

Proposition 2.10. Assume that our ground field k is F,. Let V' be a bigraded vector space with
an action of F that is concentrated in homological degrees > 2 (equivalently in cohomological
degrees < —2) and in grading degree > 1. We also assume that F acts on H, .(Conf,PL Q)
as the Frobenius. Suppose that |F,Ves| < D. If |F,V,:| < Ed"V for some E,d,b > 0 with
E>1andb <1, then W := @, H (Conf,,PL, Q) ®s,, VE™ is concentrated in homological

degrees > 0 and satisfies
|F, (Was)s,| = O (nimax (2Ed + 8Edl?q, D)" (4b)') .
Proof. By Proposition it suffices to bound the L!-trace on
Sym(H (Pr, Qo)[1] © D(V[-1]))*").

n>1
Applying Lemma [2.5[ to V[—1] we obtain that
|E, (D (VI=1)")nil < (2Eba)™(2b)".

m>1

So |F, (B>1 Hi (PL, Qo) [1] @ (V[=1])¥")n,l < (55 + 2bq)(2Ebd)™(2b)". Therefore applying
Lemma 2.6 to @,,>, HZ (PL, Q,)[1] @ (V[-1])*™ (observing that the homological degree zero
component of this space is V4 2) we obtain the result. 0

2.3. Simplicial schemes and cohomology. We next discuss simplicial schemes and their
cohomology. We follow closely the exposition of [DH24, Section 2.2]|. (For a more classical
reference, one may consult Brian Conrad’s notes |Con03|.)

Definition 2.11. Let A be the simplex category whose objects are non-empty finite subsets
of N and whose morphisms are non-decreasing maps. A simplicial scheme is a functor
A°P — sSch where sSch is the category of separated schemes. A morphism between simplicial
schemes is a natural transformation of functors.

For each n € N, we write [n] = {0,...,n} € A. Then a simplicial scheme is determined by
its values on the full subcategory {[n||n € N} C A,

Given a separated scheme X, the constant simplicial scheme X, is defined by setting
Xo([n]) = X for every n € N and setting all maps to be idy. Throughout the paper, we
frequently drop e and identify separated schemes and constant simplicial schemes.

Definition 2.12. Let X be a separated scheme and A be a simplicial scheme. Then an
augmentation morphism from A to X is a morphism € : A — X in the category of simplicial

schemes.
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For any separated scheme X, we let Sh(X) denote the abelian category of Z,-module
sheaves in the pro-étale topology as in [BS15] and let D?(X) denote the associated bounded
derived category.

Suppose that A is a simplicial scheme; as mentioned earlier we can work with A by
restricting our attention to the full subcategory {[n]|n € N} C A°P. A Z,-sheaf on A is
a family of Z,-sheaves F,, on A([n]) in the pro-étale topology equipped with a compatible
family of maps A(:)*F,, — F,,, for i : [n] — [m]. Let Sh(A) be the category of Z,-sheaves
on A. This is an abelian category with enough injective objects and thus the formalism of
derived categories works in this settings. We denote the corresponding bounded derived
category by D’(A). (For more details, see [DH24, Section 2.2].)

Let X be a separated scheme and let A be a simplicial scheme with an augmentation
€: A— X. We next define the following functors:

€« : Sh(A) — Sh(X), € :Sh(X) — Sh(A).

First, for any sheaf G on X we define (¢*G),, = €:G with the natural identification A(i)*¢;G =
.G coming from €,, = €, o A(i) where i : [n] — [m]. The adjoint pushforward e, is given by
ex.F = Eq(eowFo = €1.F1) for any sheaf F on A. These induce the derived functors:

Re, : D'(A) — D"(X), € :D"X)— Db(A).

Remark 2.13. There is a concrete description of Re,: given a complex Z* of sheaves on A
such that (Z%),, is an injective sheaf on A, for every i,n, we may construct a representative
of Re,Z* as follows. Take the chain complex of cosimplicial sheaves [n] — €,,Z°, form a
bicomplex by applying the functor that takes a cosimplicial sheaf to its (normalized) chain
complex, and then take the total complex. (This construction works because we may factor e,
as a pushforward to sheaves on the constant simplicial scheme on X,, followed by the functor
from simplicial sheaves on X, to sheaves on X given by taking the limit over A. Because
the pushforward preserves injectives, Re, factors as a composite of derived functors, and the
levelwise injectives are acyclic for the pushforward to X,, while the derived functor of the
limit over A is modeled by the (normalized) total complex.)

Remark 2.14. As a consequence of the previous remark, we note that if X = Spec(k) and
A, is finite étale over X for all n (so that A corresponds to a simplicial set) then Re,Z; is
canonically isomorphic to the normalized Z; cochains on A (considered as a simplicial set).

Now suppose that 7 : X — Speck is a k-separated scheme where k is a field. We use the
derived functor to define cohomology as

H: (A, F) = H(R(r o €),F).

When the augmentation € : A — X is proper, i.e, for every n € Z>, the morphisme, : A, = X
is proper, we define cohomology with compact supports as

Hgt,c(Av‘F) = Hgt(Rﬂ-! o RE*.F)
Finally when we have the constant sheaf 7 = Z, or @z on X, we have a natural morphism

F — Re.e'F.
17



In particular, we have an induced homomorphism between cohomologies
H} (X, Z¢) — HL (A, Zy).

When the augmentation € : A — X is proper, we also have an induced homomorphism
HY (X, Zg) — HE (A, Zy).

ét,c

2.4. Poschemes and the bar complex. Following [DT24} Section 2.2], we recall the notion
of poschemes and the construction of the bar complex.

Definition 2.15. Let S be a scheme. A poscheme over S is a finite type morphism P — S
with a closed poset relation <pC P x g P, i.e., for any scheme T" — S the pair (P(T'), <p (T))
is a poset. We denote the poscheme obtained by swapping the two coordinates of <p by >p.
Then we have Ap;g =<p N >p. In particular, Ap/s is closed so that P — S is separated.

In this paper, we will usually work with poschemes P — S which are proper and will
usually assume that Ap/g is also open in <p so that the relation <p:=<p\Ap/g is closed.
Whenever we discuss a finite poset (), we will implicitly think of it as a finite poscheme over
the ground field k consisting entirely of k-points.

Definition 2.16. Let P be a poscheme over k. The nerve N(P) associated to P is the
simplicial scheme which assigns to [n] the scheme
N(P)([n]) =<p xp-xp<p={po <+ <pu| (pi <pit1) €<p foranyi=0,...,n—1},
and which assignes to a non-decreasing map ¢ : [n| — [m] the morphism

N(P)([m]) = N(P)([n]), (po < -+ < pm) = (Pico) <+ < Pi(w))-

We will frequently work not just with poschemes P but also with schemes Z that admit
stratifications indexed by a poscheme P. The following definitions make this notion precise.

Definition 2.17. Let P be a poscheme over S. A P-space consists of an S-morphism Z — P
with another P-morphism

a <pXn, 4 — Z,
where 7; :<pC P xg P — P denotes the projection map to the ith factor and <p x,,Z is

considered as a P-scheme via m;. For any S-morphism 7" — P, we denote the base change of
Z — PoverT"— P by Zp.

Definition 2.18. Let X be a scheme of finite type over S and P be a poscheme over S. A
stratification of X by P is a closed subscheme Z C P xg X such that the morphism
<pXmZ — P xgX,
(p<q,2 € Zg) = (p,p(2)),
factors through Z where p : Z C P xg X — X is the projection. In other words, for any
p,q € P with p < ¢ we have Z, C Z,. Note that Z carries the structure of a P-space.

The analogue of the nerve construction for a P-space is known as the bar complex.

Definition 2.19 ([DT24, Definition 2.3]). Let P be a poscheme over S such that Ap is open
in <p. Let Z be a P-space. The bar complex B(P,7) is the simplicial scheme which assigns
to [n]| the scheme

B(P,Z)([n]) =<pxp--xp <pxpZ={po <+ < pn,2 € Zp,}
18



and which assigns to a non-decreasing map i : [n] — [m] the morphism
B(P, Z)([m]) = B(P, Z)([n]), (po < -+ < pm, 2) = (pio) <+ < Pitm), Pitm) < Pms 2))-

2.4.1. Relative posets. We will also need analogues of the previous constructions in a relative
setting.

Definition 2.20. Let H be a poscheme over k such that Ay is open in <jy. Let us fix a
locally closed subscheme W C H and define the poscheme

(W< H)={(w,x) e Wx H|w < x},
with the poset structure

<wen={(w < z1,w < x9) |21 < T2}
This is a poscheme over W.

Let X be a separated scheme of finite type over W and Z C (W < H) xw X be a
stratification of X by (W < H). Let P C (W < H) be a closed and downward closed
subscheme. Then we define the simplicial scheme B(P, Z) to be the bar complex applied to
P and Z. In other words

B(P,Z)([n]) = B(P,Z)([n]) ={w < xo < -+ <2y, 2 € Zyyu,, }-
This admits the augmentation morphism
e:B(P,Z)([n]) = X, (w<zg <+ <xp,2) = (w,p(2) € Xy).

2.5. Spectral sequences for the inclusion-exclusion principle for stratified schemes.
The following exposition is based on [DT24, Section 2.1]. Let k be a perfect field and let X
be a separated scheme of finite type over k.

Suppose that we have a finite filtration by closed subschemes:

ZoC21C"'CZn:X.
This induces a co-filtration of complexes
Zy = in-1Zgl(z, ) = — G0yl (7o)
and thus a spectral sequence with E;-page
By = HlJ(Uh)g, Zo),

ét,c

converging to ngg(X;, Zy) where U; = Z; \ Z;—;.

We extend this spectral sequence to spaces stratified by posets. Suppose that we have a
finite poset P and a collection of closed subschemes Z, C X for p € P such that Z, D Z,
whenever p < ¢q. We let S, = Z, \ Up<,Z, which is a locally closed subscheme of X. Since
P is finite, we may choose an injective homomorphism h : P — (N, <). We define n to
be max h(P) and set K; := Up(p)>n—iZp, With the reduced scheme structure. We obtain the
associated filtration:

@ZK,1CK0C"‘CK”CX

First suppose that for any x € X the set {p € P|z € Z,} has a maximal element. In
particular this shows that S, NS, = 0 whenever p # ¢. This assumption implies that we have
Ki\ Ki_1 = Sp-1(n—i) and there is a spectral sequence with E;-page

EY = Hi? ((Sh-1(n-iy)75: Ze)
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converging to Héi:fg((Kn)E, Zy). Note that for each n we have
@ E%j = @ Hé?t,c((SP)Ea Zf)
i+j=n peP

so that this direct sum is independent of the choice of h. However the differentials depend on
the choice of h.
When the above assumption fails, we can define Zariski open subsets

51/1—1(71_2-) = Kz \ Ki,1 C Sh—l(n—i)a
and we still have a spectral sequence with E;-page

EW = gt ((Sh-1(n_i))i> Zu), (2.1)

et,c

converging to H?H((Kn)g, Zy). However, note that the definition of S;L,l(n_i), and thus also

ét,c
the terms in the spectral sequence, depends on the choice of h.

Finally we introduce a version of this spectral sequence for bar complexes. We work in
the setting of Section [2.4.1] so that X is a separated scheme of finite type over W with a
stratification Z by (W < H) with P C (W < H). We assume that P is proper over .
Suppose that our poscheme P over W admits a stratification by a finite poset T = {T € ¥}
via the collection of closed subschemes Zr C P — W such that Zr is downward closed with
respect to the poset structure over W and Zr C Z7 whenever T < T". We also assume that
for any (w < x) € P, the set {T' € T|(w < x) € Zr} has a minimal element. Again we fix
an injective homomorphism h : ¥ — N. We define

Z; = Upr)<i 2T
We denote the inclusion Z; C P by ¢;, and we consider the sub-bar complex
i By = B(Z;,1iZ) — B(P,Z),
which induces a stratification of closed simplicial schemes
)=B,CByC---CB,=B(P,2)
This induces a co-filtration:
Ly — L;quzéhfzn,l)z — LB!ZA(BO); — 0.
We denote the induced filtration by
0=F"%Z,— F"'2, > F" %2, —» .- = F'Z, = Z,.

Then the graded part is given by

GripZ, = FI'2,/F'Z,,
and this gives rise to a spectral sequence

By = Hg ! (B(P, Z)g, GriLy) = Hy \(B(P, Z), ).

ét,c ét,c
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3. RATIONAL CURVES ON DEL PEZZO SURFACES

In this section we collect several preliminary results about the nef cone and rational curves
on degree 4 del Pezzo surfaces. We will focus on del Pezzo surfaces satisfying the following
condition:

Definition 3.1. Let S be a smooth del Pezzo surface of degree < 7 over a field k. We say
that S is split if it satisfies any of the following equivalent conditions:

e the pullback map Pic(S) — Pic(Sy) is an isomorphism;

e every (—1)-curve on Sy, is defined over k;

e the Picard ranks p(S) and p(S;) are equal.

3.1. Nef cone. Suppose that S is a split del Pezzo surface of degree 4 < d < 7. Then:

e The pseudo-effective cone of S is generated by classes of (—1)-curves.
e The nef cone of S is generated by fibers of conic fibrations S — P! and pullbacks of
the hyperplane class under birational morphisms S — P2.

We will impose a chamber decomposition on Nef;(.S) using the following structures which
were used previously by [Tes09, Corollary 2.3].

Lemma 3.2. Let S be a split del Pezzo surface of degree 4 < d < 7. For any class
a € Nefy(X)z, there is a non-negative integer b, a contraction of a (—1)-curve ¢ : S =Y,
and a nef class € Nefy(Y)z such that « = —bKg + * .

Furthermore if 5 is ample then the choice of b,v, 8 is unique.

Proof. Every codimension 1 extremal face of Nef(S) is the pullback of Nef;(Y') for some
contraction of a (—1)-curve ¢ : S — Y. Consider the subdivision of Nef;(S) where the
top-dimensional subcones are generated by —Kg and a codimension 1 extremal face. Every
nef class is contained in some cone in this subdivision, yielding an expression of the form
a = —bKg + ¢*f for some b € Rso and 8 € Nef;(Y). Since b = « - E where E is the
contracted curve we see that b € Z, and hence ( is also an integral class. Finally if 8 is ample
then there is only one full-dimensional cone in this subdivision whose closure contains o. [

Applying the lemma repeatedly, we obtain:

Proposition 3.3. Let S be a split del Pezzo surface of degree 4 and let o € Nefy(X)z. Then
there is a sequence of contractions of (—1)-curves

S—>53—>52—>Sl

with the following property: writing ¥; = S — S; for the induced map, H for the unique
pullback of a hyperplane class on P? to Sy, and Fy, Fy for the two classes of conics on S,
there are non-negative integers b, bs, ba, x, Y1, yo with

a = —bKg — b33 Kg, — bat)5 K, + 7 (xH 4 y1 ) + 2 F5). (3.1)

If all these integers (except possibly b) are positive, then there is a unique sequence of
contractions of three disjoint (—1)-curves such that o admits such an expression.

Definition 3.4. Suppose E = (Ey, Ey, E3) is an ordered triple of disjoint (—1)-curves. We
define Tz C Nef(S) to be the subcone generated by all curve classes o € Nef;(S)z which

admit an expression as in Equation (3.1)) for the ordered sequence of contractions of F1, Fy, Ej3.
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The arrangement of (—1)-curves on a split degree 4 del Pezzo surface are described by the
5-regular Clebsch graph so there are 960 choices of ordered triples of disjoint (—1)-curves.
(The Weyl group Ds has order 1920; its action on this set of triples has stabilizer of order 2
corresponding to identifying one of the two conic fibrations S; — P'.) Proposition shows
that as we vary E over all such choices, the union of the subcones T is all of Nef;(S) and
the intersections of their interiors are empty. We will use this subdivision of Nef;(S) in later
sections.

Notation 3.5. Fix a € Nef;(5). By an abuse of notation, we denote by 7, any region as
in Definition [3.4] that contains «. (We will only use this notation when the choice of 7, is
irrelevant.)

Retaining the notation of Proposition we define p, : S — P! x P! to be the composition
of 1; with the contraction of the unique (—1)-curve yielding a map to P! x P!. Labeling
the strict transform of this curve on S as Ey, we write (Ey, Fs, F3, Ey) for the corresponding
tuple of disjoint (—1)-curves on S.

We define p, : S — P! to be the composition of p, with the projection to the first factor.
We let F, denote a general fiber of p,. Finally we define the non-negative integers

ha)=—-Ks-« a(la) =F, -« ki=FE; «

a'(a)—2<h( ) — 2a(« +Zk )

Note that a/(«) is the intersection of « against a fiber Fa of the composition of p, with the
second projection map P! x P! — P!, We will sometimes surpress the o from p, p, F, h,a,d’, k;
in situations where it can be understood. We write k = (ky, k2, k3, k4). In the notation of

Equation we have:
—Kg-a =4b+ bbs + 6by + 3z + 2y + 2y
Fo, -a=2b+2bs+ 20+ 2+ y1
Ei-a=0 Ey,-a=b+10b; Es-a=b+4+0b3+ by Ei-a=b+bs+by+x
yielding the inequalities

h(a) > 2a(a Zk

If « lies in the interior of 7, then the 1nequahtles are all strict. The same inequalities hold
for a’(a)) by symmetry.

3.2. Rational curves. We next address the geometry of rational curves on S. Since maps
to (—1)-curves are ignored both by Manin’s Conjecture and by the Cohen-Jones-Segal
conjecture, we will concentrate on rational curves whose numerical classes are nef. Given a
class @ € N;(S)z, we denote by Mor(P!, S),, the space of morphisms s : P! — S such that
s.[PY] = «

Theorem 3.6 ([Tes09|, [BLRT23|). Let S be a del Pezzo surface of degree 4 over a field

k. For every a € Nef,(S)z the moduli space Mor(P!,S),, is geometrically irreducible of the
expected dimension and generically parametrizes free curves.

Proof. Tt suffices to prove the statement when k is algebraically closed. [Tes09, Corollary 5.2]

addresses characteristic 0 and [BLRT23, Theorem 1.5] addresses positive characteristic. [J
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Notation 3.7. Given a nef curve class a € Nef;(S)z, we will denote by M, the scheme
Mor (P!, S), as in Theorem [3.6

We will verify in Lemma that M, is smooth over every field.

4. CURVES AND CONIC BUNDLE STRUCTURES

Let S be a split degree 4 del Pezzo surface over a field k. Suppose we fix a nef class
a € Nef;(S)z along with the associated constructions in Notation . Note that p: S — P!
induces a morphism p, : Mor(P!, S) — Mor(P*, P!) sending M,, to the irreducible component
N, that parametrizes morphisms of degree a(a) := F' - a. In this section we will construct a
factorization

M, P N,

o

R,

where 1), is smooth surjective with connected fibers and m, is quasi-finite. The key result in
this section is that M, is an open subset of a Zariski-locally trivial projective bundle over R,,
and in turn R, is an open subset of a Zariski-locally trivial projective bundle over an open
subset of a product of projective spaces. In particular, M, is smooth.

4.1. Compactification of R,. In this subsection we work over a ground field different than
Fy. We fix an integer a > 1 and a ordered tuple of non-negative integers k = (ki, ko, k3, k4)
with k; < a foranyi=1,...,4.

To improve clarity of exposition, we continue to write B := P! for the domain of our
maps. The space N, = Mor(B,P!), parametrizing degree a morphisms is (by definition)
the open sublocus of the linear system |O(a, 1)| on B x P! that parametrizes sections. We
will identify P2**! with the linear system |O(a,1)| = P(H°(B x P!, O(a,1))). We fix four
k-points p1, pa, p3, pa € P and let By, By, Bs, By denote the corresponding fibers of the second
projection map for B x P!. (The p; will eventually represent images of the singular fibers of
S —PL)

Definition 4.1. We define the closed subscheme
Zax C P2 Hilb®I (B x Hilb™(B,) x Hilbksl(Bs) x Hilb*!(B,)
as the incidence correspondence
Zax = {([C), [T1], [To], [T5], [T4))| T; c C N B; for i =1,...,4}

where we have identified P***! = |O(1,a)| on B x P'. We call Z,x a configuration cover.
We let Z; , denote the preimage of N, C P2e+1 ynder the projection map. This is the space
of degree a maps s : B — P! together with divisors Ty, ...,Ty C B such that T; C s*(p;).

Our next goal is to study the properties of Z,x and Z; .

Proposition 4.2. The space Z,y C P! x [T Hilb*(B,) is the zero locus of a section of

a globally generated vector bundle of rank 7, k;.
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Proof. For simplicity of notation we will write ¥ = P2+1 x [T_, Hilb%1(B;). Let C be the
universal family over P?¢™! parametrizing divisors of type (a,1) in B x PL. If we define
L = Opypiyprati(a, 1,1), then C is the vanishing locus of a section s € HY(B x P! x P2+t 1),
We denote the projection B x P! x Y — B x P! x P2+ by ¢.

