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Abstract. Let X be a smooth projective algebraic variety over a number field k and
P ∈ X(k). In 2007, the second author conjectured that, in a precise sense, if rational points
on X are dense enough, then the best rational approximations to P must lie on a curve. We
present a strategy for deducing a slightly weaker conjecture from Vojta’s conjecture, and
execute the strategy for the full conjecture for split surfaces.
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1. Introduction

A foundational result of Dirichlet states that if x is an irrational number then there are
infinitely many rational numbers a

b
in lowest terms satisfying the equation |x− a

b
| < 1

b2
. Said

another way, for any x ∈ R we have an approximation exponent τx ∈ (0,∞] which is the
unique number such that ∣∣∣x− a

b

∣∣∣ ≤ 1

bτx+δ

has only finitely many solutions a
b
∈ Q whenever δ > 0, and has infinitely many solutions

whenever δ < 0. Dirichlet’s aforementioned Approximation Theorem then states τx ≥ 2 for
irrational x. On the other hand, for x ∈ R algebraic of degree d over Q Liouville [Li44]
proved the upper bound τx ≤ d. This bound was subsequently improved by Thue [Th09],
Siegel [Si21], and independently by Dyson [Dy47] and Gelfand, culminating in Roth’s 1955
theorem [Ro55] that τx ≤ 2 for all algebraic x ∈ R. Therefore, Dirichlet’s Theorem and
Roth’s Theorem combine to show that τx = 2 for all irrational x.

McKinnon and Roth [MR15] generalized the definition of τx to polarized projective vari-
eties (X,A) over a number field k by replacing the function |x − a

b
| by a distance function

distv(x, ·) depending on a place v of k, and replacing b−τx by a quantity coming from the
height function HA(·) associated to A. In order to make this set-up better behaved with
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respect to changes in A, they moved the exponent τx from the height to the distance and
relabeled it as α. Given any sequence of rational points {xi} approximating an algebraic
point P , one then obtains an associated approximation constant α({xi}, P, A); see Section 2
for the precise definition.

Definition 1.1. Let (X,A) be a projective variety over a number field k equipped with a
Q-Cartier divisor A. For any algebraic point P , we let

• the approximation constant α(P,A) denote the infimum of α({xi}, P, A) over all
sequences of k-rational points {xi} approximating P ,
• the essential approximation constant αess(P,A) denote the infimum of all α({xi}, P, A)
over all sequences of k-rational points {xi} approximating P such that {xi} is Zariski
dense.

Lastly, if P lies on a subvariety i : Z ↪→ X, then considering P as a point on Z, we define
α(P,A|Z) := α(P, i∗A).

The focus of our paper is a conjecture introduced by the second author:

Conjecture 1.2 ([McK07, Conjecture 2.7]). Let X be a smooth projective variety defined
over a number field k, and P ∈ X a k-rational point. Let A be an ample Q-Cartier divisor
on X. If α(P,A) <∞, then there is a curve of best A-approximation to P . In other words,
there is a curve C such that

α(P,A|C) = α(P,A)

In [McK07], this conjecture was proved for projective space, for split smooth rational
surfaces of Picard rank at most four, and for a number of other split rational surfaces. In
[MR15], the second author and Roth proved the conjecture for split smooth cubic surfaces
and gave the first cases of the conjecture for non-split surfaces. Castañeda in [Ca19] proved
many more instances of the conjecture for split rational surfaces, including all split smooth
rational surfaces of Picard rank at most five. Huang proved Conjecture 1.2 for some split
toric varieties in [Hu21], providing the first nontrivial examples in higher dimensions. In
[MS21], the second and third authors proved that Vojta’s Conjecture implies Conjecture 1.2
for all Q-factorial split toric varieties.
In this paper, we prove Conjecture 1.2 for all split surfaces contingent on Vojta’s con-

jecture. Furthermore, using the Minimal Model Program (MMP), we provide a general
framework which we expect will be useful in handling higher dimensional cases of the con-
jecture.

We introduce the following definition.

Definition 1.3. Let X be a smooth algebraic variety defined over a number field k, and let
P ∈ X be any k-rational point. Let KX be the canonical divisor class on X. Then P is
essentially bounded on X if for every ample divisor A and every rational ϵ > 0, we have

αess(P,−KX + ϵA) ≥ dimX

Our first result is that Vojta’s Conjecture implies every point is essentially bounded. The
following proposition is a variant of [MS21a].