Next let

U, C B; x Hilb*(B))
be the universal family of the Hilbert scheme and let i; be its base change to B; x Y. We
consider the projection p; : U; — Y. Since this is a flat finite morphism of degree k; we
conclude that & = (p;)«(q¢*L|y,) is a locally free sheaf of rank k;. Then ¢*s defines a global
section of the locally free sheaf £ = @©_,&; whose zero locus is equal to Z, k.

It only remains to show that £ is globally generated. It suffices to prove that each &; is
globally generated. Note the fiber of & over a point y € Y is H(T,O(a)) where T C B;
is the length k; subscheme defined by the point in Hilb" (B;) corresponding to y. Thus the
composition H*(Y, &) @ Oy — & — &, can be identified with

HY(B xP' x P> L) = H(BxP' xY,¢*L) — H* (U, q*L]y,) — H(T, O(a))

which is the restriction map on global sections for T C q(B; x {y}) C B x P! x P?**!_ Since
k; < a we see that this map is surjective, showing global generation of &;. ([l

Corollary 4.3. The space Z; ) is equidimensional of dimension 2a + 1.

Proof. Proposition shows that every irreducible component of Z, x has dimension > 2a+1,
and so the same is true for the open set Z7 .. On the other hand, since the projection morphism

Zoy = P2e+! s quasi-finite we see that every irreducible component of Zg has dimension
< 2a+1. U

We next study the restriction of the projection morphism:
4

Gar : Zage — [ Hilb* (By).
i=1

Note that for any ¢ = 1,...,4, B; is naturally identified with B under the projection map.
Using this identification we define the following Zariski open subset of [[_, Hilb¥(B,):

4
Uy = { Tl e ] Hilb[’“](Bi) for any ¢ # j, the supports of T; and 7T} are disjoint} )
i=1

Lemma 4.4. Assume that 2a > Y, k;. Then every fiber of ¢ox : gb;ll((Uk) — Uy 15 a projective
space of dimension > 2a+ 1 —3; k;. Moreover we have

%,k(Zz,k) C Uk.
as a Zariski open subset, and the fibration
Gak : Zf;k — ¢a,k(Zg,k)
is an open subset of a Zariski-locally trivial P2 H1=22 K bundle over Gax(Zg1)-
Proof. For any ([T;]) € Uk the linear subspace

{[C] € P**™ | for every i = 1,...,4, C'N B; contains T} as a closed subscheme. }
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has dimension > 2a + 1 —>7 ;| k; > 0, showing the first claim. Next, for any irreducible
curve C' in the linear series |O(1, a)| the supports of the C'N B;’s cannot share any point so
that the image of [C] lies in Ux. We claim that the morphism

qba,k

is smooth. Since Z7, is equidimensional by Corollary smoothness follows from Lemma
once we show that the fibers are smooth of the expected dimension. Consider the exact
sequence

. o
Z{i,k . Za,k _> Uk,

0— Nc/BX[pwl(—Tl — = T4) — NC/BX]P’l — @?ZINTZ./B — 0.
We have N pxpt = Oc(2a). Since 2a — > k; > 0 we conclude that ho(C, Neypsp (=11 —
co=Ty) =2a+1—3I_ ki and h'(C, Nojpxp (=11 — --- — Ty)) = 0. In particular the

obstruction space vanishes so that the moduli space of sections is smooth at C' of dimension
hY. This concludes the proof of smoothness of gba7k|Z;>’k. Since ¢a,k|Z;’7k is flat, ¢ux(Zg)) is an

open subset of Uy. Then the natural morphism from Z3, to P**** x ¢,1(Z5 ) ) realizes each
fiber as an open subset of a linear subspace of P2¢*!. This is also true of the generic fiber,
thus gbgll((gbak(Z(jk)) is a Zariski-locally trivial projective bundle over ¢qx(Z; ) O

As an immediate consequence, we obtain:

Corollary 4.5. Suppose that 2a > 3>, k;. Then Z;, is smooth and geometrically irreducible
of dimension 2a + 1.

4.2. Configuration covers and the Stein factorization. We now return to our original
setting: we would like to consider the Stein factorization of (a compactification of) p, :
Mor(B, S)o = M, — N, = Mor(B,P!),. Recall that Notation describes the notation
involving the nef curve class a and the constants h, a, k.

Since S is a split del Pezzo surface, the conic bundle p : S — P! will have four reducible
fibers. For i = 1,...,4 we let p; € P! denote the k-point which is the p-image of the
exceptional divisor F;. We construct Z,x with respect to these four points as in the previous
subsection. We then define the morphism 1, : M, — Z;, by sending

[s: B— S|~ ([pos],[s*(EL)],...,[s(E)])

Note that we have a factoring p, = 7 0 ¢, Where 7 : Z) — P***! is the projection map. In
this subsection our goal is to study the morphism ,,.

Lemma 4.6. The morphism v, : My — Z3  is smooth.

Proof. By Lemma [2.1] it suffices to show that the fibers of ¢, are smooth of the expected
dimension. We first analyze the fibers of M, — Uy. Each fiber can be interpreted as the
sublocus of Mor (B, S),, that sends a designated subscheme T} to E; for every 1 < i < 4. Thus
the tangent space and obstruction space of the fiber at a point s : B — S are determined
by the cohomology groups of s*Ts(—log(E; + Ey + E3 + Ey4)). Using the birational map
p: S — P! x P! of Notation [3.5 we can identify

S*TS(— 10g(E1 + E2 —+ E3 + E4)) = S*p*Tplxpl(—El — Eg — E3 — E4)
= OB(2CL — Zk@) ©® 03(20/ — Z kl)

By the inequalities of Notation we see both direct summands have vanishing H'. We

conclude that M, — Uy is smooth by Lemma [2.1]
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The tangent spaces of the fibers of Z7, — Uy were computed in the proof of Lemma
By comparing this lemma against the direct summand decomposition above, we conclude
that the deformation theory of points in the fibers of v, is controlled by the kernel of the
map
s*Ts(—log(Ey + Ey + E3 + Ey)) — s*p*Tpr (— ZTZ)

This map is projection onto the first factor in the direct summand decomposition above. The
kernel Op(2a’ — Y k;) is a nef line bundle. Again we are in a situation where obstructions
vanish and thus can conclude smoothness by Lemma [2.1] O

Definition 4.7. We let R, C Z;, denote the open subset which is the image of the flat
morphism M, — Z7,. We let 7, : R, — N, denote the restriction of the projection map
T 29y — No C PPt

Before continuing we need an auxiliary construction.

Construction 4.8. We have a morphism p/, : Mor(B, S) — Mor(B,P!) given by composing
with the birational map p: S — P! x P! and the second projection map P! x Pt — P1. We
construct Zg, , as in Section 4.1} note that all results in this section hold equally well for
Zg - In particular, defining @), = R, Xy, Z, ok We obtain an induced morphism

1: My — Q.

Lemma 4.9. The morphism i is an open immersion realizing M, as an open subset of a
Zariski-locally trivial P"=2%F1 bundle over R,.

Proof. Since both M, and @), are smooth and have the same dimension, it suffices to show
that ¢ is étale and set-theoretically injective. We show that it is étale by computing the
induced map on tangent spaces. Recall from the proof of Lemma that the relative tangent
space of the map M, — Uy is

HO(B, S*TS<— lOg(El + E2 + E3 -+ E4))) & S*p*TIpl(— Z ﬂ) @D S*p/*Tﬂml(— ZE)

In turn these two summands are the relative tangent spaces of R, and 23, , over Uy. This
shows that the induced map on tangent spaces is an isomorphism, so 7 is étale. Injectivity
follows from the fact that p, : Mor(B,S) — Mor(B,P! x P!) is a bijection on the set of
morphisms which meet the open locus where p is an isomorphism. Lemma |4.11]| shows that
Zy x 1s an open subset of a Zariski-locally trivial projective bundle over Uy, and thus by base
change M, has the analogous property over R,,. U

Putting everything together, we obtain:

Theorem 4.10. The morphism p, : M, — N, factors as p, = 74 0 Yo where ¥y, : My — R,
realizes M, as an open subset of a Zariski-locally trivial PP=21 bundle and m, is quasifinite.
In particular, M, is smooth.

4.3. Dimension bounds. Consider the chain of morphisms M, — Z, — Ux. Our final
goal is to estimate the dimension of the complement of the image of M,. We will do this in
several steps; the first is to analyze the image of Z7, — Uy.

Lemma 4.11. Consider the sublocus of Uy parametrizing closed subschemes in L; B; C B x P!
which are not contained in any irreducible section parametrized by |O(a,1)|. This locus is

empty if Zle k; < a and has dimension at most 23" k; — (2a + 1) otherwise.
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In particular, the complement of ¢ax(Zg ) in Uy is empty if > ki < a and has dimension
at most 23" k; — (2a + 1) otherwise.

Proof. By Lemma every fiber of ¢,k over a point of Uy is a projective space of dimension
>2a+1—3,;k; >0 and in particular is non-empty. Suppose ([T;]) € U is a point which is
not in the image of Z7 . Thus the general divisor contained in the fiber qﬁ;i([TZ]) will admit
some mp-vertical components. We let ¢; (respectively f2) denote the intersection of m50O(1)
with the union of all irreducible 7;-vertical components of a general divisor in the fiber which
do not (respectively do) intersect some T;. Then the dimension of ¢, ([T}]) is

maX{O,2a+1—2€1 _KQ_Zkl}_'_gl

This needs to be greater than or equal to 2a + 1 — >, k;. This is only possible when
2a +1—20; — by — Y ; k; <0 so that the dimension is exactly ¢;. In particular

On the other hand, for any ¢ = 1,...,4, by taking intersection of our divisors against B; we
see that a — ¢; > k;. Altogether we have

a —max{k;} >, ZQa—i—l—Zk‘i.

This implies that >, k; — max;{k;} > a + 1, proving the claim about emptiness.
The dimension of the locus in P?*! parametrizing divisors such that the m-vertical
components have degree ¢ + /5 is

2a—€1—€2+1.

Thus, the sublocus of (b;j((Uk) corresponding to such divisors is also bounded above by this
number. Since the argument above showed that the fiber over (|T;]) has dimension ¢;, we
have
dim[Ti](Uk \ Cba,k( ;,k)) § 2a — 251 - EQ + 1.
Combining with the inequality
b>2a+1-Y ki,

we obtain

dim(Ux \ dax(Zgy)) <2> ki —2a — 1. O

We next turn to the morphism ¢, : My — Z; .

Proposition 4.12. Consider the map Vo : Mo — Z3).. The complement of 1o (M) is empty
if h —2a — Y k; > 0 and has dimension at most 3. k; — (h — 2a + 1) otherwise.

Proof. Choose a point ([C'], [T1], [T3], [T3],[T4]) € Z3) and define Yor = C7 xp1, S. Then p,
induces a birational morphism ¢¢ : Yor — O x PL. For every morphism B — S in the fiber
of My — Z3, the graph can be identified with a section Cy of C’ x P! of relative anticanonical
height 2a’ = h — 2a — " k; such that T; € C; Y (C" x {p;}).

Conversely, suppose we have a section C; of relative anticanonical height 2a’ on C’ x P!

whose intersection with C’ x {p;} contains T; for every i. Then its strict transform on Y
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gives a section which in turn can be viewed as the graph of an element of M,. Thus the
dimension of the complement of v, (M,) is bounded by the dimension of the locus of ([T;])
which are not contained in an irreducible section of C’ x P! of relative anticanonical height
2a’. Lemma shows that this locus is empty if > k; < @’ and has dimension at most
23" k; — (2a’ + 1) otherwise. Using @’ = 1(h — 2a + 3" k;) we obtain the statement. O

By combining Lemma and Proposition we obtain:

Proposition 4.13. Consider the composition
Pak © Vo : Mo — Zgy — Uk,
Then the dimension of Uy(a) \ Gax © Va(M,) is at most

max{QZk‘i—(2a+1),22ki—(2a’+1)}.

4.4. Pointed morphisms. In this section we reformulate the previous results in the setting
of pointed morphisms. Since the arguments are essentially the same, we will only outline the
proofs.

In this section we let B = P! denote our domain curve. We fix base points *p and *p
on B and P! respectively. For any a > 0 we let P?* denote the linear system of divisors of
type (a,1) in B x P! passing through (xp, *p1). This is isomorphic to a hyperplane P?* in
|(a,1)|. Suppose py, ..., ps € P! are distinct k-points on P! which are different from s#p:. Let
B; =B x {p;} € B xP".

For a fixed index 1 <1 < 4 and a fixed integer 0 < k; < a we define

Zairiw = 1([C], [T]) € P? x Hilb™(B,) | T c C} ¢ P?* x Hilb*!(B,).

We define the configuration cover as

4
Zaser = Zat s Xp2o -+ Xpzo Zaa g C P2 x [ HilbM(B))
i=1
equipped with the projection o . : Zox. — P2
We denote the open locus of P?* parametrizing honest sections by N, , and we denote its
preimage in Z, k. by Z; .. We first analyze the structure of Z7 , using the fibration
¢a7k7* : Zg,k,* — Uk,*
where
4 . .
. : kil | for every i, the support of T; does not contain *p and
Ve { 73] € g Hilb™(5:) for every ¢ # j, the supports of 7; and T} are disjoint
Lemma 4.14. Assume that 2a > Y_; k;. Then every fiber of ¢gx.x : qﬁ;i*(Uk*) — Uk 15 a
projective space of dimension > 2a — >; k;. Moreover we have

¢a,k,* (Zz,k*) C Uk,* .

as a Zariski open subset, and the fibration
¢aak7* : Zz,k,* - ¢a7k(Zz,k,*)

is an open subset of a Zariski-locally trivial P22k _bundle over Pajes(Zg 1)
In particular Z3, , is smooth and geometrically irreducible.
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We next return to the surface S and the morphism p, : M, . — Ng.. As before, we
construct Z, . with respect to the four k-points which are the images in P! of the singular
fibers. We then define the morphism v, . : My . — Z7 ) , by sending

[s:B—= S|~ ([pos],[s"(E1)],...,[s"(E))]).

If we assume that 2a > >" k; and 2a’ > " k;, then the same argument as in Lemma 4.6 shows
that v, . is smooth. Under these assumptions we let R, . C Z; , denote its image and let
Ta« @ Rax — Ny denote the projection map.

Theorem 4.15. Assume that 2a > Y k; and 2a’ > Y k;. The morphism p, : My . — Ng .
factors as p. = o 0 Yo where Vo + My — Ro . realizes M, . as an open subset of a
Zariski-locally trivial P"=2*-bundle over the Zariski open subset R . and T is quasifinite.
In particular, M, is smooth.

Finally, we turn to dimension estimates.

Lemma 4.16. Assume that 2a > 3" k;. Consider the sublocus of Uy . parametrizing closed
subschemes in L; B; C B x P which are not contained in any irreducible section parametrized
by |O(a,1)| passing through the base point. This locus is empty if i, ki < a and has
dimension at most 23 k; — 2a otherwise.

By applying Lemma twice — once to the map ¢qx . ¢;i7*(Uk,*) — Uy and once to
the map o . 1 My — Zg,k,* — we obtain:

Proposition 4.17. Assume that 2a > > k; and 2a’ > Y. k;. Consider the composition
¢a,k,* o wa,* : Ma,* — Z;7k7* — Uk,*'

Then the dimension of Ux(a) \ @akx © Ya,x(Ma ) is at most
maX{QZki —2a,2) k; — Qa'}.

5. STRATIFYING THE HILBERT SCHEME

Suppose B is a smooth projective curve. Then Hilb(B) carries the structure of a poscheme
where the relation < corresponds to containment of closed subschemes. [DT24] studied
the space Hilb(B)® of poset homomorphisms ) — Hilb(B) and introduced a combinatorial
stratification of this space. In this section we recall their constructions and rephrase them in
the setting of poschemes. The main new addition is the key example We will closely
follow the exposition of [DT24], Section 3].

5.1. Poschemes of divisors. Let k& be a perfect field and let B be a smooth curve defined
over k. We denote the poscheme of all closed subschemes of B by Hilb(B). Note that this
poscheme includes a maximal element which is a k-point corresponding to the entire scheme
B as well as a minimal element which is a k-point corresponding to the empty set. We denote
the poscheme of finite length subschemes of B by Hilb(B) (i.e. Hilb(B) is obtained from
Hilb(B) by adding in the maximal element B).

Definition 5.1 ([DT24] Definition 3.1]). Let @ be a finite étale poscheme over k with a
largest element 1 which is a k-rational point. We set

Q =0\ {1}
29



We denote the poscheme of homomorphisms ) — Hilb(B) which take 1 to B by
Hilb(B)“.

This means that for any k-scheme 7', an element z € Hilb(B)%(T') consists of a collection of
subschemes
{zq C B x T}eqm

such that each z, is a flat subscheme over T for ¢ € @(T), x; = B x T, and p < ¢ implies
z, C x,. Note that one can realize Hilb(B)? as a closed subscheme

Hilb(B)? ¢ Mor(Q, Hilb(B)).

We denote the subposcheme of Hilb(B)% consisting of homomorphisms such that the preimage
of B is 1 by Hilb(B)®.

Suppose we fix an element 2 € Hilb(B)%(k). Then for each ¢ € B(k), one can define a
homomorphism of posets g, : Q(k) — N by assigning to each ¢ € Q(k) the length of z, at
c. In this way one can define a one-to-one correspondence between elements of Hilb(B)? (k)
and the set of finitely supported functions:

B(k) — Hom(Q(k), N).

We say that a homomorphism g. : Q(k) — N is trivial if g.(g) = 0 for every ¢ € Q(E).
The support of a function g : B( ) = Hom(Q(%k),N) is the set of ¢ € B(k) such that g, is
non-trivial. When z € Hilb(B)?(k), we can equivalently consider this element as a function

g+ B(E) — Hom(Q(E),N U {o0}),
by assigning ¢.(¢) = oo whenever z, = B.
5.1.1. A key example. We describe a key example for our analysis. The geometric motivation

for this example will be explained in Section [6]
Let V; (i = 1,2) be a 2-dimensional vector space over k and set

V=Viel.

We fix a non-negative integer r and for each 5 = 1,2 we pick r distinct 1-dimensional subspaces
l;; C Vi(i =1,...,r) which are defined over k. Let ) be the following set of subspaces of V:

{(V,Vi® {0}, {0} & Vo,0} U{li1 ® lia, b1 ® {0}, {0} B lin}izy

.....

Under inclusion this becomes a finite étale poscheme that admits meets, i.e., the intersection
of two subspaces in () is still contained in ().

5.2. Essential saturated elements.
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5.2.1. Saturated elements. We closely follow the discussion of |[DT24, Section 3.3]. First we
introduce the following definition from |[DT24] Section 3.3]:

Definition 5.2 ([DT24, Definition 3.3]). Let @ be a finite étale poscheme over k and assume
that every subset S C Q(k) admits a meet Nsess. Let B be a smooth projective curve over
k. We say an element {4} com € Hilb(B)? (k) is saturated if for any subset S C Q(k), the
natural containment yields an equality
I/\Sess = ﬂ Ts.
ses

In other words, the associated homomorphism = : Q(k) — Hilb(B)(k) preserves meets. Let
Q75 (k) C Hilb(B)?(k) be the subposet of saturated elements, which is a Zariski open subset
of Hilb(B)?(k). Then since Q75 (k) is Galois invariant, this open subscheme descends to the
open subscheme Q77 C Hilb(B)? defined over k.

In terms of finitely supported functions g : B(k) — Hom(Q(k), N), being saturated means

that for any ¢ € B(k), g : Q(k) — N preserves meets. We write g. : Q(k) — N U {oo} for

the extension of g. : Q(k) — N by assigning g.(1) = oo. When g, preserves meets, its left
adjoint f. : NU {co} — Q(k) is given by

fe(n) = min{q € Q(k) | gc(q) = n}.

The following definition describes the properties which characterize f..

Definition 5.3. Let () be a finite étale poscheme with meets and with a maximal element 1.
A chain is a poset homomorphism f : N U {oo} — Q(k) with the following properties:

(1) f(0) =0 is the minimal element of Q, and
(2) f preserves joins, i.e., for any S C NU {co} we have

FVS) = Vf(S).
This is equivalent to requiring that f(n) = 1 for n > 0.

We denote the set of chains by ch(Q(k)). By the trivial chain, we will mean the chain with
f(0) =0and f(n) =1 for n > 1. The trivial chain is denoted by V or 1.

Given a g, : @(l{:) — N that preserves meets, the corresponding f. constructed above is a
chain. Conversely, for any chain f, : NU {oo} — Q(k) its right adjoint g. : Q(k) — NU {oco}
defined by

9e(q) = max{n € NU{oo} ¢ = fe(n)}

will have the property that g;'({oo}) = {1}. In this way, there is a one-to-one correspondence
between the set of chains f. : NU{oo} — Q(k) and the set of homomorphisms g. : Q(k) — N
preserving meets.

Next we recall the following definition from |[DT24] Section 3.3
Definition 5.4 (|[DT24} Definition 3.8]). The saturation function is the function
sat : Hilb(B)? (k) — Q"2 (k),

which is the left adjoint to the inclusion functor of the subposet of saturated elements. In
other words, for any D € Hilb(B)?(k), sat(D) is defined as the smallest saturated element

greater than or equal to D. Note that this saturation function is Galois-equivariant. In
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particular if D is a k-rational point on Hilb(B)?, then sat(D) is also a k-rational point on
QJB'
Example 5.5. Let ) be the finite étale poscheme defined in Section [5.1.1] so that we have
In this case, an element D of Hilb(B)%? (k) consists of divisors
-DV17DV27 Df1,1EB€1’27 R Dfryl@@p,g?Dfl,U s 7-DZ DZ1,27 R DZ
This element is saturated if and only if we have
DO - DV1 N DV2 = Dfi,lEBfi,Q N DZ]’J@EJ}2

r,10 T,27D0'

for any ¢ # j and
Dfi,j = Dfi,l@&',z N DVj
for any i,j. For any D € Hilb(B)?(k), D' = sat(D) is given by
D6 = (DV1 N DVQ) U U(D&q@@m N ij,ﬂ%j,z)?
i#]j
DZU = D6 U (D5¢,169€¢,2 N DVj)?
Déi,l@&g = D‘ei,l@giﬂ U D6 U D2i11 U Déig’

Dy, = Dy, UDyU J Dy, ..

i=1
For ¢ € B(k), the associated function g, : Q(k) — N consists of values
G (V1), 9e(V2), Ge(lin ® €i2), ge(liz), 9c(0),

fori=1,...,r and j = 1,2. The function g. : Q(k) — N is saturated if and only if:
® G.(¢;;) is equal to the minimum of g.(¢;1 @ ¢;2) and g.(V;), and
e 3.(0) is equal to the minimum of g.(V;) and g.(V2) and also equal to g.(¢;1 @ ¢;2) for
every index i but one (for which the value may be larger).

Let g. : Q(k) — N be a saturated function. For simplicity, let us assume that g.(V;) >
Ge(V2) and g.(¢11 @ (1) is the maximum among §.(f;1 @ ¢;2)’s. First let us assume that
Ge(li1) = Go(V1), ie., Ge(V1) < Ge(lr11 @ €12). Let mg = gc(0) and my, , = go(¢1,1) — g.(0) and
My ot = Jelli1 @ €12) — Ge(fr1). Then f, : NU {00} — Q(k) is given by
0 if n <myg
f(n) = 014 if mo <n <mo+my,,

¢ by @l ifmg+me, <n < mg+me My e,
174 if mo +myg,, + Mmoo, <N
We write this chain as mg[0] + memwm] + My @ [11 @ €12]. When we have ge(f1,1) =
Ge(l11 ® 1 2), fo takes the form
0 if n <my
f.(n) = by ifmg <n <mg+my,
Vi if mg +myg,, <n <mg+myg, +my,

V if mo +my,, +my, <,
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where my, = g.(V1) — ge(¢1,1). We write this chain as mo[0] + my, , [(11] + my, [V1].

5.2.2. Essential saturated elements. We next define a poset structure on the set of chains
ch(Q(k)). We emphasize that our ordering is opposite to the poset structure naturally induced
by Q(k); this choice guarantees that the ordering of chains is compatible with the ordering of
saturated elements of Hilb(B)?(k) so that there is no confusion when passing between the
two settings.

Definition 5.6 ([DT24, Section 3.4]). Let Q be a finite étale poscheme with T and assume
that every subset of Q(k) admits a meet. For any f, f' € ch(Q(k)), we say f < f’ holds if for
any n € NU {oo}, we have f'(n) < f(n) as elements in Q(k).

Since Q(k) has meets, ch(Q(k)) has joins, i.e., for any f, f’ € ch(Q(k)), the join fV f’ of

f and [’ is given by
(f V. [)n) = f(n) A f'(n),
for any n € NU {oco}. We have a canonical injective homomorphism
Q(F)™ — ch(Q(k))
g~ (0<g<T<1<-)

Now we introduce the notion of essential saturated pairs which plays a crucial role in our
analysis:

Definition 5.7 ([DT24, Definition 3.11]). Let @ be a finite étale poscheme with 1 and
assume that every subset of Q(k) admits a meet. We also assume that the natural inclusion
Q(k) — Q(k) is a bijection.

Let fy € ch(Q(k)) be a chain. Let & be the set of f, € ch(Q(k)) such that fy < fs, i.e.,
fo < fs and there is no f’ € ch(Q(k)) satisfying fo < f' < fs.

We say a pair of chains fy < f is essential if f can be obtained from f; by taking the join
of some subset of G.

Let B be a smooth projective curve. Suppose that W C Q7% is a locally closed subset
with the reduced scheme structure. We say that (w < x) € (W < Q7P)(k) is essential if for
every ¢ € Supp(w < x)(k) we have that f* < f? is essential.

In our setting, this notion can be made explicit:

Example 5.8. Let () be the poscheme defined in Section and considered in Example
We will describe the essential saturated pairs fo < f where fo = my, @0, [li1 @ liz2].
First let us list pairs such that fy < f:

My, e, [li1 @ Lig] < (M, +1)[lia @ o]
mfz‘@@fi,z[gi,l > 61,2] = [gi,j] + (m&,ﬁBEi,z - 1)[£i,1 s> Zi,2] (] = 17 2)

Then the list of pairs fy < f in ch(Q)(k) such that fo < f is essential is the above list plus
the following pairs:

tiaetizlin © i
[1J]+mfz1@fzz[£ll@‘€z2] (j=1,2)
0] + (mfz 1@l — D[y @ ¢ 2]

0] + Mg, et,.0 (i1 @ 2]
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One can perform a similar analysis for other chains fy. The other relevant example for us
will be the trivial chain fo =V = (0 <V <V < ...); in this case the list of saturated f
such that fo < f is essential is:

V7 [‘/3]7 [gi,l S gi,2]7 [gz,j]u [0]7
as we vary over j = 1,2 and 7 =1,...,4.
The following proposition is the main motivation of introducing this notion in [DT24]:

Proposition 5.9 ([DT24, Proposition 3.13)). Let Q be a finite étale poscheme with 1 and
assume that every subset of Q(k) admits a meet. B
For any fo € ch(Q(k)), essential pairs in (fo < ch(Q(k))) form an initial subposet of

the poset (fo < ch(Q(k))). In particular the inclusion from the nerve of the subposcheme

of essential pairs to the nerve N(fo < ch(Q(k))) of the poscheme (fy < ch(Q(k))) induces
isomorphisms of (-adic cohomologies.

Proof. For any fy < f € ch(Q(k)), the set of essential elements f, < g satisfying g < f
admits a maximal element ess(f). Indeed, one can define ess(f) to be the join of all f, such
that fo < fs < f. Because ess(—) is right adjoint to the inclusion of essential elements, the
natural transformation from the identity functor to ess(—) induces a deformation retraction
from the nerve of the finite étale poscheme (fy < ch(Q(k))) to the nerve of the poscheme of
essential pairs. (Alternately, see [DH24, Lemma 3.2.1|, and note this retract is proper in the

sense of [DH24, Section 2.1.3] and so [DH24, Lemma 2.2.2] applies). O

5.3. Combinatorial functions. Here we follow the exposition of [DT24, Section 3.5].

Definition 5.10. Let B be a smooth projective curve. Let Qbe a finite étale poscheme
with meets and 1. Let h: Q(k) — N be a function satisfying h(1) = 0. Then we extend this

function to h : ch(Q(k)) — N by
h(f) =2 h(f(n)).

n>1
Note that this is a finite sum due to the fact that h(1) = 0.
Next let 2 € Q7P(k) be a saturated element which corresponds to a finitely supported
function

B(k) — ch(Q(k)), ¢ — f..
We extend the function h : ch(Q(k)) — N to h : Q7B(k) — N by defining it as

ceB(k)

Again this is well-defined because for the trivial chain f = 1, we have h(f) = 0. We further
extend h to h : Hilb(B)?(k) — N by composing with sat : Hilb(B)? (k) — Q7B (k).

Finally we extend h to pairs by h(w < z) = h(w) — h(z) or h(x) — h(w) depending on the
context.

We construct several functions on Q77 (k) using this construction following [DT24, Section

3.5].
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Example 5.11 ([DT24, Example 3.14]). We fix ¢ € Q(E), and we denote the indicator
function of {qo} by mg,. We call the extended m,, : QZ(k) — N as the number of occurrences
of qo. This notion coincides with the notion used in Example [5.5]

Example 5.12 (|DT24, Example 3.15]). We assume that Q(k) = Q(k). Assume that Q(k)
is a graded poset, i.e., every maximal chain in Q(k) has the same length. We first define
the function rank : Q(k) — N which assigns to ¢ € Q(k) the length of the maximal chain
starting at 1 € ch(Q(k)) and ending at ¢ € ch(Q(k)). Then we extend this to the function
rank : Q7P (k) — N. The value rank(f) for f € ch(Q(k)) is the length of the maximal chain
starting at 1 € ch(Q(k)) and ending at f € ch(Q(k)). For any = € Q7P (k), the value rank(x)
is equal to the cohomological dimension of the simplicial scheme N([T,z] N Q7E(k)).

Example 5.13 ([DT24, Example 3.16]). For any z € Q’5(k), we define |Supp(z)| as the

number of ¢ € B(k) such that f. is non-trivial.

Example 5.14. Let Q be the poscheme defined in Section and considered in Examples[5.5|
and [5.8] We have rank(¢;; & (;5) = 1, rank(V;) = 1, rank(¢; ;) = 2, and rank(0) = 3. This
poset is graded. Next we define v: Q(k) — N by

(1) =0, ¥(lig @ lig) =2, 7(V;) = 2,7(4; ;) = 3, 7(0) = 4.

This extends to a combinatorial function  : Q’?(k) — N. In Section [6] we will _interpret ()
as the expected codimension of the incidence condition imposed by = € Q7P (k).

5.4. Combinatorial stratifications of Q”/”. Let Q be a finite étale poscheme with 1 and
meets and let B be a smooth projective curve. We describe combinatorial stratifications of
Hilb(B)? and Q’® following the exposition of [DT24, Section 4].

5.4.1. Stratifications by combinatorial types. We define combinatorial types of z € Hilb(B)% (k)
following [DT24) Section 4.1]:

Definition 5.15 (|DT24, Section 4.1]). Let z € Hilb(B)%(k) which corresponds to a finitely
supported function

B(k) - Hom(Q(k),N), ¢ — ge.

Then the combinatorial type of x is the multiset

type(x) = {gcn ce 75@,}

where {¢; € B(k)|i=1,...,¢} is the support of . The set of combinatorial types is the set
of multisets of homomorphisms g : Q — N.

Note that z € Hilb(B)?(k) is in Q'P (k) if and only if every g : Q(k) — NU{oo} € type(z)
is meet preserving. In this situation, we say that the multiset type(x) is saturated.

Note that there is a canonical bijection between saturated types and multisubsets of
ch(Q(k)). Also the combinatorial type of the saturation sat(z) of x € Hilb(B)?(k) only
depends on the combinatorial type of x showing that we have the saturation function from
the set of combinatorial types to the set of saturated types.

Using combinatorial types, we obtain stratifications of Hilb(B)%:
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Definition 5.16 ([DT24] Definition 4.1]). Let T" be a combinatorial type. Then we define
a Zariski locally closed subset Nz C Hilb(B)%2 such that N7 (k) is equal to the subset of
x € Hilb(B)?(k) such that type(x) = T. Since Nz is Galois invariant, it descends to a
Zariski locally closed subset Ny C Hilb(B)@ defined over k.

Note that the locally closed subset N is isomorphic to a form of the configuration space
Conf(B;T) of B labeled by T'. Also we have

NrNQP£) = NpcCQ/?P «— T is saturated.

Definition 5.17 ([DT24; Definition 4.2]). Let {g1, ..., g}, {h1,..., hy} be two combinatorial
types. Wesay {g1,...,0¢} > {h1,...,hs} if thereisainjectivemap o : {1,...,s} — {1,...,¢}
such that for any j € {1,...,s}, we have
9o() = Tj-
We say {g1,...,0¢} >+ {El, o ,ﬁs} if there is a surjective map o : {1,... ¢} — {1,...,s}
such that for any j € {1,...,s}, we have
Z gi = ﬁj-
i€o~1(j)
Also when s = 0, i.e., {hq,..., hy} = 0, we formally insist that we have {gi,..., G} >4 0.
Note that with this definition, the set
U NT’:
T'<,T
is closed in Hilb(B)®? and is downward-closed with respect to the poscheme structure of
Hilb(B)@.
Definition 5.18 (|DT24] Definition 4.5]). Let T" be a saturated combinatorial type. We
define
sr= U A
T sat(T")=T

Note that Sy agrees with the disjoint union I_IT/7sat(T/):TNT/. This provides a coarse
stratification of Hilb(B)Q. We define the relation <, g as the transitive closure of the
following relation on the set of saturated combinatorial types:

T1 =<4 sat To if there exist types Ty, Ty with 77 <, Ty and sat(7}) = T; for i = 1,2.

This defines a poset structure on the set of saturated types, and the saturation function from
the set of combinatorial types to the set of saturated combinatorial types is a homomorphism
with respect to <, and </ g ([DT24, Proposition 4.6]).
For any saturated type T', we define
ZT - U ST/ - U Njﬁ

T' saturated, T’ < satT' f, sat(%)§+ sat '

It follows that Zr is closed in Hilb(B)? and is downward-closed with respect to the poset
structure of Hilb(B)¥. Also we have

ZTl C ZT2 — Tl §+,sat T2a
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and
ZT \ U ZT’ = ST.

T/<+,satT
See [DT24] After Proposition 4.6] for more details.

5.5. Variants. As usual Q is a finite étale poscheme with 1 and meets and B is a smooth
projective curve.
Relative variant:
In [DT24] Section 4.3], the first and the fourth authors extended the notion of combinatorial

types for the poscheme

(Hilb(B)? < Hilb(B)?),
consisting of pairs (w < z) where w, z € Hilb(B)?. Indeed, one may interpret this poscheme
as Hilb(B)?*! where I is the poscheme consisting of two k-rational points 0 < 1, and we
give @ X I the product poscheme structure. Any combinatorial type of this poscheme is a
multiset of the form

196 < e 296 < 95 b
For each such combinatorial type T', we have a Zariski locally closed subset N7 C (Hilb(B)® <
Hilb(B)?) defined over k. We also have the relations <, and <, . on the set of combinatorial
types and the set of saturated types respectively. Let W C Hilb(B)? be a locally closed

subset which is a finite union of locally closed subsets Ny where T” is a saturated type of
Hilb(B)®. Let T be a saturated combinatorial type of (W < Hilb(B)%). Then we define

Zr = ( U NT/) N (W < Hilb(B)?),
T, sat(T") <4 sat T
which is closed and downward-closed in (W < Hilb(B)®).
Pointed variant:
Assume that B is pointed, i.e., we fix a k-rational point * € B. Since the Cohen-Jones-Segal
conjecture addresses the space of pointed maps, we need to extend our definitions to pointed
maps as explained in [DT24, Section 4.4]. A combinatorial type of Hilb(B, *)? is a multiset

{gcovgcu s >§cz}a

where ¢y = *. Note that g., could be the trivial function. We have

{§07§17 <. 7§€} 2+ {E(Lﬁla S 7?1'5}7

if there is a pointed surjective map o : {0} U{1,...,¢} — {0} U{1,..., s} such that for any
J€{0U{l, ..., s} we have h; < 3 ;c,-1¢;) gi- This induces <, ¢ and the stratification Zr
and Sr.

6. OUR COMMON SET UP: BLOW UPS OF A SMOOTH QUADRIC SURFACE

We next describe the common setup for the Cohen—Jones—Segal conjecture in Section
and for Manin’s conjecture in Section [9] Recall from the introduction that we will think of a
split degree 4 del Pezzo surface S as a blow-up of a quadric surface P! x P! at four points.
This section explains how to relate curves on S and P! x P!

Throughout this section we assume that our ground field k is a perfect field.
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6.1. Blow-ups of quadric surfaces. We consider a smooth quadric surface P' x P! with
the projection maps 7; : P x P* — P! for j = 1,2. Let r > 0 be a positive integer and fix r
distinct k-rational points (p1,p}), ..., (pr,p.) on Pt x PL. Let p, : S, — P! x P! be the blow
up of Pt x P! at (p1,p}),..., (prp.). We will always make the following:

Assumption 6.1. The points {p;}i_, are distinct and the points {p;};_, are distinct.

Note that this assumption is satisfied for any birational morphism S — P! x P! from a
split degree 4 del Pezzo surface S.
For a fixed smooth projective curve B, our goal is to understand the cohomology of

Mor(B, S,).

Let Ey, ..., E, be the exceptional divisors above (p1,p}) ..., (py,p.) and for j = 1,2 let F
be a general fiber of m; o p, : S, — P!, By abuse of notation, we also denote a general fiber
of m; by Fj as well.

Given a nef curve class a on S,, we define

—Kg,.a = h(a), a(a) = F1.q, d(a) = Fy.a, E;.a = k;j(a).
Then we have
h(a) = 2a(a) + 2d'( Z ki(a

Note that once we fix a(a),d (@), ki (@), ..., k(a), then the numerical class « is uniquely
determined. Furthermore this notation is consistent with the special case of degree 4 del
Pezzo surfaces established in Notation 3.5

6.2. Parametrizing curves. Fix a smooth projective curve B defined over k. A morphism
f: B — P! x P! is exactly the same as a pair of morphisms from B to the two P! factors.
Thus there is a bijective correspondence between morphisms f : B — P! x P! and equivalence
classes of pairs of line bundles L, Ly on B equipped with non-vanishing sections

s€ H°(B,LY?), t € H(B, LY?),
where the equivalence is defined by the rescaling action of s and t separately.

Let us write P! x P! = P(V}) x P(V,) where each V; is a 2-dimensional vector space. We
fix two non-negative integers a,a’ and we set B = Pic®(B) x Pic? (B). Let L4, Ly be the
line bundles on B x B which are pullbacks of the universal line bundles on B x Pic?(B) and
B x Pic” (B) respectively. Then we set

V1:£a®‘/1, V2:£a’®‘/2yvzvl®v27

which we consider both as locally free sheaves on B x B and as the corresponding vector
bundles. We define the scheme of sections I'(B,V) — B which represents the functor

(0: T — B)—~T(BxT,(id, 9)*V)

There is a Zariski open subscheme of T'(B,V) parametrizing pairs of sections (s,t) €
H°(B,V; ® V) such that neither s nor ¢ vanishes on B. This open subscheme defines
a G2 -torsor over the moduli space of morphisms f : B — P! x P! of bidegree (a,a’).

We next turn to morphisms f': B — S,. For a nef curve class o on S,, we let M, denote

the moduli space of morphisms f’ : B — S, whose numerical class lies in «. Note that
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choosing a morphism f’: B — S, such that s.[B] = « is equivalent to choosing a morphism
f: B — P! x P! such that

 deg /I, = a(0);

e deg f*Fy, = d/(«); and

e for any i = 1,...,r, the local multiplicity of f(B) at (p;,p}) is given by k;(«).
For each index ¢ = 1,...,r there are 1-dimensional subspaces ¢;; C V; and {;2 C V;
corresponding to p; and p} respectively. Then the local multiplicity k;(«) of f at (p;,p}) is
given by the length of the subscheme (s,t)~(¢;1 & {;2) on B.

Let M, denote the locally closed subscheme of I'(B, V) such that the fiber over (L, Ly) € B
parametrizes all pairs of nonvanishing sections (s,t) € H°(B,V; & V) such that the length
of the subscheme (s,t)™1(¢;1 @ ¢;2) is k;(a) for every i = 1,...,r. Then we have a natural
morphism

M, — M,

which is a G? -torsor over M,,.

6.3. Stratifying the space of sections. Finally, we define a stratification of I'(B, V). Let
@ be the poscheme defined by the following set of subspaces of V' as in Section [5.1.1}

{V,Vi® {0}, {0} & V2,0 U{l;1 ® lio,l;1 & {0},{0} B lin}tizr,.

For any subspace K, € (), we define the corresponding subbundle X, C V over B x B. Since
the poscheme () is closed under intersection, we have

ICQ1 M ’C!IQ = ’ququa

for any q1,¢2 € Q.
For any g € Q we also have the universal divisor

D/, C B x Hilb(B)®
such that the restriction of D} over D € Hilb(B)%(T) is the divisor Dy on B x T. We denote

the pullback of D} via B x B x Hilb(B)? — B x Hilb(B)? by D,. We also denote the
projection B x B x Hilb(B)? — B x B by p. Then we define ['o(B, V) as the fiber product:

FQ(87 V) qué F(an p*’Cq)

| |

[(B,V) x Hilb(B)? — [ 5 T(Dy, p*V).

Thus T'g(B, V) is the closed subscheme of T'(B,V) x Hilb(B)? such that the fiber over the
point b € B parametrizes pairs of a section s € I'(B,V}) and an element (z,) € Hilb(B)%
satisfying s(z,) C (K,)p for every ¢ € Q. Note that the scheme T'g(B,V) is a (B x Hilb(B)%)-
scheme. If we have (z,) < («}) in Hilb(B)® so that we have containments D, C D/ for every
q, then for every b € B we have

FQ(B> V)b,z’ - FQ<B, V)b,x-

In this way, I'(B,V) admits a stratification parametrized by the poscheme Hilb(B)%. This
stratification is insensitive to taking saturations, in the sense that for any x € Hilb(B)% (k)
and b € B we have I'(B, V) = I'(B, V)p sat(z)-
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This stratification is compatible with the construction of moduli spaces of curves described
above. Suppose we fix a nef numerical class o on S,.. Consider the sublocus Uy(q) = Ur Nt
as T varies over saturated combinatorial types of the form

Zi:mij = kZ(CY) }

j=1

T = {mij [li1 @ ;0]

i
Let E — B x Uy(a) be the restriction of I'g(B,V) — B x Hilb(B)? to B X Uy(,). Then the
moduli space M, can be described as

M, = U &\ (U(w<x)e(Wa<Hilb(B)Q))F(B, V)x> ,

wEUk(a)

where E,, = 'g(B, V).

7. BAR COMPLEXES OVER PERFECT FIELDS

In this section we prove the main technical result that compares the cohomology of a space
over Uy to the cohomology of an associated bar complex. In particular we extend [DT24,
Theorem 5.4] from C to arbitrary perfect fields. While the treatment in [DT24] relies on the
geometric realizations of simplicial spaces, our discussion is based on simplicial schemes and
their sheaf theoretic constructions.

7.1. Stratifying the bar complex. Let B be a smooth projective curve with possibly a
fixed base point. We consider the non-pointed case and pointed case simultaneously.

Let W C Hilb(B)? be a locally closed set which is a finite union of locally closed subsets
Nr where T is a saturated type. We equip W with the reduced scheme structure so that
W is a separated reduced scheme of finite type over k. Let P C (W < Hilb(B)?) be a
closed and downward closed union of locally closed sets St for finitely many saturated types
T of (W < Hilb(B)?) equipped with the reduced scheme structure. We assume that the
projection P — W is proper. Let B be a separated scheme of finite type over k£ and let
U C B x W be an open subset. We write (U < Hilb(B)%) and Py — U for the pullbacks of
(W <Hilb(B)¥) =W and P —-W by U CBxW — W.

Suppose that we have a flat separated morphism E — U of finite type with irreducible
geometric fibers which admits a stratification by the poset (U < Hilb(B)?) corresponding
to the closed subscheme Z C E xy (U < Hilb(B)?). We assume that for any (b,w < z) €
(U < Hilb(B)?)(k), the stratification Zy <z C Fy,, is an irreducible closed subscheme and
that the inclusion

Zb,w<:v 2 Zb,w<sat(ac)
is the equality. We also suppose that when we have two saturated elements w < z; and
w < xo, then we have

Zb7w§x1 N Zb,wgmg = Zh,wﬁxﬂ/wg-
We are interested in the bar complex B(Py, Zp,) with simplices
{(b,w) €U,w <29 < -+ <2y € Hilb(B), 2 € Zp e, | (w < ;) € P},
with the augmentation morphism ¢ : B(Py, Zp,) — Ey given by

(by,w) e Uyw<xg < -+ <oy, 2) = (byw, 2).
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7.2. Spectral sequence. Since B(Py, Zp,) is a bar complex, we can analyze its cohomology
using the spectral sequence in Section [2.5] Our first task is to reinterpret the terms in this
spectral sequence as the cohomology of certain complexes of sheaves on Z|yyx, ;.. The
advantage of this perspective is that only the essential saturated types 7" make a non-trivial
contribution.

Let ¥ be the set of saturated combinatorial types in P with ordering <,. We fix an
injective homomorphism h : T — N. Let Z; = Uy1)<;Z7 and consider

B, = B(U Xw Zi,ZpU) C B(PU, ZPU).

The closed embeddings ¢; : B; — B(Py, Zp,) define a stratification into closed subschemes.
Retaining the notation of Section to define a grading of Z, associated to this stratification,
we obtain the following spectral sequence:

@ E%j = @ ch,c(B(PU? ZPU)E’ GY%ZZ) = H&C(B(PU, ZPU)E’@)'
i+j=n i
We consider Z|y«,, N1 and the associated nerve
61 : (N(_OO7 Z|U><W8h71(i)) < Z|U><WNh71(i)) — Z|U><WNh71(i)
which is defined to be the simplicial scheme over Z|y,, Ny-1(;, With m-th simplex given by
{buw < Zg <. < Ty < Y, 2 ’ (b,'lU) € U7 (w < Z/) S Nh_l(i)y (w < xm) € Zh_l(i)\sh_l(i)vz S Zb,w<y}>
and the augmentation morphism ¢; : (N(—o0, Z|U><W8h—1(i)) < Z|UXth—1(i)) — Z|U><WNh—1(i)
is
¢ (bw<zy<--- <z <y, z)— (byw<y,z).
We define the complex p/(h™1(i))[2] € Db(Z|UxWNh,1<i)) to be the cone yielding the distin-
guished triangle
Z, 5 ResuelZy = p ()] > Zal1] -
Then we have the following proposition:
Proposition 7.1.
Hyl(B(Pu, Zpy )5, GrpZe) = Hyl L ((Z]oxwns, 1) )5 1/ (h7H@)[1]).
Proof. 1t suffices to show that we have
Re,Gr'nZ, =2 Ry (b= (4))[1],

where € is the augmentation morphism for B(Py, Zp,) and m; : Z|UXth71(i) — E|y is the
projection. Consider the relative poscheme (—00, Z|yxy, Nhflm] over Z|uxy, Ny, 88 defined
in [DH24] Definition 3.1.3]. Let & : N(—o0, Z‘UXWNh—l(i)] — B, be the morphism of simplicial

schemes defined by
(W< 29 < <t <y, 2) > (W< Ty < e < ey 2).

We have an exact sequence on B;:

0 — GripZy — Lol — Rei_1Zol(B, 1)z — 0.
41



Let Uy, = Bi([m]) \ Bi-1([m]). We denote Uy, — B;([m]) by ji,. The exact sequence above
allows us to identify (GrpZe)m = Rjmijn,(GrpZy)m. This implies that the natural morphism
GrypZ, — RE&i.&GrpZ, is an isomorphism. Indeed this follows from the fact that the map
&([m) ™ (Unm) = Un
is an isomorphism because the inverse morphism is given by
(w<zg < <Xy, 2) = (W <z < - <y, < saL(T4), 2).

Then our assertion follows from the computation of [DH24, Lemma 4.3.3] with X =
Z|U><W‘A/h71(i)‘ I:I

Thus we have the following spectral sequence:

D B = D He, ((Zlocwne )i (D) = HE (B(FPy, Zpy )i, Ze)-
i+j=n T': saturated types of P

Next we record a lemma regarding the complex 1/(e).
Lemma 7.2. When T is not essential, we have 1/(T) = 0.

Proof. Let (b,w < y,z) : Spec k — Z|ux,yny be a geometric point. Since 7' is not essential,
as explained in the proof of Proposition there is a maximum essential element ess(y) with
w < ess(y) <y and (w < ess(y)) € Sr(k). Indeed, ess(y) is defined as the join of 3 such
that w < ¢y’ < y. This implies that the nerve

(N(—OO, Z|U><WST) < Z’UXwNT)(b,w<y,Z) — SpeC//i

admits a weak center in the sense of [DH24|, Definition 3.1.6]. Thus it follows from [DH24,
Theorem 4.0.1] that we have an isomorphism

Zﬁ = RET*E;Zb
where er @ (N(—00, Z|usxywsr) < Zluxwnar) = Zluxyny 18 the augmentation morphism. Our

assertion follows. O

Altogether we conclude the following theorem, extending an analogous statement over C
proved by [DT24, Theorem 5.3].

Theorem 7.3. There is a spectral sequence:
@ Ei’] - @ Hgt,c((ZlUXWNT)E’ M/(T)[l]) = H;}t,c(B(PU’ZPU)E7 Zf)
i+j=n T: essential types of P
Finally for a later application, we record the following lemma comparing saturated and
non-saturated types.

Lemma 7.4. The following inclusion over Z|yx , ay

(N(<_007 Z’UXWST> N QJB) < Z|U><WNT> — (N(_OO> Z|U><WST) < Z|U><WNT)

induces an isomorphism

RE/T*GIT*J = RET*E;Zb
where € : (N((—00, Zlusywsy) N Q7P) < Zluswny) = Zluxwai is the augmentation mor-

phism.
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Proof. A similar proof to Proposition [5.9 will justify this. Indeed, for an algebraically closed
field k, the map

((_007 Z|U><WST) < Z|U><WNT)(K;) — (((_007 Z|U><WST) N QJB) < Z|U><WNT)(K;)7
(byw <z <y)— (b,w < sat(x) < y),

is a left adjoint functor to the inclusion functor

(((_OO7Z|U><W3T) N QJB) < Z|U><WNT)(K;) — ((_OO7Z|UXWST) < Z|UXWNT)(H)'

Because nerves take adjoint functors to homotopy equivalences, it follows that for a geometric
point (b, w < y,2) € Z|ux,np(k), the inclusion functor between the nerves

N(((w, (b,w) xw Sr) N Q™) < y)(k) = N((w, (b,w) xw Sr) < y)(k)

is a deformation retract (see [DH24, Lemma 3.2.1]). Thus [DH24, Lemma 2.2.2] shows that
the inclusion induces an isomorphism on the level of stalks:

~

(Réf* 6/;:4) (bw<y,z) = (RET* E;‘Zﬁ) (byw<y,z)-

Our assertion follows. O

7.3. The main theorem on the bar complex. Suppose that we have the codimension
function for pairs
v: (W < Hilb(B)?) — N,

which is given by the formula y(w < z) = y(z) — 7(w) where y(z) only depends on the
combinatorial type of z. (In our applications, ) is the poscheme defined in Section and
considered in Examples and . Then the codimension function is given in Examp.)
Following [DT24, Section 5.4], we say that Z <, is unobstructed if its codimension in Ej,,
is given by v(w < z). Using this, we define a function x on the set of combinatorial types as

kK(T) = 2~(T) — rank(T) — 2|Supp(7T)|. (7.1)

Here we use the definitions rank(w < z) = rank(x) — rank(w) and |Supp(w < z)| =
|Supp(z — w)| where rank and |Supp| are defined in Examples and [5.13] and z — w is
viewed as a 0-cycle on B. In the pointed case, our convention is that

|Supp(go > ho, g1 > ha,..., 90 > he)| = #{i > 0]g; > h;}.

One may think of x(7) as the expected cohomological codimension of the contribution of Sy.

Let R C (W < Hilb(B)?) be a closed and downwards closed union of strata Sy for T' a
saturated type. We assume that R is initial in its closed upwards closure P in the following
sense: there exists a morphism ¢ : P — Hilb(B)? such that for any (w < y) € P(k)
the element (w < tgr(w < y)) is contained in R(k) and is the maximal element of the set
{(w < y) € R(k)|y < y}. We denote the pullback of Z via Py — U by Zp,. We have
the evaluation map Zp, — F|y and we denote its image by im(Zp, — FE|y). The following
theorem was proved over C in [DT24] Theorem 5.9]. We extend this to arbitrary perfect

fields using a similar approach.

Theorem 7.5. Let I € Q>o. Assume that

(1) P — W is proper and P is downward closed; B
(2) for every pair (b,w < z) € Py (k) with x being saturated and every y € Q7B (k) such

that x <y, the fibers Zy ey, Zpw<y are unobstructed, and;
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(3) we have P C R and P contains every Sy such that Sp C R and x(T) < 1.
Then the map on compactly supported étale cohomology induced by

B<PU72PU) — iIIl(ZPU — E|U)
is cohomology connected in codimension I + 2, i.e., for all i > 2dim(E|y) — || — 2, the map
, (im((ZPU)E - (E’U)E)’ Zf) — H (B(PUv ZPU)Ev Zﬁ)?

ét,c ét,c

is an isomorphism, and for i = 2dim E|y — |I] — 2, it is a surjection.

Proof. We replace I by |I] so that I is an integer. We denote the augmentation morphism
B(Py, Zp,) — im(Zp, — E|v) by €. Then since P is proper over W, e is also proper, showing
that we have an induced morphism

H, (im((Zpy )z = (Elv)g), Ze) — Hi

et,c(B(PU7 ZPU)Ea ZZ)

We let P’ D P be the closure, downward closure, and the saturation closure of the set of
w < y such that there is a (w < z) € P such that x < y. (We take these closures over k and
descend to k.) Now P’ is closed, downward closed, and proper over W and it is a union of
finitely many Sy where T is a saturated combinatorial type. We will stratify im(Zp, — E|v)
using the poset of saturated combinatorial types of P'.

Consider the proper projection ¥ : Zp, — E |u. For every saturated combinatorial type

T of P’ we define J; C E|y as the closed subset W(Z |y, n;) C E|y where the closure is
taking place in Zp,. Whenever we have T' < T” (note that this relation is neither <, nor
<4 sat), we have Jp D Jp. Let Jr = Jr \ Ur<pJr. Note that this stratification may not
satisfy the maximal element property stated in Section [2.5]

Using the spectral sequence in Equation ([2.1)), it suffices to show that for any saturated
combinatorial type T' of P’ and any open subset J,. C Jr the morphism ¢ : e 1(J}) —
JrNim(Zp, — Ely) is cohomology connected in codimension I + 2. We fix a geometric
point (b, w, z) : Speck — Jp Nim(Zp, — E|y) such that z € J; N Ey,,. Then the fiber of €
at (b, w, z) is the nerve

[n]l—){w<$0§"'§xn|$i€P,ZEZb,w<xn}‘

Suppose that T is a saturated type of P’ such that tg(T') is a type of P. We show that
under this assumption, the poscheme

{r € P|z € Zyweu} — Speck,

admits a terminal element. Once we have this, then € : e ' (J}) — JpNim(Zp, — Ely) is
sufficiently cohomology connected, by proper base change and the contractibility of a nerve
of a poset with a terminal element, or by [DH24, Theorem 4.0.1]. Let y € (Z|uxyniy )ws be
a generic point of a curve containing z so that z ® k(y) € Zegk(y)weky)<p(y) Specializes to z
where p 1 (Z|uxwny )ws — (N1)wsx — Hilb(B)? is the projection. If (w < x) € P'(x) such
that z € Zy <z, then we have

2@ k(Y) € Zvoky)weky)<zok(y) N Zook(y)wek(y)<ply) = Look(y)wek(y)<aek(y)Vo(y)-

Thus we must have = ® k(y) < p(y) because otherwise we have a generic point y' €
(Z|0x Ny Jwe With T < T" such that z ® k(y') € Zsgk(y)weky)<p'(y) Which contradicts with
the fact that z € Jp. Since tg(T) is a type of P, we conclude that tg(p(y)) € P so that its

specialization is the terminal element of the above poscheme, proving the claim.
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Now suppose that tg(T") is not a type of P. In this situation, we will prove that we have
Hy, (7 (Ip)7 Zo) = Hey o((Jp Nim(Zp, — Elv))g, Ze) = 0,
for i > 2dim E|y — I — 2. We will only explain the vanishing of the leftmost quantity as it is
the more difficult of the two. We claim that
H, (7' (J1)5 Ze) = 0.

By arguing as in the proof of Theorem [7.3], we have a spectral sequence

P B = S, He, (70 Zlosxwny ) 1 (TA]) = He (e (J7)5 Zo),
i+j=n T': essential, saturated type

where p”"(T") is defined in a way analogous to the definition of p/(7") using the nerve
6/7,«/ : (N(—OO, Jéw N Z|U><W3T/) < Jéw M Z’UXWJ\/’T,) — Jéw M Z|U><WNT/

and T" runs over essential saturated combinatorial types of P. Thus it suffices to show that
we have

H ((J7 N Zlvsyny )5 1 (T)[1]) =0,
for i > 2dim E|y — I — 2. This follows from

He, (7 0 Zlvswng )i B (€0) Ze) = Hey (7 0 Zlvsny )7 Ze) = 0,

for ¢ > 2dim E|y — I — 2. Again we will only prove the vanishing of the leftmost quantity as
it is the more difficult of the two. Since

H ((JTNZ| 0N Vo R (€:) L) = He, ((N(—00, JTNZ Uy sp) < JPNZ|0 s N )i Lt)

it suffices to prove the right-hand side is 0 for ¢ > 2dim E|y — [ — 2. If 7" £ T', then arguing
as before using the generic point of a curve through z we conclude Jp N Z|yxyar, = 0. So
let us assume that 77" < T'. We take a maximal chain of saturated elements

T/—<T1—<T2'<""<LR(T)

Let m be the minimum index such that 7;, is not a type of P. Then it follows from (3)
that x(7;,) > I. Now note that the cohomological dimension of (N (—o00, J7 N Z|yxys,,) <
Jr NV Z|yxwn,, )5 is at most

2dim E|y — 2v(T,,) + rank(T") — 2 4 2|Supp(T,,)| < 2dim E|y — £(T,) — 2
< 2dim Ely — [ —2,

because the cohomological dimension of the fiber N(w, y) over (J3NZ |y, )5 is rank(T7) —2
and the dimension of J; N Z|yx,,ar,, is at most 2dim E|y — 2v(15,) + 2[Supp(Z,)|. This
completes the proof. ([l

7.4. The cohomological virtual bar complex. Suppose that £ — U is a finite rank
vector bundle and Z <, C E, is a linear subspace. As we discussed earlier, the fibers
Zpw<z Need not have the expected dimension. For this reason, we must truncate the bar
complex B(Py, Zp,) so that we only work with the locus of fibers whose dimensions we
understand. In this section, we define the “cohomological virtual bar complex” which records
how the bar complex would behave if every fiber Z; ,,<, had the expected dimension. Note
that we do not attempt to construct an actual space with this property; rather, we define

a complex of sheaves which would compute the cohomology of such an object if it existed.
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This construction interpolates between the “actual” behavior of moduli spaces of curves and
the “desired” behavior predicted by Manin’s Conjecture.

We work in the setting of Section [6.3] Let T be a saturated combinatorial type of
(Ux < Hilb(B)?). We fix a Zariski open subset U C B x Uy. Then we consider the following
nerve

(N(—o00,U xw Sr) < U xw Nr),
whose m-th simplex is given by
{bw <z < < am <yl(byw) €U, (w<y) €Ny, (w <) € Sr},
with the augmentation morphism ér : (N(—o0,U Xw Sr) < U xyw Np) = U xyw Nr
ér:(byw<mg <o <y <y) = (b,w < y).
We define the complex p(T)[2] in D*(U xyw Nt) by
Zy — Réqwéply — w(T)[2] = Z,[1] — .
We define the cohomological virtual bar complex C(U) to be
Avo x(U) = o, Aww x(U,T)

T': essential type

- @ @ Hét,c((U Xw NT)E; M(T)<_na,a’,k,T) [_Qna,a’,k,T + 1] ® QZ);
T i

where 1 o 1 = 2a+2a'+4 -2, ki—y(T). When U = Bx W, we write A, o x = Agor x(U)
and so on.

From now on we assume that our ground field % is IF, and U = B x Uy. The following
function plays a crucial role in our analysis:

Definition 7.6 (Mdbius function). Let Uy and Q77 be as before. Let w € Uy(k) and
w <z € Q'B(k). Then we define the Mébius function i (w,x) using the following formula
inductively:

Mk(w>w) = 17 Mk(w>$) = - Z ;uk(w>y)
wly<z,y€Q'B (k)
Lemma 7.7. Let w,wy, ws € U (k) and x,z1, 15 € Q7B (k) such that w < x,w; < 21, wy <
xo. Then we have the following properties:

(1) Suppose that x1 and xs have disjoint supports. Then we have

p(wy V we, 11 V x2) = p(wy, x1) pu (wa, 2).
(2) Suppose that w < x is not essential. Then we have p(w,x) = 0.

Proof. (1) This assertion follows from the fact that we have [w; Vs, x1Vas] = [wy, 1] X [we, 23]
and [Wac07, Proposition 1.2.1].

(2) Proposition shows that the subposet of essential elements ¢ with w < ¢ < x admits
a maximal element ess(x). In particular, if  is not essential then (w, z) consists of the union
of (w,ess(x)] with a chain from ess(x) to x, implying the desired result. O

Our goal here is to prove the following proposition:
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Proposition 7.8. Let T' be an essential saturated type. Then we have
S (1) Te(Frob A Al gy (T)) = ~#PI(B)(R)PR 2 Y pfw, 2)g ),
¢ (w<z)eNT (k)

where Frob is the Frobenius action.
Proof. We can apply the Grothendieck-Lefschetz trace formula to the perfect complex

RéT* €}@é ( _na,a’,k,T) [_ 2na,a’,k,T] ;

indeed, this is justified by the comparison theorem [BS15, Proposition 5.5.4] and then applying
the standard Grothendieck—Lefschetz formula for /-adic constructible complexes. This yields

Z(—l)iTI'(FI'Ob Y% Hét,c((B X NT)E’ R€T*€;@E(—na,a/,k¢)[—angk,T]))

_ 5 @O T (Frob ~ (Rer.é:Q,) o, wes))
(b,(w<z))E(BXNT) (k)

where we have used the equality v(T') = v(z) — 23, k;. Now the fiber of the nerve
ér i (N(—o00,B x Sp) < Bx Np) — B x N,
at (b, (w,x)) is the nerve
N(w < x) — Speck.
Then it follows from Lemma [T.4] that

Tr(Frob ~ (Rér.é7Q,) (b, (w<z)) = Z(—l)iTr(Frob ~ Hy(N(w < 2)5, Q)
=" (—=1)"Tr(Frob ~ Hi(N((w < 2) N Q7)) Qy)).

Let Ny(w,x) = #{xg < -+ < 2, € (N(w,2) N Q7B)(k)}. Then the Grothedieck-Lefschetz
trace formula for simplicial schemes implies that we have

> (=1)Tr(Frob ~ H(N((w < 2) N Q7P)z, Q) = > (1) Ni(w, z).

(This identity follows from Remark by computing the trace on the normalized cochain

complex of the semisimplicial set N((w < z) N Q7F)z.) Then it follows from [Hal34] (see also
|Gre82, (2.5) in p. 559]) that we have

S () Nifw, ) = 1+ py(w, ).

By Lang’s theorem, the torsor Pic?(B) is isomorphic to Pic’(B). Thus when we sum over all
k-points (b, (w < x)) we obtain (#Pic”(B)(k))? times the sum over all k-points (w < x). We
conclude that

Z(—l)iTr(Frob ~ Hét’c((B X Nr)z, Rére1Q,(—naa x7)[~2Naa k1))

= (#PI(B)(K)> Y @O 4w, 7))
(w<z)eNT (k)
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Finally we consider the triangle:

Qo1 1,7) [~ 2N0,0 x7] = Rére€7Q, (=0 1) [—2N0,0 x7] —
M(T)(_na,a’,k,T)[_Qna,a’,k,T + 2] & Qf — @g(_na,a’,k,T)[_2na,a’,k,T + 1]

The additivity of the alternating sums of the Frobenius traces in exact sequences proves our
assertion. n

7.5. Convergence. In this section we obtain exponential bounds of the error term for
cohomological virtual bar complex. We denote by (d) the operation (d)[2d] of shifting by 2d
and twisting by d.

Given the poset (Uy, < Hilb(B)%), we have the cohomological virtual bar complex associated
toa = (a,d ky,... k)
Aci= D Hi WNpz (D)1 @ Q- +2Z/€ 7)),

T': essential type
where F(a) = 2(a+ a') + 4 is the dimension of the space of sections of the bundle O(a)®? &
O(a')®? over PL.

We wish to bound the L!-trace of Frobenius on the truncation into cohomological degrees
< 2edim(«) — I, where edim(a) = —Kg.ao + 4 and I grows linearly in the degree of a. More
precisely, we want to show that the sum of the absolute values of the generalized eigenvalues
of the Frobenius is o(¢°®™(*)). Since shifting homological degrees does not affect L!-traces, it
suffices to prove that the L!-trace of Frobenius on the truncation of the graded vector space

A, (edim(«))
= @D HiWNpzu(D)[ISupp(T)]] @ Qe(y( +227€ ) + edim(a) — E(a)))

T: ess. type

to cohomological degrees < —I — |Supp(7')| is o(1). Note that edim(a) — E(a) + 23, ki)
is equal to Y, k;, and so this space is independent of a, a’.

Accordingly, we rename it Cx r, and summing over all k = (ki,...,k,) and T we obtain a
bigraded vector space C := @y 1 Cx,r where the first grading is given by >>7_; k; 4 |Supp(T')|
and the second grading is the homological grading. We may decompose C into a sum over
saturated types T of (Hilb(B)? < Hilb(B)?), where the summand associated to T is either
Zero or

H (Npg (T)[[Supp(T)[] © Qe(v(T) + k(T))[2(v(T) + k(T))],
placed in grade k(T") + |Supp(T)| where k(T') = Y1, k;.
Recall that an essential saturated type T corresponds to a multiset of elements in (ch(Q) <
ch(@)). Suppose T contains the elements

(fr < f), L (< ),
where (f*i < f*) occurs with multiplicity m;. Then we have
N7 = Confpy g, P/ (Spay X -+ X Siay).
We have that the locally constant pro—étale sheaf on Np

H* (u(T)[|Supp(T EBHZ T)[|Supp(T)|])
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pulls back to the constant local system
® H* (p(ws, ;) [1]) 2™,

on Conf,,, 4.\ m, P, which is S,,, X - -+ x Sy,,~equivariant with respect to the Koszul sign rule.
Hence by Galois descent, we have

He Ny B (u(T)[[Supp(T)|]) © Qe{y(T) + k(T))) =
( Hy, (Confopy i Pp, Qe) @ Q_? p(wi, ) [1] @ Qo) (v(w; < ;) + k(wz»)@m) 1 t

where k(w) denotes the length of w. Note that to compute the L'-trace we may replace
Sy X -+ X Sp,-invariants by coinvariants since we are using characteristic zero coefficients.
Accordingly, for an essential pair

(f* < f%) € (ch(Q) < ch(Q)),
such that f* = k;[€;1 & {; 5], we define
L(w < x) := H" (p(w, z)[1] @ Qe) {(y(w < 2) + k(w)).
We let J be the set of all such essential pairs excluding (V' < V') and define
L= &P Lw<u),

w<zxeJ
where the sum ranges over all such pairs. We have that the first grading for L is given by
placing L(w < z) in degree k(w) 4+ 1 and the second grading is by homological degree. Then
by taking the direct sum over T, we have that C is isomorphic to

m:J—N fin. supp. JjET

@ ( t C(Confz ])Pk’ Q@ ® ® L )
I1

jeJ Sm(5)

= @ etc COHf ]P)l @g) (029 L®m)5m.

m>0

We set r = 4 and apply Proposition [2.10f we claim that the L!-trace of Frobenius on L, ;
is bounded by Ed"b* and the L'-trace of Frobenius on L, 5 is bounded by D where

D=4,d=1,b=¢ "? and E = ¢,

for some constant ¢; which is uniform. Indeed, for L(w < z) the maximal cohomological
degree is bounded above by —2 and the minimum cohomological degree is bounded below
by —2(v(w < z) + k(w)). Note that H*(u(w,w)) is the reduced cohomology of the empty
set, so only the (—1)-degree cohomology is non-trivial. As we vary over (w < x) € J, the
posets (w, z) only have finitely many isomorphism types. Furthermore the number of pairs
which contribute to L, ; is uniformly bounded. Since everything is twisted by ¢~ (r(we)+h(w))
one can find a uniformly bounded ¢, (using the dimensions of H*(u(w,z)[1] ® Q) where
(w < z) are essential pairs, we can verify that ¢; = 8 works) such that E =c¢,d=1, and
b = ¢~'/? yield the bound on |Frob, L, ;|. The part L lying in cohomological degree —2 only
comes from w = x = [{;1 @ ;5] and since there are four possible choices of [(;; & ¢; 5] we
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see that D = 4 works as the desired upper bound for |Frob, L, s|. Thus we conclude from

Proposition that

|Frob, (C),.| = O(id™(4/1/q)"),
for any d’ > max{4, 10¢; } independent of ¢q. (Here in the O-term we have absorbed the factor
n from Proposition into the exponential term d™ at the cost of increasing d’ slightly.)
Shifting, twisting back, and applying geometric series we obtain:

Theorem 7.9. Let o = (a,d’,ky,...,ks) and fixr any 0 < n < 1. For any constant d’ > 80
we have that if q is large enough so that d’(4/\/§)(1_’7) < 1 then for any I > 0 we have

. 4
|Frob, T<sedim(a)—14a| = O (qedlm(a)<d/)2i_lki (4/\/5)(1n)1> ’
where T is the truncation functor and the implied constants are independent of «, q.

8. COHEN-JONES-SEGAL CONJECTURE

In this section we prove Theorem [1.8f We will adhere closely to the argument of [DT24]
Sections 6-9]. We prove the Cohen-Jones-Segal conjecture through a sequence of comparisons:

(1) we compare M, . to the semi-topological model of [DT24, Sections 6-7];

(2) we compare the semi-topological model to the space of pointed positive continuous
maps of [DT24] Introduction];

(3) we compare the space of pointed positive continuous maps to the space of pointed
continuous maps.

Throughout we will focus on the pointed versions of moduli spaces of curves (although the
arguments also work in the unpointed case as described in [DT24]). In this section, we work
over C with the Euclidean topology and all (co)homologies are singular (co)homologies.

8.1. Comparing algebraic maps to semi-topological models. One important contribu-
tion of [DT24] is the introduction of semi-topological models for the space of maps. Loosely
speaking, these semi-topological models will parametrize continuous maps satisfying certain
constraints on orders of vanishing near specified points. In this section we compare the space
of algebraic maps to a semi-topological model. The key ingredient is our approximation result

Theorem [R.6l
8.1.1. Semi-topological models.

Definition 8.1 (|[DT24, Definition 6.1]). Let U C C be an open subset with a coordinate
z and let w : & — Hilb"(U) be a continuous family of divisors of U parametrized by a
compact set 8. Fix a continuous family of polynomials p,) (2) such that for every € € &, the
divisor of zeros for p,(2) coincides with the divisor w(€). We say that a family of functions
fe: U — C, ¢ € R vanishes to order > w if for every u € U and € € K, there exists a constant
aye € C such that fi(2) = auepwe(2) + o|pwe)(2)]) as 2 — u where o(|pwe (2)]) is uniform
in 8. If a,¢ # 0 for all uw € U, € € K, we say that f vanishes to order exactly w.

These notions are independent of the choice of polynomials p, ) (2) and the choice of
coordinate z € U C C by |[DT24, Proposition 6.2.(2)] and [DT24}, The proof of Proposition
6.4].

Remark 8.2. Even when f vanishes to order > w there may not be a w’ with w; > w; for

every € € R such that f vanishes exactly to order w’.
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Next suppose we fix a Riemann surface B and a family of divisors on B parametrized by a
continuous map w : & — Hilb[n}(B ) where R is a compact set. For each €, € &, we can choose

e a neighborhood of w(y) of the form [[5_, Hilb"(U;) where the U;’s are disjoint open
subsets of B which are biholomorphic to open subsets in C and n = };_; n;; and
e an open neighborhood V' of &, in & such that w|y factors through [T5_, Hilb"™(1;)
with ith component map denoted by w; : V — Hilb"(T;).
We say that f: 8 x B — C is a family of functions which vanish to order > w if for every
to € R and for some (equivalently every) choice of neighborhoods U;’s and V' as above, we have
the property that for each i and for every compact subset 8 C V the restriction f|gwy, — C
vanishes to order > w;. We define a family of functions which vanish to order exactly w in
the analogous way.

Definition 8.3 ([DT24] Definition 6.5]). Let M be a complex manifold and N C M be a
complex submanifold of codimension 7. Let B be a Riemann surface and let w : & — Hilb!"(B)
be a family of divisors parametrized by a compact subset K. Suppose that we have a continuous
map

f:RxB— M,

such that for any € € K and any point p in the support of w(€), we have fi(p) € N. For any
£y € R, one can obtain a collection of data:

e for every p € Supp(w(ty)), there exists a neighborhood U, C M of fi,(p) € N and
holomorphic local coordinates s7, ..., s? on U, whose vanishing locus is N N U,;

e for the various p € Supp(w(¥)) we can choose disjoint closed balls B, C B with center
p and open subsets U, C B, containing p such that w(¥,) has an open neighborhood
of the form [],, Hilb™!(U,) where n, is the multiplicity of w(ty) at p, and;

e there is an open neighborhood V' C 8 of €, such that for any £ € V', we have f¢(B,) C U,
and w|y factors through [J, Hilb"(U,) with component maps w, : V — Hilb"?/(/,).

We say that f: 8 x B — M intersects N to order > w if for some (equivalently every) choice
of Uy, By, Uy, V and sY, ..., sP, and every compact subset & C V', sj o (f|axp,) vanishes to
order > w, for any p and i.

Furthermore we say that f intersects IV to order exactly w if additionally for any € € g,
the support of f '(N) is equal to the support of w(€), and for every p, there exists i such
that s} o (f|sxu,) vanishes to order exactly w,.

Finally, we say that f intersects IV to order > w if it intersects N to order > w but not to
order exactly w. (Note that this does not imply that f intersects N to order > w’ for some
w’ such that wy > w for every ¢.)

Let M be a complex manifold and Ny,..., N, C M be complex submanifolds. Consider
the set

X={(w)_, €[] Hilb"!(B), f € Top(B, M) | for any i, f intersects N; to order > w;.}.
i=1
By [DT24], Proposition 6.9] there is a unique compactly generated topology on X such that
for all compact Hausdorff spaces K, continuous maps f : 8 — X are in bijection with pairs of
continuous maps f : 8 x B — M and w; : & — Hilb™!(B) such that f intersects N; to order
>w; forany i =1,... r.
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8.1.2. Applying to blow-ups of P! x P*. We consider the setup described in Section [6] Let
Uy C [I'_, Hilb®)(B) be the open set parametrizing tuples (w;) of effective divisors with
disjoint supports. Consider the map E*P — B x Uy where E'P is

E*" = {((Ly, Ly),w, sections B — ®§:1Lj ® V; intersecting @311[1]' ® {; ; to order > w; for

Arguing as in [DT24), Proposition 6.12], one can identify E*P as a locally trivial bundle of
infinite dimensional separable Banach spaces over B x Uy. We define a stratification of this
topological bundle:

Definition 8.4 (|DT24] Definition 6.13]). For each (L = (Ly, Lq), (w < x)) € B x (Ux X
Hilb(B)?), let Zp, <. be the subspace of Ey,, consisting of sections s € Ef,, such that for
all c € B, we have

e if the length of wy, ,g¢,, at ¢ is [ and the length of x4, gy, , at ¢ is greater than [, then
s intersects @?:le ® ¢; ; to order > [;

e if zy, is supported at ¢, then our section s; vanishes at ¢ where s; is the section
sj: B — L; ® V; coming from s.

It is easy to see that we have (i) Zp <z, O Zrpw<a, When o1 < xo, (i) Zpw<ayve, =
Zpw<zy N 2L w<ay, and (iil) Zp y<p = Z1,w<ess(zy When z is saturated. Using the description
of the saturation function in Example , one may also prove that Zr ,<, = Zp w<sat(z)-
Finally by arguing as in [DT24, Proposition 6.14], one can prove that the subspace

7' = {L = (L1, Ly), (w < x) € (Ux < Hilb(B)?), s € Zp <o}
is a closed subset in B x (Uy < Hilb(B)®) xpxp,, E*°P so that Z'°P is a stratification of E'P.

8.1.3. Comparing algebraic maps and semi-topological models. Fix base points xg € B and
xg € S. We assume that g is a general point on S. Let @) be the poset described in Section[6.3]
Let Q,+1 D @ be the poset as in Section [6.3] but with the additional 2-dimensional vector
space {111 @ lr412 corresponding to *g. Then we define

Uk C Ux x {*5},

as the Zariski open subset of pairs (w, *p) with disjoint supports. Let R C Hilb(B)¥ + be
the closed subposet consisting of divisors D such that Dy, ., qe,.,, — Do is supported on *p
with multiplicity at most 1 and Dy, ., , = Dy for j = 1,2. We define R = (Ui, < R). Note
that R is initial in (Uy 1y < Hilb(B)%+1), and this is one of the main reasons why the proof
applies in this setting.

Let M, k.. be the space parametrizing tuples L = (L1, Ly) € B = Pic®(B) x Pic® (B),
w € Uy, and a continuous section s = (s1,s2) € I'"P(B, L; ® V1 @ Ly ® V3) intersecting to
li1 @ l; 5 to order exactly w; for any ¢ = 1,...,r and to order > w; for ¢ = r 4+ 1. This is
an open subset of our topological bundle E(t}ip*. The 2-dimensional torus (C*)? acts on this
space by acting as (A, Ae) - (L,w,s = (s1, 82)) = (L, w, (A1s1, AaS2)), and we let

Ma,a’,k,* = M/a,a’,k,*/(cx)2-

We also define Maﬂ',lﬂ* as the space parametrizing tuples L = (L, Ls) € B, w € Uy, and a

algebraic section s = (s, ) € T*8(B, L; ® V; & Ly ® V3) intersecting to £;; & ¢; 5 to order

exactly w; for any ¢ = 1,...,7 and to order > w; for i = r + 1. This variety is a Zariski open
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set of the algebraic fibration Ef}lf C E,t}l " over B x Uy, parametrizing algebraic sections,

and it admits an analogous algebraic stratification Z?{lg = 7% X gio» E™8. We also have
Ma7a/7k7* g Ma7a/7k7*/(cx)2'
Before stating the main theorem of this section, let us recall the following definition:

Definition 8.5. Let I be a non-negative integer and f : X — Y be a continuous map
of topological spaces. We say f is homology [-connected if for any ¢« < I, f induces an
isomorphism
H™(X,7) = H™(Y,Z),
and when ¢ = [, f induces an surjection
H"(X,Z) — H;"™ (Y, Z).
The following theorem is essentially [DT24, Theorem 7.4], but it is adapted to our situation:

Theorem 8.6. Let I € Qx¢. Let P C R be a poset which is a closed and downward closed
union of finitely many combinatorial types such that

o P is proper over Uy .;

o there exists a Zariski proper closed subset F' C Uy . such that the real codimension of
F in Uyx, is > I and the real codimension of 71 (F) in Mor.(B, S, (a,d’,k)) is also
> [ where 7 : Mor.(B, S, (a,d’,k)) = Uy, is the projection. We set Vi, = Uy, \ F;

o For every pair w < © € PN (V. < Hilb(B)?) and every essential w < y €
(View < Q7B) such that x <y, I™8(B, Ly @ V} & Ly ® Va), is unobstructed for every
L= (Ly,Ly) € B, and;

e P contains all types T with x(T) < I where x(T) is defined by Equation (7.1]), and
all minimal types of Uy < Hilb(B)%, i.e., all x € Hilb(B)%(k) such that w < x for
some w € Uy (k).

We also assume that M, o k. 15 smooth. Then the map M, o x« — Mga ks 5 homology
| I|-connected.

First we record the following lemma:

Lemma 8.7. If My 1cx <> Mg i is homology |I|-connected, then the map
Ma,a’,k,* — Ma,a’,k,*
is also homology | I|-connected.

Proof. For notational brevity let G = (C*)2. Let EG (as usual) be a contractible space with
a free G action and set BG := EG/G, e.g. EG = (C* — 0)?, making BG = (CP>)?. Since
Ma,a’,k,* — Mg x« and /\7%@/,1{7* — Mok« are principal G-bundles, we can replace the
quotients by the associated Borel constructions (which have the same homotopy type) to get
a map of fiber bundles

(Ma,a’,k,* X EG)/G — (Ma,a’,k,* X EG)/G

over BG with respective fibers Ma@@k* and ./{/lva7a/7k7*. Now the required isomorphism follows

from comparing the corresponding Serre spectral sequences. 0
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Proof of Theorem [8.6: By the previous lemma it suffices to prove that Mg icx > Ma.o ko
is homology |I|-connected. First note that My a 1. > Mg s is a B X Uy ,-map. By
comparing two Leray spectral sequences over B x Uy, it suffices to show that for a basis of
open sets U C B x Uk, we have that

Ma,a’,k,*|U — M/a,a’,k,*|U7

is homology |7 |-connected.
Next we consider the following diagram

Ma,a’,k,* |UﬂVk - Ma,a’,k,* ‘ UNVie

N |

Ma,a’,k,*a‘U - Ma,a’,k,* ’U

It follows from our assumptions that the vertical maps are homology | I |-connected. Indeed,
the assertion for the left map follows from our smoothness and codimension assumptions. The
assertion for the right map follows from a similar argument after using |[DT24], Proposition
6.16] to pass the computation to a finite rank subbundle of E*P — Uy .. Thus it suffices to
show that Ma,a’,k,*‘UﬁVk — /\A/Vlaya/,ky*\mvk is homology |/ ]-connected. Then the rest of the
proof is same as the proof of [DT24, Theorem 7.1]: we can apply the same discussion starting
from Step (3) of the proof of |[DT24, Theorem 7.1]. O

8.2. Comparing semi-topological models to the space of positive continuous maps.
The next step is to compare semi-topological models to the space of pointed positive continuous
maps. We first recall the notion of pointed positive continuous maps from [DT24].

Definition 8.8 (|DT24, Introduction]). Let X be a smooth projective variety equipped with
a finite set of disjoint smooth divisors {F;}. Fix a homological curve class . We define
Top, (P!, X), C Top, (P!, X), to be the subspace consisting of pointed continuous maps
s : P! — X such that:

(1) s7Y(E;) is discrete for every i, and
(2) s has positive local intersection multiplicity against E; at every point of s71(E}).

Following [DT24, Section 8] we show that M, 4 k. introduced in Section is weakly
homotopy equivalent to the space T, o k., parametrizing pairs (w, s) of w € Uy and pointed
positive continuous maps s : B — S of the class (a,d’, k) such that

o forany i =1,...,r, s }(F;) is discrete and the local intersection multiplicity at every
point of s71(E;) is positive, and;

e at a point of s7!(E;) the local intersection multiplicity of s along F; is equal to the
multiplicity of w at that point.

Let Mﬁha,’k,* be the space of pairs (w, s) of w € Uy and pointed continuous maps s : B —
P! x P! of class (a,a’) such that s intersects (p;,p}) to order exactly w;. Then we have a
canonical continuous map

M%a/’k’* — MI

! .
a,a’ Kk, *

Let 7, 41+ C Taa x» be the space of pairs (w, s) of w € Uy and continuous maps s : B — S
such that s intersects FE; to order exactly w;. Then by taking the strict transform, the
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argument of [DT24, Proposition 8.3] shows that M/, is homeomorphic to 7. In this

a,a’,k,* va/7k7*.
way we have a continuous map
Ma,a’,k,* — M;,a/,k,* g 7:1/,61/,1(,* — Inzalvk7*'
Then applying the arguments of [DT24| Section 8.2], one can prove that
Ma,a’,k,* — 7:1,a’,k,*
is a weak homotopy equivalence (see [DT24, Theorem 8.2]).
Finally arguing as in [DT24], Proposition 8.11] one can show that the projection
7;,(1’,1(,* — TOpi_(B, S)a,a’,ka (w> S) = S,

is a homeomorphism. Thus we obtain the following theorem:

Theorem 8.9 (|[DT24, Theorem 8.12]). We have a weak homotopy equivalence
Ma,a’,k,* =~ TOpj(-Bu 57 (CL, ala k))

8.2.1. Homological stability and the space of positive continuous maps. We assume that r = 4.
Let a,d’, k be non-negative integers such that

4 4
20— k; >0,2d =) k; >0

i=1 =1

We define I € Q> by
1

4 4 1

I = —min 2@—2]{:@,26/—2]@ - —.

8 i=1 i=1 2
For w < x € (U« < R) we define

E(w < x) :=4mo(x) + 3> my, ,(2) + 2> my,(2) + 2D my, a0, (@) — 2 ki
ij j i

Let P C (Uxx < R) be the subposet consisting of w < x such that E(w < z) < 2I. The
following lemma shows that P is proper over Uy:

Lemma 8.10. For any positive constant T the set of x € Hilb(B)? such that M(z) =
dmo(x) + 32,5 me,,(x) + 23 my, () + 23 me, a0, (1) < T is closed and downward closed.

Proof. Downwards closure is immediate because the coefficient of m, in the linear function
in the statement of the lemma increases as ¢ decreases. To prove that the set is closed, it
suffices to show that if 2’ is a specialization of z then M (z") < M(z). We will do this via the
geometric interpretation of M (z) as a codimension of a kernel of a certain morphism between
coherent sheaves.

We may assume that the total multiplicity of the divisors appearing in z is N. (The same
will hold for 2’.) Then choose d € N sufficiently so large that

['(B,0(d) @ Vi® O(d) ® Vo) = T'(D,0(d) @ V),

is surjective for all divisors D of size < N. (For example we can take d = N.) In this case we
claim that M (z) equals the codimension of

To(B, V), CT(B,0d) @ Vi ® Od) ® V).
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By construction of I'g(B, V), as the fiber product of morphisms between vector bundles, this
codimension decreases on specialization, so the same will hold for M (x).

To establish the claim suppose that x is supported at pq,...,p, and the maximum of the
divisors supported at p; is < n;. By our choice of d, we have that I'(B, O(d) @ V, ® O(d) ® V)
surjects onto [I_; ['(n;p;, V'), so it suffices to determine the codimension of the space of
incidence conditions imposed by x on [],_; I'(n;p;, V'), which splits as a product over p;.
The incidence conditions imposed at a single point p; by g, only depend on sat(g]"jb_) which
corresponds to a chain f . Interpreting I'(n;p;, V) as the space of n; — 1 jets of V, we find
that a section s € I'(np;, V') satisfies the incidence conditions of f; if and only if the I-th
Taylor coefficient of s lies in K 2.0 for all . Computing the codimension of this linear space

and adding over all p; yields M (z). O
Let M, o x be the space of pointed rational curves of class (a,a’,k) on S. Then we have
a natural projection
Ma,a’,k,* — Uk,*~

Let F} C Uk, be the complement of the image of the above projection. It follows from
Proposition [£.17] that the real codimension of F is greater than 161.

Let (w < x) be an element of P and (w < y) be an essential saturated pair such that
x < y. Let us consider the space

I'(B,0(a) @ Vi ® O(d') ® Va),.
We define

Ay = a — mo(y) — My, (y me

a’y =a—mo(y) —my, (y Z my, , (
ky,iﬂ' =My, ; (y) + My, 100 2 (y)

uy(6) = (z<mei,j<fy,c> ; mgi,l%,xfy,c»m) Cy(0) =0,

ceEB

Then the above space can be identified with
I'(B, O(a,) ® V1), ® (B, O(q, y) © Va)y,, (8.1)

where I'(B, O(a,) ® V1),, is the space of sections s € I'( B, O(ay) ® V1) such that s(y1(¢;1)) C
lin ® O(ay) for any i = 1,...,4 and we define I'(B, O(a;) ® V2),, in a similar way. We
consider

Ej<w < y) = 2mg (y) + QmVj/ (y) +2 Z mfm-/ (y> + Z(mfi,j (y) + My, 100 2 (y)) - Z ki

i=1

where {j,j'} = {1,2}. Since this function is monotone increasing with respect to y we

have Fyj(w < y) > 0 and Es(w < y) > 0. Moreover we have £ = E; + Ey. Thus we have
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E; <21 +2,
4

2(1y — Z ky,i,l
i=1

= 2a — Z kl - <2m0(y) + 2mV2 (y) +2 Z my, o (y) + Z(mzi,l (y) + My, 10, 5 (y>> - Z kl)

i=1 =1

> 61 + 2,

and
4
!
2ay - Z kw’,?
i=1

20— Y k- <2m0(y) () 423 s (9) 3 s (9) & s ea (1) — 3 k)

=1 =1
> 61 + 2.

The space I'(B, O(a,) ® V4),, is unobstructed if y; is contained in the image of
Z;yyky,l — Uky,l'

By combining the equations above with Proposition [4.17| we see that the complement of the
image has dimension at most Y7, k,, ;1 — 61 — 2. Thus the dimension of the set w such that
w < y where y corresponds to a point y; in the complement of the image of Z aykyn Uk,
is at most

4 4
mo(y) + mv, (y) +muy(Y) + Y me,,(Y) + Y kyin — 61 —2 <>k —41.
=1 =1

Let F5 be the union of closures of such loci while 7" runs over all combinatorial types we
consider. Note that the real codimension of F; in Uy is greater than or equal to 8. Similarly
we construct F for the space I'(B, O(a;) ® Va),,. Let F'= Fy U F, U Fs.

Next we analyze x(T) in our situation defined by Equation (7.1)). It follows from our
definition that we have

29(T) = 8mo(T) + 6> _my, ;i) +4 Y my,(T) + 4> my, e, (T),
i 3 i
and
rank(7") = 3mo(T') + 2 Z my, ; (T) + Z mVj(T) + Z mgi’l@gm(T).
i P i

Thus we have

K(T) = 5mo(T) +4Y_ my, (T)+3)_ my,(T) + 3 me,,e0,(T) — 2|Supp(T)].

i J i

Using this one can prove that when we have x; < x5, we have k(z5) > k(x1) + 1. This shows
that x(7") > rank(7"). Thus we have E(T") < 2rank(7") < 2x(T'). By applying Theorems

and [8.9] we conclude the following theorem:
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Theorem 8.11. Let B =P! and S be a del Pezzo surface of degree 4. We fiz an integral nef
class o on S. Suppose that we have a birational morphism B : S — P! x P! satisfying

4 4
20 =Y k; >0,2d =) k; > 0.
i=1 i=1
We define I € N by
1 . . 1
I=-min{2a—> k,2d —=> kip— .
8 i=1 i=1 2
Then M, . — Top) (B, S), is homology |I]-connected.

Finally we prove the Cohen—Jones—Segal conjecture for rational curves on quartic del Pezzo
surfaces. To compare the topology of the space of pointed positive continuous maps and
the space of pointed continuous maps, we will deform S to a smooth toric surface where the
desired comparison can be done more easily. The comparison result for toric surfaces will be
proved in Appendix [A]

Proof of Theorem|[I.8. Let B = P'. Let {(a) = min{|[/] — 1,ki(a)|i = 1,...,4}. By
Theorem R.11] it suffices to show that

TOpj(B, S)CM — TOp*(B> S)a7

induces isomorphisms of homology groups in degree < min{k;(«)}. Proposition shows
that we may prove the desired property after replacing o by « + v where  is the class of a
nef curve on S that is disjoint from each of the four exceptional divisors. In particular, by
repeatedly adding on the nef classes F,, F, defined in Notation , we may assume that

a—k1—kg,a—kg—k4,a'—k1—k‘g,a'—kg—k4,

are all positive. Let Y be the toric surface obtained by blowing up the four torus invariant
points on P! x P!. By considering a continuous deformation of the four blown-up points we
can construct a homeomorphism from Y to S that identifies the four exceptional divisors
Ey1,E1 2,51, By on'Y with the four exceptional divisors £y, Fsy, Es, Ey on S. Moreover this
homeomorphism preserves the orientations of these real fourfolds as well as their exceptional
divisors. By Theorem the inclusion

Top; (B,Y)s = Top,(B,Y)a,

induces isomorphisms of homology groups of degree < min{k;(a)}. Since Y and S admit a
homeomorphism that is compatible with the exceptional divisors, our assertion follows. [

9. MANIN’S CONJECTURE

Finally, we turn to a proof of Theorem [1.2| Throughout this section we work over a finite
field £ = IF,. We refer to Notation for our standard notations involving curve classes on
our surface.

Suppose that S is a split degree 4 del Pezzo surface and that « is a nef curve class on S.
For convenience of notation we set B = P!. We define the counting function as

N(B,S,—Kg,d) = Z #M, (k).
a€eNef1(9)z, —Kg.a<d
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Note that by working with nef curve classes we have removed the exceptional set consisting
of (—1)-curves. Given any subcone C C Nef;(X), we also define

N¢(B,S,—Kg,d) = > #M, (k).

a€Cy, —Kg.a<d

9.1. Upper bounds. We first prove a uniform upper bound on #M, (k) of the expected
order (but not necessarily with the expected leading constant).

Lemma 9.1. Let S be a split degree 4 del Pezzo surface over a finite field k = F, and let «
be a nef curve class on S. Then

1
M) = 1 e

Proof. First we consider the following fibration:
1/}04 : My — Z;(a),k(a)‘

For each k-rational point x on t¢,(M,), the fiber ¥, !(x) is a Zariski open subset of the
projective space of dimension h(a) — 2a(a) + 1 by Lemma [4.9] This implies that we have

qh(a)—Qa(a)—l—? -1

#Ma(k) < #Zﬁf(a),k(a)(’f) = 79£Z§(a),k(o<)(k)f.lh(O‘)_Qa(O‘)Jrl

qg—1 1—qg !

Next we consider
Pa(a) k() * Za(a)k(a) — Uk(a)-
For any k-rational point = on ¢a(a)k(a)(Zg() k()): the fiber gb;(la)’k(a)(x) is a Zariski open

subset of the projective space of dimension 2a(a) + 1 — 3I_; ki(«) by Lemma [4.4] Thus we
conclude

r 1
) 2a(a)+1-) . . ki(a)
# 20 (K) < #Uia (kg2 B o,
Finally Uy() is a Zariski open subset of H?Zl Hilb[ki(a)}(B), hence we conclude
4 1
U (k) < gk L
#Ux() (k) < g%=1 (1—q¢ 1)
Altogether our assertion follows. O

By taking a sum as we vary «, we can obtain an upper bound on the counting function.
We first need to recall the definition of the a-constant introduced in this context by [Pey95].
We will use the description given in [Jah14] 5.2 Definition] but will use N;(X)z instead of
the dual lattice N'(X)y.

Definition 9.2 ([Jah14] 5.2 Definition]). Let &k be a field and X be a smooth Fano variety
defined over k. Consider N;(X) with the lattice A := Ny(X)z. We equip N;(X) with the
Lebesgue measure normalized so that the fundamental domain for A has volume 1. For any
closed rational polyhedral subcone C C Nef;(X), we define the a-constant as

a(—Kx,C) = p(X)Vo{a e C| — Kx.ao < 1}.

This is equal to the top coefficient of the Ehrhart quasi-polynomial of the polytope C_x —;.

When we apply this definition to the entire nef cone, we will simply write a(—Kx).
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Theorem 9.3. Let S be a smooth split degree 4 del Pezzo surface and let C C Nefy(X) be a
closed rational polyhedral subcone. Then we have

N¢(B, S, —Kg,d ~Kg,C)¢?
limsup ( ) d7 - Sy ) S O{( 571);]
d—o0 q*d (1—q)
Proof. Tt follows from Lemma [0.1] that
2
NC<B7S7 _K57d) < qi Z q—p*Ks-Oé‘

(1—qg1)" €y, —Kg.a<d

Let V' C Ny(X) denote the affine hyperplane V' = {a C N;(X)| — Kx -« = 1} equipped with
the Z-structure coming from AN V. Let P(d) denote the Ehrhart quasi-polynomial for the
compact rational polyhedron C N V; thus P(d) is a quasi-polynomial of degree dim(V') =5
and with constant leading coefficient a(—Kx,C). We have

2 2 d

q Z ~Kg.oo _ 4 Jip(i

T s q — 71 __1\6 Zq PU)

(1—qg1)s a€Cy, —Kg.a<d (1—g7') Jj=1

d+2

<
(1—q¢ )7 j=1,.a

Dividing by ¢?d® and letting d go to infinity we obtain the desired statement. 0

9.2. Stratifications in the algebraic settings. Let (w < ) € (U < Hilb(B)?)(k). We
define a linear space qulix as

7%, = T(Bg, 0(a) ® Vi © 0(d) @ Va), C By = T(Bg, O(a) © Vi & O(d) @ Vi),
where I'(Bg, O(a) @ V1 & O(d') ® V4), is the space of (s,t) € I'(Bg, O(a) @ V1 & O(d') @ V)
such that for any ¢ € @, (s,t)(x,) C K,. As (w < x) vary, these assemble into a stratification
7% = {((w < 2),2) | (w < x) € (U < Hilb(B)9),z € Z¥8_} C (Ux < Hilb(B)?) xy, F,
where E — Uy is the fibration parametrizing F,, for w € Uy. Note that this stratification is
different from the one defined in Section [8 However, when (w < x) is essential, we have

Zalg — Ztop mEalg
w

w<x w<x

For this reason, the two stratifications are essentially the same from the point of view of the
inclusion-exclusion principle.

9.3. Counting curves via the bar complex. Here we follow the discussion of Section [8.2.1]
Let h,a,d’, k be non-negative integers such that

4 4
h=2a+2d =Y ki,2a—> k>02d=> k>0
i i=1 i=1

We define I € Q¢ by

1 1 1 1
I = —min 2a—Zki,2a/—Zki - —.
8 i=1 i=1 2
Define
Ew < x) :=4mo(z) + 3> my, ,(2) + 2 my,(2) + 2D mu, a0, (@) — 2D ki
o J i
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and let P C (Uy < Hilb(B)®) be the subposet consisting of (w < ) such that E(w < x) < 21.
Lemma shows that P is proper over Uy. Let M, » x be the space of rational curves of
class (a,a’,k) on S. Then we have a natural projection

Ma,a’,k — Uk

Let F; C Uy be the complement of the image of the above projection. It follows from
Proposition that the codimension of Fj is greater than 81.

Let (w < z) be a saturated element of P(k) and (w < y) be a saturated pair such that
x < y. Let us consider the space

D(By, 0a) @ Vi & O(d) & Vi),
We define

Ay = a4 — mo(y sz Z mfz 2

ay = a—mo(y) —my, (y Z my, , (

ky,i,j = My, ; (y) + My, 190, 5 (y)a

as before. We also define

yj(&,j) - Z (mgi,j (fyvc) + My, 190, 5 (fy,c))[c] ) y](o) = @

ceB(k)
Then the space I'( By, O(a) ® Vi @ O(d’) ® V3), is identified with
(Bk;7 O(ay) ® Vl)yl ©® F<Bk’ O( ) &® ‘/2)342’
where the definition of this space can be found in . We consider

4
Ej(w <y) = 2mo(y) + 2my,, (y) +2>_my, ,( Z )+ My, (Y) = D ki
=1

where {j,j'} = {1,2}. Since this function is monotone increasing with respect to y we
have Ei(w < y) > 0 and Ey(w < y) > 0. Moreover we have E = E; + E5. Thus we have
E; <21 + 2. Following the discussion of Section we have

2ay — Z ky,i,l Z 61 + 2, 2@; — Z ky,i,Q Z 61 + 2
=1 =1

The space I'(Bg, O(a,) ® V1),, is unobstructed if y; is contained in the image of

o
ay,ky,1

— Uk%1

The complement of the image of this map has dimension at most 37, kyi1—61 —2. Arguing
as in Section [8.2.1] the loci of the corresponding w such that w < y has dimension at most
S k; —AI. Let F5 be the union of the Galois orbits of the closures of all such loci over k while
T runs over all combinatorial types we consider. Note that the codimension of Fy in Uy is
greater than or equal to 4. Similarly we construct F3 for the space I'(Bg, O(a;) ® Va)y,. Let

F = Fy U Fy U F3. Also note that as in Section we have E(T) < 2x(T).
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Let Maﬂ/,k — M, o x be the G2 -torsor as before. We are interested in

#Ma,a’,k(k) = (q - 1>_2#Ma,a’,k(k>-

By the Grothendieck—Lefschetz trace formula, we have
H#M, o i (k) = Z( 1) Tr(FrOb ~ Helzt c(( a,a’ k >k7 Q).

The goal of this subsection is to estimate this quantity. When ¢ is small, we bound the
Frobenius trace using the general results of Sawin and Shusterman in Theorem [B.I] When
1 is large, we will first compare these cohomology groups to the bar complex, then to the
cohomological virtual bar complex, at the cost of adding error terms at each step. Our desired
statement (Theorem arises naturally from the cohomological virtual bar complex via
Proposition [7.8|

Since a degree 4 del Pezzo surface S is the intersection of two quadrics in P4, the constant in
the proof of Theorem is C = 232, Then by combining the result of Sawin and Shusterman
in Theorem [B.1], Deligne’s estimates, and Leray’s spectral sequence, we have

> (=1)'Tr(Frob ~ Hiy (Maw i)z Q)| = O(g* 2R 1450,

ét,c
i<da+4a’=23  k;j—I+10
(9.1)
Let U = Uy \ F. Then since the codimension of F' is greater than or equal to 41 and since

Ma « k is flat over Uy, the inclusion Ma o xlu = Ma ok induces an isomorphism on étale
cohomology with compact support in codimension < 8/ — 2. In particular, we have

) (—1)"Tr(Frob ~ H, (Mo )7 Q)

i>4a+4a’—2 Zj k;j—I+10

= > (=1)"Tr(Frob ~ Hi (Mo aelu) Q0)-
i>da+4a/ =23 kj—I+10

Then assuming I > 1 we have
Ely = (Moaxlv) Uim(Z3¢ — Ely).

This implies that we have

S (—1)"Tr(Frob ~ HY, ((My.w x|z Q)
i>4a+4a’—2 Z]. kj—I+10
— Z (—1)"Tr(Frob ~ H, L(Elo)m Q)
i>da+da/~2 3 k;—I+10 (9.2)
— > (=1)"Tr(Frob ~ Hétc(lm(Zf:,lf — Elv); Qo))

i>4a+4a’—2 Zj k;—I+10

i O(q2a+2a’—zj kj—1/2+60?)’

where the last error term is coming from a bound on the Frobenius trace of a subspace of

da+4a’ 22 kj—[11+10
Hy.. ] (Moo sl ) Q)
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obtained by applying Theorem [B.I] Let us analyze
3 (—1)"Tr(Frob ~ Hj, (im(Z3¢ — Elv)z, Qu)).
i>da+4a’ =23 k;j—I+10
By Theorem with R = P, this quantity is equal to
3 (—1)"Tr(Frob ~ H}, (B(Py, Zp)7 Qu))-
i>4a+4a’—2 Z]. k;—I+10

By Proposition we have a spectral sequence:
O £’ = D H ((Z*% [ pone )i 1 (T)[1])

i+j=n T': essential type of P
— Hp, (B(Py, Z58)5 Lo)-

It follows from Lemma [2.3] that

> (UTe(Frob ~ Hy (B(Po. Z85).Q0)

i>4a+4a’—2 Zj kj—I+10

> > (=1)"Te(Frob ~ Hey o((Z*%uxy a7 0/ (T[] @ Qo)) < N

T: ess. type of P j>4a+4a’—2 Zj kj—I+10

where N is the sum of the absolute values of eigenvalues of the Frobenius for
[a+4a’=23 " kj—I+10] a
@ Hét,c ’ ((Z 1g|U><UkNT)E7 M,(T)[l] ® Qﬁ)
T: essential type of P
Our next goal is to bound N. Since Z*8 has the expected codimension over U Xy, N, for
anyi24a+4a’—22jkj — I + 10 we have
H (270 n ) 0 (T0Qe) = H (U N (T (=10, 1e.7) [ = 200,017+ 1] Q)
where as before ng o7 = 2a + 2a' +4 — 23 ; k; — v(T"). The cohomological dimension of

Hét,c((F XUy NT)E? (1) (=Na0 11)[—2n00 k1 + 1] @ Q)
is at most
2> k;j — 81 + 2|Supp(T)| + rank(T) +4a +4a’ + 9 — 4> k; — 2(T)
J J
<4da+4d -2 kj—r(T)—8[+9
J
This implies that for 7 > 4a +4a’ — 232, k; — I + 10, we have

H, (U xu No)gy i(T) (=g 1) [= 210,04 + 1] © Q)
= Hgt,c«NT)E? M(T)(_na,a’,k,TM_Qna,a’,k,T +1] ® Q).

Thus the following proposition follows from Theorem applied with n = 1/2 combined
with the inequality h > max{>}_| k;, I }:

Proposition 9.4. For any constants Cy > 160 and C3 > (160)* if ¢ > C3 we have

N — O(q2a+2a’—zj kj—1/4+4c,g).
63



Thus we conclude that

> (—1)'Tr(Frob ~ HY, (B(Py, Zp8)7 Qi)
i>da+4a’ =23 kj—I+10
= > > (—1)"Tr(Frob ~ Hf, J((N7)g, (1) (—nasa 1) [—2n0,0 1,7+1]) @Qy)

T: ess. type of P >4aq+4a’—2 Ej k;j—I+10

+ O 2N T max{ €y, Co}h).

When T is an essential type which is not a type of P, we have x(T') > I. This implies that
the cohomological dimension of

Hét,c(((NT)Ev (1) (a0 1) [—2n0,0 7 + 1] @ Q)
is at most

da+4a' +9—2> k; — 2y(T) + rank(T) + 2|Supp(T)| < 4a +4a' + 9 — 2> k; — I.

J J

We conclude that

> > (—1)"Tr(Frob ~ Hg J((N7)g 1(T) (= Naa ser) [—2n0,0 e + 1] © Qp))

T: ess. type of P j>4q+4a’—2 Z]. k;j—I+10

> > (—=1)"Tr(Frob ~ Hf, ((N1)5, i T)(—Nayer x,0) =200 k1 + 1] @ Qp)).
T: ess. type j>4aq+4a’—2 Zj k;j—I+10

Then using Theorem [7.9) again, we obtain

> (=1)Tx(Frob ~ Hi, (B(Py, Zpf)r Qo))
i>da+4a/ =23 kj—I+10

= > 2 Tr(Frob ~ Hy (Nr)g t(T)(—Nawser) [ =200 e + 1] @ Qi)
T': essential type 1
+ O 2k max{ €y, Co}?).
Now it follows from Proposition [7.§ that

> D Tr(Frob ~ Hy ((N1)g, (1) (g kr) [—2n0,0 k7 + 1] @ Q)

T: essential type ¢

= > =@ Y w(w,a)g

T': essential type (w<z)eNT (k)
— a2+ Z 1. (w, x)qfv(ac)7
(w<z)e(Ux<Q’B)(k)
We conclude that

)Y (=1)"Tr(Frob ~ He, (B(Py, Zpf)5 Qr))
i>da+4a’ =23 kj—I+10

= gt > e (w, x)qﬂ(x)—FO(qQHZ&LZJ’ RIS ax {Cy, Co ).
(w<z)e(U<Q7P)(k)
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Similarly, one can prove that

) (=1)Tx(Frob ~ Hy, ((Elv)z Q)

i>4a+4a’—2 Ej k;—I+10
— ot s g™ + O(q2a+2@’—2j ki =1/4+6 max{C}, Cy}").
weUy (k)

Combining the previous two equations with Equations (9.1) and (9.2), we obtain:

Theorem 9.5. Assume that ¢ > C5. Then we have
#Ma(k) = 2ot Z p (w, x)q”(”’) + O(q2a+2a,_21 ky—1/4+6 max{C1, Cy}"),
(w<z)€(Uk<Q7B) (k)
where the implied constant does not depend on q,a,a’, k.
9.4. The residue of the virtual bar complex. We work with the set up described in
Section [7} We assume that our ground field & is a finite field F, and that B = P;.
Let o be an ample curve class on a split quartic del Pezzo surface S such that « lies in the

interior of the region 7, defined in Notation [3.5] Using the invariants a(a), (), k;(c) of
Notation (3.5, we have:

4 4
2a(a) = > ki(a) > 0,2d' (o) = > ki(e) > 0.
i=1 i=1
By Theorem [09.5 we would like to understand the limiting behavior of
gt > po(w, )~ 7@
(w<z)e(Uk<Q7B) (k)

as a,a’, k; — oo. To this end, we consider the following virtual height zeta function:

Z(t) = >, qZ?_lki< 2. uk(w,x)q_v(m)) R
(wsw)e(

k1,...,ka=0 U <Q7B) (k)
It follows from Lemma[7.7}(1) that the above zeta function can be rewritten as the following

convergent FEuler product:

Z(t)

4 oo
=11 ( S (T a)g @l ST ST (gt pr(di[li 1 & €i72}’x)q—’y(x)|c|)

c€|B| \zech(Q(k)) i=1d;=1 z€ch(Q(K)), di[li,1©¢;,2] <

where | B] is the set of closed points on B and |c| is the degree [k(c) : k|. Then it follows from
Lemma [7.7}(2) and Example [5.§] that the above Euler product is equal to

4 o0
H (1 _ 6q—2|C‘ + 8q—3|C| _ 3q—4|C| + Z Z <qtz)|6|dz (q—Qd‘C| o 2q—(2di+1)|6| + 2q—(2di+3)|6| o q—(2di+4)|c|)) ]
c€|B]| i=1d;=1

It is clear from the formula that this Euler product absolutely converges when there is a 6 > 0
such that |t;| < ¢~° for i = 1,...,4. The following proposition verifies the basic properties of
Z(t).
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Proposition 9.6. We have the following Fuler product:

H Zor (g ') 71 Z (%)

= H 1+ 0(q 2\c\ (1+ Zt\cl Z O(q—(£1+€2+€3+€4)|c|)t|10|51t|20|f2tgc‘f3t‘40‘f4
CE‘B‘ 31,62733,546{0,1}
l1+lo+Ll3+64>1
where Zpi (t) is the Hasse—Weil zeta function for PL. In particular if 0 < 6 < 1/2 then this
Euler product absolutely converges when |t;| < ¢° fori=1,... 4. Furthermore we have
4
lim [J(1—t)-Z2(t)=(1—-¢ "™ ¢ NS 4 671 4 g2,
tﬁli:Hl( )-Z(t)=(1—q"" CEﬂ q ¢ )

Proof. First we have
4
H Z[p:l (q_ltz‘)_l
=1
4 oo
> H (1 . 6q72|c\ + 8q73|c| . 3q74|c| + Z Z t,‘ic‘diqidﬂcl(l . 2q7\c\ + 2q73\c\ . q4|c|>)

ce\Bl i=1 d;=1
- T IT0 -
ce|B|i=1

4 t‘c‘q ||

(1 6q 2l 4 8¢ 3l — 34l ¢ Z T t|c| 7|C| (1- 2¢71° 4 9473l — q40|))

H ( (ﬁ t|C| *|C| ) (1— 6q72|0| + 8q73|c| B 3q,4‘c‘)
+ 24: (H t|C| |C|)) tLC|q*|C|(1 _ 2q*\0\ + 2q*3|c\ . q4c|))'

=1 \j#i

The first assertion follows from this expression. Also one can compute the leading term as
4
H (1 —t:) Zpr(q~'t;)

4gldl
x [T (1= g9 (1 — g2 gl 3l P9 (g gglel 4 gglel q4c>>

€|B| 1 =gl
=1-¢H™* I S(1+6¢71+¢72). O
c€|B]|
Next we expand the product:
4 00
[IA-t)Z(t) = > Bjppiti 351"
i=1 j17j27j3)j4:0
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We fix § satisfying 0 < § < 1/2. Assume that |t;] < ¢° for i = 1,2,3,4. Then Proposi-
tion shows that the above series absolutely converges. This implies that |Bj, j,j..] =
O(q~mntiz453434)) for any 0 < 1, < §. This leads to the following proposition:

Proposition 9.7. There exists 7, > 0 which does not depend on k, q such that

g2t > p(w, x)g " = (1—¢~ )™ [ (1—¢" N (1+6¢71+¢72) 4O (g minthit),
(w<e)e(UnsQ ) (k) celB|

where the implied O-constant does not depend on k, q.

Proof. Recall that Z(t) can be obtained from the power series 3 Bj,j,i5.t1 t5t5 45" by multi-
plying by [T}, (1 — t;)~!. Comparing coefficients, we see that

qu ki Z Mok (w x e Z B]1J2J3J4

(<) € (U< @IB) (k) ji<ks
Proposition [9.6] shows that
llm qz ki Z ,uk(w,x)q_”(x)
himros (w<a)e(Uk<QB) (k)
= Z Bj1j2j3j4 = (1 - q_1>4 H (1 - ‘c‘) (1 + 6q~ el +q 2‘6‘)
J1,J2,73,J4=0 ce|B|

Thus the error term in the proposition statement is given by

4
> Bigagsial ¥ D2 Birjasial + 20 Bisajsial + 22 1Bjijasin| = 22 O(@™™")
i=1

J1>k1 Jo2>ko Ja>ks Ja>ka

for some 7; > 0 and our assertion follows. O

9.5. Peyre’s constant. Finally, to get an explicit formula for the counting function we must
compute Peyre’s constant explicitly. We follow the presentation of [Pey95] and [BT98a]. Let
S be a split degree 4 del Pezzo surface over F, with the anticanonical height. [Pey95| and
[BT98a] define

c(P', S, —Kg) = (1—q¢ ") a(—=Ks)B(S)T_ks(S)
where a(—Ky) is defined as in Definition , B(S) = #H"(Fy(t), Pic(Sgr @) and T (5)

is the Tamagawa constant. The value a(—Kg) = 155 is computed by [DerO? Theorem 4].
Due to the splitness assumption §(S) = 1. Since we are working with a trivial family of split
surfaces, the constant 7_g(S) has the following simple form:

T rks(S)=¢(1-q7") (H (1-4q lcl)ﬁ#s(;iqc)>

c€|B]

as ¢ € |B| varies over all places where |c| denotes [k(c) : k]. Using #S(F ) = ¢% + 6¢/ + 1,
we obtain

c(P', S, —Ks) = z (1 - q_l)_7 ( 11 (1 - q_M)G (1 +6g7 1 + q_2lcl)>
180 celB|
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9.6. The proofs of the main theorems. In this section we prove Theorem [I.2] Let S be
a split quartic del Pezzo surface over k = I, as before.

Let 3 be the set of birational morphisms p : S — P! x P!. For such a birational morphism
p: S — P x P! we define F,F' F,,...,E, as Notation For each class a € Nef(5), we
define

1 4 1
J,(a) = o) min{2F.a — > E;.o,2F .= Y E;.a},
i=1 i=1
and
R,(a) = min{E;.a}.

Then we define a rational continous homogeneous piecewise linear function ¢ on Nef;(S) by
{(a) = mac{min{3,(a), %,(a)} }.
Then it follows from Proposition 3.3 that U = {« € Nef;(S) | {(«) > 0} is a dense open cone
in Nefy(S).
Proof of Theorem[1.3: Our goal is to understand the asymptotic formula for
NNt&ee(B, S, —Kg,d) = > #M, (k),

aeNef; (S)Z,E,Z7 —Kg.a<d

where € > 0 is a small rational number and Nef;(S) . is the rational polyhedral cone consisting
of o € Nefy(9) satisfying {(a) > —eKg.c. We write

NNef1(S)£,s,Z (B7 S, _KS7 d)

i = (¢*d°)™ ) # Mo (k)
q aGNefl(S)g,E,st.agd
_ (qdd5)_1 Z q—2<1 _ q—1>—2#Ma(k)

aGNefl(S)AE’Z,—KSAOéSd
We next estimate the sum. By construction, for any o € Nef;(5) .z we have

312 min{2a(a) — Z ki(),2d (o) — Zki(a), ki(a)} > eh(a) = —eKg.q,

where we choose a birational morphism p : S — P! x P! according to Notation Assume
that we have ¢¢ > C' = max{C},Cy} and ¢ > C5 where C1, Cy, C3 are constants defined in
Section (One can take C' = 232 and C3 > (160)*.) It follows from Theorem [9.5] that

> g 21— ¢ ) 2HM (k) = (1 — ¢ V)2

a€eNefy (S)g’g,z,—Ks.agd

S qh(a)+2+2i ki() 3 fi(w, 2)g 7@ | 4+ O
acNefq (S)gye,z,st.agd (wSx)E(Uk(a)SQJB)(k)

for some 0 < 6 < 1. Thus using Proposition [9.7] we obtain
> ¢ (1 —q 1) P # M, (k)

a€cNefq (S)g,ez,—Ks.och
= > (7-ks (8)q"® + O(g1=9"@))
a€Nef1(S)g,e,2,—Kg.a<ld
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for some 0 < ¢’ < min{d, 7,0} where 7, is a constant coming from Proposition . Thus by
using arguemtns using the Ehrhart quasi-polynomials as Theorem [9.3] we conclude

NNetiS)ee(B. S —Kg, d)
lim - ’
d—+o00 q d5

Proof of Corollary[1.7: Fix any prime power ¢. Theorem shows that for d sufficiently
large we have

— (1 _ q_l)_la(—Ks, Nefl(S)&e)T—KS (S) 0

a(—Ks, Nef; (X)) d+2 J5
(1—q1)"

In particular, for any finite set of prime powers ¢ we can ensure that Corollary holds by
choosing R large enough. Thus it suffices to prove Corollary for sufficiently large prime
powers q.

Fix a constant C' as in Theorem [[.2] Fix a sufficiently large prime power ¢ and let ¢
be a rational number satisfying log(C')/log(q) < € < 2log(C)/log(q). We define the cone
Nef(S)e, as before and set

0< NP, S, —Kg,d) <2

C .= Nef1 (S)\Nef1 (S)gﬁ.
Theorem [0.3] shows that for d sufficiently large we have

. . a(—Kg,C)¢?
NN (P S, Kg, d) < N(PL, S, ~Kg, d) < NV (L5, — K, d)+2((1_2_1))7qdd5
and thus by Theorem

) NP, S, —Kg,d a1

lim sup ( 275 & )—(1—q 1) 1CI 204(_K57Nef1(5))7——Ks(S)‘
d—o0 q d
—-K
< (=K Nefi(S)e) - a(=Ks,Nea ()] - (1 47) 07y () 4 25— )
7
= a(~Ks,C)—— |2+ 1—g ) T
(—Ks )(q—1)7 ( (g( ") P
_ 7 _ o\ 8 #5(Faier)
< a(—Kg,C)2 (2+ (efél (1—271) or

Note that when e is sufficiently small then a(—Kg,C) is bounded above by a linear function
of € (determined by the shape of Nef;(S) independently of ¢). Thus when ¢ is sufficiently
large a(— K, C) is bounded by a linear function in 1/log(q). Altogether, we see that there is
an R (not depending on ¢) yielding the desired inequality. 0

APPENDIX A. RESULTS FOR DEGREE 4 TORIC SURFACES

Suppose that our ground field is C and let Y denote the toric surface obtained by blowing
up P! x P! at the four torus-invariant points denoted by (p;, p;) for 4,7 = 1,2. We denote
the exceptional divisor above (p;,p;) by E; ;. In this section we analyze the moduli spaces of
rational curves on Y. Note that spaces of rational curves on toric varieties have been well-
studied both from the perspective of homological stability (|[Gue95]) and from the perspective

of point counting (|[BT98b; Bou03; Boulla]). However, we need a specific result — a homology
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equivalence between the spaces of positive pointed maps and the space of continuous pointed
maps — that does not directly follow from the literature.

Theorem A.1. For any integral nef curve class o € Nef1(Y'), the inclusion
Top! (P',Y)s — Top,(P',Y ),
induces isomorphisms of homology groups of degree < min; ;{E; ;.a}.
Our plan is as follows. For any o € Nef(Y), let M, . denote the moduli space of pointed
algebraic morphisms of class a. By mimicking the material in Section [8, we show that the
inclusion M, — Top) (P!, Y), induces an equality of homology groups in some range. In

turn, by |Gue95] we also know that the inclusion M, . — Top,(P',Y), induces an equality of
homology groups in some range. By combining these two statements we obtain Theorem

A.1. Set-up. We identify P* x P! = P(V;) x P(V;) for rank 2 vector spaces Vi, V. For
Jj =1,2 we let {1 j, (5 ; denote respectively the lines corresponding to the points 0, oo in P(V}).
Letting V = V; & V5, we define the k-poscheme

Q ={V,Via{0},{0} @& Vo U{li1 & lio, l;1 ® ls_i2, 01 & {0}, {0} @ li2, 0}ici oy
A.2. Rational curves on the degree 4 toric surface over P! x P!. Recall that we realize
our degree 4 toric surface Y as a blow-up

p:Y =P x PL.
Let E; ; be the exceptional divisor of p at (p;, p}) for (i,j = 1,2) and F, F" be general fibers of

the two conic fibrations coming from P! x P!. Also recall that for any nef class o € Nef;(Y),
we define

(Z(CY) = F'a? CZ/(O{) - F/.O{, ki,j<a) = Ei,j'aa
for 7,7 = 1,2. Note that being nef is equivalent to require all of
a— ki,l - ki,27 a' — kl,j - k2,j7 ki,j (z',j =1, 2)

are non-negative.
We define Uy, and Zg, , as in Section @ Using the discussions in Section , one can
prove the following propositions:

Proposition A.2. Assume that 2a > Y k; j and 2a’ > Y k; ;. Then the composition
¢a,k,* o ¢a,* : Ma,* — Z;,k7>k — Uk7>k'

is smooth, and its restriction over ¢qk . © Vo s(Ma ) is a Zariski open subset of a bundle of
the product P2~ Fi x P2 =255 over ¢gcv(Var(Ma)).

Proposition A.3. Assume that 2a > > k; ; and 2a’ > Y k; ;. Consider the composition
gba,k,* o 77Z)o¢,* : Ma,* — Zg,k,* — Uk,*~
Then the dimension of Uy . \ Gaxs © Vax(Max) is at most
max Z 2]@"]' — 2CL, Z 2]@"]‘ — 20/ .
ij=1,2 ij=1,2

A.3. Homological stability and the space of positive continuous maps.
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A.3.1. Semi-topological models and the spaces of positive maps. Here we follow the discussion
of Section [§} We work over C. For a,d’, k as before, we define the space of rational curves
Ma ok and its torsor Ma o' k- One can also define their semi-topological models M, . x and

/\/la o k as Section I Then Theorems . and are valid in this settings of the toric surface
Y and their proofs are exactly the same. We do not repeat these in this section.

A.3.2. A proof of Theorem[A.]. Let a,a’,k be non-negative integers such that
a — k?@l — ki’Q > O, CL, — kl,i — k27z‘ > O, k’i’j > O,
for i, = 1,2. We define I € N by

1 1
I = g min {QCL — Z ki,j; 20/ — Z ki,j} — 5
Z7‘7 Z7J
Define
E(w < x) :=4mg(x) + 3> my, ,(2) + 2> my,(z +22m@1€%2 221{;,3
iJ J 1,J
and let P C (Ux. < R) be the subposet consisting of w < x such that E(w < z) < 21.

Repeating the argument for Lemma [8.10, we see that P is proper over Uy:

Lemma A.4. For any positive constant T the set of x € Hilb(B)? such that 4mg(x) +
3 me, (x) + 23 my, (2) + 23, me e, () < T s closed and downward closed.

Let My q x« be the space of pointed rational curves of class (a,a’, k) on Y. Then we have

a natural projection
Ma,a’,k,* — Uk,*

Let F; C Uy be the complement of the image of the above projection. It follows from
Proposition that the real codimension of F} is greater than 161.

Let (w < z) be an element of P and w < y be a essential pair such that z < y. Let us
consider the space

I'(B,0(a) @ Vi & O(d') @ Vo).

We define

ay =a—mo(y) —my,(y ngz )

(l; :a_m()(y mVl y mezl

ky,@l = My, , (y) + My, 1001 5 (y) + Mg, 10022 <y>
]{7%,‘72 =My, , (y) + My 190, 5 (y) + Myy 100, o (y)

Yj (Ei,l) - (Z (mfi,l (fy,c) + My, 1@61,2 (fy,c) + mfi@@&,z(fyﬁ)) [d)

ceB

yy(a) = (Z (3 () + M1 s0002 ) + Meps060 () [c1) .

ceB
Then the above space can be identified with

I'(B,0(a,) @ V1),, ®T(B, O(a,) @ Va)y,.
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We consider
2

2 2
By < ) = 2mo(y) + 2my, () + 23" me,, () + 3 by — 3 b
i=1 i=1 ij=1
where {j,7'} = {1,2}. Then since this is monotone increasing with respect to y we have
Ei(w < y) > 0 and Ey(w < y) > 0. Moreover we have F = E; + F5. Thus we have
E; <21 4 2. This implies

2 2
2a, — > kyi1 > 6142, 2ay, — Y kyi2 > 61 +2.
=1

i=1
The space I'(B, O(a,) ® V4),, is unobstructed if y; is contained in the image of
Z(c;yyky,l % Uky,l'

Then the complement of the image has dimension at most >27_, k,, ;1 — 6] — 2. Thus the
dimension of the set w such that w < y where y corresponds to a point y; in the complement
of the image of Z; , = — Uy, is at most

2 2
mo(y) + my, (y) + my, () + Y me, (Y) + D kyin — 61 —2 <>k — 4L
i=1 i

=1
Let F5 be the union of closures of such loci while 7" runs over all combinatorial types we
consider. Note that the real codimension of F; in Uy is greater than or equal to 8. Similarly
we construct F for the space I'(B, O(a;) ® Va),,. Let F'= Fy U F, U Fs.
Next we analyze x(T') in our situation. It follows from our definition that we have
2"}/<T) = 8my (T) +6 Z My, (T) +4 Z my; (T) +4 Z My, 1 0; 5 (T),
i,j J 1,J
and
rank(T) = 3mo(T) + 2 my, (T) + > my,(T) + Y me, 00, (T).
12 J 2%
Thus we have
K(T) =5mo(T) + 4> my, ,(T)+ 3> my,(T) + 3> me, e, (T) — 2|Supp(T)|.
2% J 2
Using this one can prove that when we have x; < x5, we have k(x3) > k(x;) + 1. This
shows that x(7T') > rank(7"). Thus we have E(T) < 2x(T). Thus by applying versions of
Theorems [8.6] and [8.9] for Y we conclude the following theorem:

Theorem A.5. Let B =P! and Y be the toric surface of degree 4. We fix an integral nef
class o on S. Suppose that we have a birational morphism 3 : S — P! x P! satisfying

2a — Zki’j > 0, 2a’ — Zki’j > 0.
2y 2y

We define I € N by

N | —

1
I = gmin {2a — ka, 2a’ — ka} —
17‘7 Z’J
Then M, . — Top) (B, S) is homology |I|-connected.

Here we record one proposition:
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Proposition A.6 (|[DT24, Proof of Corollary 1.2]). Let X be a smooth projective variety, let
{E;} be a finite set of disjoint smooth divisors on X, and let n: S?* — X denote a pointed
curve such that n(S?) N E; = 0 for every i and n sends at least two points to the basepoint of
X.

Let s : C'— X be a pointed continuous map. Suppose we fix a disc around the basepoint
xco and let m : C — S?2V C denote the contraction of the boundary of the disc. Then the
stabilization morphism s — (nV s) o w defines homotopy equivalences

TOpj(C, X)Oc ﬂ) TOp:—(C, X)a—f—’r]*]P’l
Top, (C, X )4 LA Top, (C, X ) atn.pr
Proof. We can think of n as a homotopy from the constant map S! — *x to itself. Let 7

denote the reversed homotopy, also considered as a map 7 : S? — X — (U;F;). Then the map
V1 defines a homotopy inverse to V), since the map

S% 5 §2v §2 M X (UE;)
is null-homotopic. 0]
Now we prove our main theorem of this section.
Proof of Theorem[A.1] Let J = min{k;;,a —k;1 —ki2,a’ — k1 j — k2;}. By [Gue95, Theorem
4.1], for any ¢ < J, we have an isomorphism
H"™ (Mo, Z) = H;™¥(Top, (B, S)a)
which is induced by the inclusion M, , — Top, (B, S),. Thus if we let
(o) =min{|I| -1, J},
then the inclusion Top; (B, S)s < Top, (B, S), is homology isomorphic up to degree £(a).

However, by Proposition the homotopy types of Top) (B, S), and Top, (B, S), do not
depend on a,d’. If we fix {k;;} and make a,d’ sufficiently large then ¢(o) = min{k; ;} and

our assertion follows. 0
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APPENDIX B. BETTI NUMBER BOUNDS FOR THE MODULI SPACE OF MAPS FROM A
RATIONAL CURVE

WILL SAWIN, MARK SHUSTERMAN[]

Let k£ be a separably closed field. Let X be a projective variety over k. Fix a very ample
line bundle L on X. Say a map ¢g: P! — X has degree e if the pullback of L to P! by g has
degree e. Let Mor(P!', X) be the moduli space parameterizing morphisms of degree e from P!
to X. The goal of this appendix is to prove the following theorem.

Theorem B.1. There exists a constant C' such that, for £ a prime invertible in k, we have

> dim H(Mor(P', X), Q) < C*.

i=0
The constant C' depends only on dim H°(X, L) and the self-intersection ci(L)3™X.

To prove this, we will use Betti number bounds of Katz for the compactly supported
cohomology of intersections of hypersurfaces in affine space. We are faced with the difficulty
that Mor (P!, X) is not usually an intersection of hypersurfaces in affine space. We will replace
Mor(P!, X) by an intersection of hypersurfaces in affine space in two steps: First defining an

affine space bundle Mor,(P*, X) on Mor(P!, X) and then a stratification of Mor, (P, X) into

strata MSrZ(IPl, X), which will be intersections of hypersurfaces in affine space. It is possible
to control the way Betti numbers change under these operations, leading to a Betti number
bound for Mor (P!, X).

First, observe that L defines an embedding X — P™ for the natural number

n =dim H°(X,L) — 1.

Lemma B.2. Inside P", X is the vanishing locus of some homogeneous polynomials fi, ..., f.
of degrees dy, . ..,d, in n+ 1 variables, with d; < --- < d,, such that r and d, are bounded in
terms of dim H°(X, L) and c; (L)%™ X,

Proof. Inside P*, X is a closed subscheme of degree c;(L)¥™X. Being a closed subscheme,
it is the vanishing locus of some homogeneous polynomials. By changing the order of these
polynomials, we may assume their degrees are nondecreasing. Using the Chow variety, one sees
that all smooth closed X C P of degree ¢;(L)¥™¥ are parameterized by a scheme of finite
type. One can see that the number r of polynomials defining X and the degrees dy,...,d,
of these polynomials are bounded only in terms of dim H°(X, L) and the self-intersection
c1(L)M™X by a Noetherian induction argument over this scheme. 0

By Lemma |B.2] it suffices to prove Theorem where the constant C' depends only on n
and d,.

We view P +D(e+1)-1 a5 the space parameterizing n + 1-tuples of polynomials go, . .., g, of
degree < e in the variable T', not all 0, up to scalar multiplication of all polynomials. Here
the coordinates of P(**D(e+1)=1 are the coefficients of the polynomials.

Lemma B.3. Mor(P!, X) is isomorphic to the locally closed subscheme of P+het1)—1
consisting of tuples of polynomials go, . . ., gn such that fi(go,...,g9,) =0 fori from 1 tor, at
least one of go, ..., gn has degree e, and gy, ..., g, share no common factors.

IThe Dr. A. Edward Friedmann Career Development Chair in Mathematics
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Proof. We first construct the map Mor (P!, X) — Pr+D(E+D)=1 " For g: P! — X of degree e,
the pullback ¢g*L is necessarily isomorphic to Op:(e). If we fix an isomorphism ¢*L = Op:(e)
we obtain a linear map H°(X, L) — H°(P!, Opi(e)).

Choosing a basis for H°(X, L), we obtain n + 1 elements of H°(P', Op:(e)), which cannot
all be zero. We can express H°(P!, Opi(e)) as the space of polynomials of degree < e in
one variable T (for example, by first expressing H°(P*, Op:i(e)) as the space of homogeneous
polynomials of degree e in two variables u, v and then sending u to 1 and v to T'). This gives
a tuple go, . .., g, of polynomials of degree < e. Varying the isomorphism ¢*L = Op:(e) acts
by scalar multiplication on this tuple of polynomials, so the resulting point of P +D(e+D=1 jg
well-defined.

Since the tuple gy, ..., g, determines the map ¢, this map is an immersion.

Finally, the image of Mor(P!, X) inside P *D(+D=1 consists of tuples of polynomials such
that fi(go,...,gn) = 0 for i from 1 to r, at least one of gy, ..., g, has degree e, and go, ..., gn

share no common factors. Indeed the conditions that at least one of gy, ..., g, has degree e
and ¢o, ..., g, share no common factors are necessary and sufficient for g, ..., g, to define a
map P! — P" of degree e, and this map has image in X if and only if gy, ..., g, satisfy the
equations of definition fi,..., f. of X. O
We now define a space 1@51"6(]}”1, X)), which will be a subscheme of

((A(n-l-l)(e—l-l) . {0}) % A(n—i—l)e) /Gm (B].)
We think of A1+ a5 parameterizing tuples go, . . ., gn of polynomials of degree < e in T
We think of A(™*t1e¢ as parameterizing tuples hg, . . ., hy, of polynomials of degree < e—11in T.
We let G,,, act by multiplication on the coordinates of A TD(E+D) and inverse multiplication
on the coordinates of A*D¢ in other words by scalar multiplication on gy, . . ., g, and inverse
scalar multiplication on hy, ..., h,.

We define ﬁare(Pl, X) as the locally closed subscheme of defined by the equations
fi(go,---,gn) =0 fori=1,...,r, the equation >°7_, g;h; = 1, and the condition that at least
one of the g; has degree exactly e. Observe that the first two conditions are closed and the
last condition is open. The fact that the f; are homogeneous means that the first condition
is invariant under the G,, action, and the fact that >°7_;g;h; = 1 has each g; appearing
multiplied by an h; means that the second condition is invariant under the G,,, action.

Note that the conditions defining M(;re(IP’l, X) already imply that go, ..., g, are not all
zero. The only reason we use A+ — 10} instead of A+ in the definition is to
express Mgre(]P’l, X) as a subscheme of a scheme and not a substack, that happens to also be

a scheme, of a stack.
Lemma B.4. There exists a map Mor.(P', X) — Mor(P', X) given by
((907 cee agn)v (h07 R hn)) = (907 s agn)

Proof. Tt suffices to check that if gg, ..., g, ho, ..., h, satisfy the conditions of Mgre(IP’l, X)
then go, ..., g, satisfy the conditions of Mor(P!, X). The only condition for which this is
not immediate is the condition that g, ..., g, have no common factors, but the condition
Z?:o g;h; = 1 ensures that go, ..., g, have no common factors. [

We say a map Z — Y is an affine space bundle of relative dimension d if it is locally in the

Zariski topology on Y isomorphic to A% x Z — Z, with transition maps affine transformations.
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We will check that the map of Lemma [B.4]is an affine space bundle of relative dimension
(n — 1)e, using a series of lemmas. We first explain the utility of affine space bundles to us,
by the following lemma.

Lemma B.5. Let m: Z — Y be an affine space bundle of relative dimension d. Then we
have H\(Y, Q) = H24(Z, Qu(d)) for all i.

Proof. We have a natural trace map RmQ, — Q,[—2d](d). We can check that this map is
an isomorphism locally, which reduces to the case that Z = A? x Y, where proper base
change reduces us to the case that Y is a point, which is just the computation of compactly
supported cohomology of affine space. This isomorphism together with the Leray spectral
sequence with compact supports gives Hi (Y, Q,) = HT24(Z, Q,(d)). O

Let 1\7[31"@(@1, X) be the subset of consisting of points satisfying the conditions that
fi(g0,---,9n) = 0 for ¢ from 1 to r, at least one of gy, ..., g, has degree e, and gy, ..., gn
share no common factors.

Lemma B.6. The map Mor. (P!, X) — Mor(P!, X) sending ((go, - ., 9n), (ho, ..., hy)) to
(go, - - -, 9n) is an affine space bundle of relative dimension (n+ 1)e.

Proof. Over the intersection of Mor(P!, X) with any standard affine open in P"+D(E+)-1
the space Mor.(P!, X) becomes isomorphic to A®D¢ x Mor(P!, X) via the coordinates
hg, ..., h,, and the change of coordinates is given by scalar multiplication which is an affine
transformation. O

Lemma B.7. LetY be a scheme, Z an affine space bundle on'Y of relative dimension a,
and Z' an affine space bundle on'Y of relative dimension b. Let q: Z — Z' a map overY
and s a section of Z'. If the map q is fiberwise surjective then q~*(s) is an affine space bundle
on Y of relative dimension a — b.

Proof. Working locally, we may assume Z = A% x Y and Z’ = A® x Y, so the map ¢ is given
by an a x b matrix together with an additional 1 x b vector giving the translation. Fiberwise
surjectivity at a point is witnessed by the nonvanishing of one of the b x b minors of the
matrix. Over an open neighborhood of that point where the same b x b minor is nonvanishing,
we can use the a — b coordinates not appearing in the minor as coordinates for ¢~(s), giving
an isomorphism of ¢7'(s) to affine space. The remaining coordinates are given by affine
functions of these coordinates, showing that the transition maps are affine. U

Lemma B.8. The map Mor. (P!, X) — Mor(P', X) of Lemma is an affine space bundle
of relative dimension (n — 1)e.

Proof. View A% as the space parameterizing polynomials of degree < 2e — 1. There is a map
q: Mor,(P', X) — A% x Mor(P', X)
given by

q((go; - 9n); (hoy - b)) = (igjhjv (90, - - 79%)) .

Since 1@51"6(1?1, X)) is by definition the inverse image of the section 1 under this map, by

Lemmas and [B.7] it suffices to check that ¢ is fiberwise surjective.
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For this purpose, fix a tuple of polynomials gy, ..., g,, one of degree e, with no common
factors.

Choose jj such that g, has degree exactly e. Then all polynomials of degree < 2e — 1
that are multiples of g;, have the form g; h for h of degree < e — 1. Since gy, ..., g, have no
common factors, every polynomial may be written as 3°7  g;h; for some h;, not necessarily
of degree < e — 1. The image of }-7_; g;h; in k[T]/gj, is determined only by h; mod g;,. We
may replace h; by a polynomial of degree < e with the same residue mod g;, by long division
with remainder. It follows that every polynomial is congruent mod g;, to a polynomial of the
form 377 g;h; for some h; of degree < e — 1. If the original polynomial has degree 2e — 1,
the difference between that polynomial and 327 g;h; is a multiple of g;, of degree < 2e — 1,
hence of the form g; h for some h of degree < e — 1, and subtracting h from hj, gives the
needed hy, ..., h, to check surjectivity. 0

Using Lemmas and , we will reduce to bounding the cohomology of Mor, (P, X).
To do this, we will further stratify Mor,(P', X).

Let MErZ(IPl, X) be the subset of Mor, (P, X) consisting of tuples (g, . . -, gn), (hos -+, ha)
where go, ..., g;—1 have degree < e and g; has degree exactly e. The union of Mgri(]Pl, X)

for j from m to n 4+ 1 is a closed subset of 1\7161"6(1?1, X) for each m, so this indeed gives a
stratification.

Lemma B.9. We have

n

ZdlmH’ Mor.(P', X), Q) < Zidlm}ﬁ Mor’ (IFD1 X),Qp).

=0 7=01=0
Proof. This follows immediately from the spectral sequence associated to the stratification of
Mor, (P!, X) into Mor (P!, X). In other words, this is the spectral sequence associated to the

filtration of Hi(Mor,(P', X),Q,) into H(Uj-,, MarZ(IP’l, X),Qy) whose associated graded is
calculated using the excision long exact sequence. 0

Lemma B.10. Mor’ (P!, X) is isomorphic to the vanishing locus in An+DEerD=1=j of

i=1
equations of degree < max(d,,?2).

Proof. Each point of @rl(l@l, X)) corresponds to an orbit of tuples go, . . ., gn, ho, - - . , h, under

the G,,-action, but since by definition of Mgri(IP’l, X)) the coefficient of T in g; is nonzero, this
orbit has a unique member where the coefficient of 7 in g; is 1. We can thus express a point

of MEri(IP’l, X) using coordinates the coefficients of the polynomials gy, ..., gn, ko, .- ., hn,
except that we do not need to include the coefficients of 7 in go,...,g;—1 (as these are
always 0) or the coefficient of 7 in g; (as this is always 1). This gives an embedding of
Mor” (P!, X) into A(+D(eHD)=1-j+(m+De Tpgide AMHDE+D-1=j+(n+e N (P X) is defined
by the conditions that f;(go,...,9,) = 0 for i from 1 to r and that >i—09ih; = 1. These are
both closed conditions.

More precisely, the condition that f;(go, ..., g,) = 0 may be expressed as d;e + 1 equations

in the coefficients of gy, ..., g, of degree < d;, since f;(go,-..,gn) is a polynomial of degree
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< d;e and each of its coefficients is a polynomial of degree < d; in the coefficients of g, ..., g
which must be set to 0. Similarly, the condition that 3%, g;h; = 1 may be expressed as
2e equations in the coefficients of g, ..., gn, ho, ..., hn of degree < 2, since 327 g;h; is a
polynomial of degree < 2e — 1 and each of its coefficients is a polynomial of degree < 2 in
the coefficients of go, ..., gn, ho, ..., h, which must be set to either 0 or 1.

Combining these, Mor. (P!, X) is the intersection in A(M+D(e+D=1=j+(nthe — pn+1)2e+1)=1-
of 2e + X°7_, (d;e + 1) equations of degree < max(d,,2). O

Lemma B.11. We have
> dim Hi(Mor, (P!, X), Qr) < 3(max(d,, 2) +2)(HH) 1264 S0 (et
i=0
Proof. This follows from [Kat01, Theorem 12|, taking the polynomial f of Katz to vanish,

the polynomials F7, ..., F, to be the equations defining M;rje(IP’l, X) described by Lemma
[B.10, and s = 0 so that there are no polynomials Gy, ..., G. O

Proposition B.12. We have
i dim H(Mor (P, X), Q) < 4(max(d,,2) + 2)"*" ((max(d,, 2) + 2)2 2 %)"
i=0

Proof. By Lemmas [B.9] and we have

S dim B (Mor.(P', X), Q) < 3° 3 dim H(Mor' (P, X), Q)

i=0 §=01i=0

< Zn: 3(max(dr, 2) + 2)(n+1)(26+1)—1—j+26+2::1(die-f—l)
j=0

3(max(d,,2) + 2)(n+1)(2€+1)—1—j+26+Z::1(die—i-l)

Nk

<

<
Il
o

3
- 1 — (max(d,,2) +2)!
< 4(max(d,,2) + 2)(HDEHD—142e T (dret)

= 4(max(d,,2) +2)""" ((max(dr, 2) + 2)2”+4+Z::1di>6,

(max(d,.,2) + 2)(n+1)(2e+1)—1+2e+2;1(die+1)

Proof of Theorem [B.1 This follows from Lemmas [B.12] [B.5] B.§ and [B.2 if we take
C = max((max(d,, 2) + 2)>"* i1 % 4(max(d,, 2) + 2)"").

In fact, since dy,...,d, > 1, the ratio

(max(d,, 2) + 2)2 i
4(max(d,,2) + 2)"tr

is at least
(max(d,,2) + 2)"+4 S 45
4 — 4
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so (max(d,, 2) 4 2)2"t4+ 21 % s larger and we can simply take
C = (max(d,,2) + 2)> i %, O

One can try to improve the value of C' using ideas from [WZ25].
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