Proposition 1.4. Let X be a smooth, projective variety defined over a number field k, and
let P ∈ X(k). Then Vojta’s Conjecture for X implies that P is essentially bounded.
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The main theorem of our paper is that Conjecture 1.2 is true for essentially bounded
points on split surfaces. We say a surface X over k is split if the Galois action on Pic(X) is
trivial. We note that this is a more general definition than other ones in the literature; for
example, it includes Brauer-Severi varieties.

Theorem 1.5. Let X be a split, smooth, projective surface defined over a number field k.
Let A be an ample Q-Cartier divisor on X and let P ∈ X(k). If P is essentially bounded on
X, then Conjecture 1.2 is true for P on X with respect to A.
In particular, for an arbitrary smooth projective surface X, there is a finite extension ℓ/k

such that Conjecture 1.2 is true for all A and all essentially bounded points of X ×k ℓ.

Putting Proposition 1.4 and Theorem 1.5 together, we have

Corollary 1.6. Let X be a split, smooth, projective surface defined over a number field k.
If Vojta’s Conjecture is true for X, then Conjecture 1.2 is true for all P and A on X.

Let us describe the strategy of proof for Theorem 1.5. By Theorem 4.2 of [McK07], we
are able to reduce to the case of negative Kodaira dimension. In this case, we find a curve
C such that α(P,A|C) ≤ αess(P,A). This tells us that no Zariski dense sequence can have
an α-value less than that computed on C, and so the α-value at P must be computed by
a (possibly different) curve C ′. That is, we have α(P,A|C′) = α(P,A), proving Conjecture
1.2.

To establish the bound α(P,A|C) ≤ αess(P,A), we use tools in birational geometry. We
begin by rescaling the ample divisor A so that KX + A is on the boundary of the pseudo-
effective cone. We then seek curves with small intersection against both −KX and KX +A,
thereby achieving our goal of finding a curve with small intersection against A (and thus with
a small value of α(P,A|C)). Since Mori’s Bend-and-Break theorem allows us to find rational
curves with small intersection against −KX , curves contracted by the (KX + A)-MMP are
good candidates for our desired curves.

By running the MMP for the pair (X,A), we obtain a birational morphism φ : X → X ′ and
a canonical model π : X ′ → Z. If P is in the φ-exceptional locus, we show that an exceptional
curve satisfies the desired conclusion of the conjecture. Otherwise, we produce a rational
curve C ′ through φ(P ) with small anti-canonical degree and show that its strict transform
C on X satisfies α(P,A|C) ≤ 2. Since essential boundedness implies that 2 ≤ αess(P,A),
this curve C achieves our goal.
Much of our set-up applies in higher dimensions as well: at least over k one can use the

MMP to find rational curves of low degree through rational points P on X. Just as in the
case of surfaces, the existence of a curve C with α(P,A|C) ≤ αess(P,A) would imply that the
α-value is computed on a proper subvariety. Unlike the case of surfaces, we cannot directly
conclude that α is computed by a curve C. Thus in higher dimensions the strategy is best
suited for establishing the following weaker conjecture.

Conjecture 1.7. Let X be a smooth, projective variety defined over a number field k, and
P ∈ X a k-rational point. Let A be an ample line bundle on X. If α(P,A) <∞, then there
is a sequence of best A-approximation to P that is not Zariski dense. In other words, there
is a proper subvariety V such that

α(P,A|V ) ≤ αess(P,A)

Remark 1.8. Conjectures 1.2 and 1.7 are equivalent in the case of surfaces.
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The structure of the paper is as follows. Section 2 defines the approximation constants and
gives some basic properties. Section 3 describes the strategy of the proof in all dimensions
using the Minimal Model Program. Section 4 gives the proof for surfaces.

2. Preliminaries

Throughout the rest of the paper, k is a fixed number field, and v a fixed place of k. We
further fix an extension of v to k, which we abusively also call v. We use this place only to fix a
distance function dist(·, ·) on the rational points of X, and we generally suppress any further
mention of it. Also, height functions defined below are only defined up to multiplication by
a positive bounded function. These heights are only ever used to compute the value of α,
where this ambiguity is unimportant, so we will suppress precise definitions of the height
functions.

We first define the basic measure of approximation on X.

Definition 2.1. Let X be a projective variety, P ∈ X(k), D a Q-Cartier divisor on X. For
any sequence {xi} ⊆ X(k) of distinct points with dist(P, xi)→ 0, we set

A({xi}, D) = {γ ∈ R | dist(P, xi)γHD(xi) is bounded from above} .
If {xi} does not converge to x then we set A({xi}, D) = ∅.

It follows easily from the definition that if A({xi}, L) is nonempty then it is an interval
unbounded to the right, i.e., if γ ∈ A({xi}, L) then γ + δ ∈ A({xi}, L) for any δ > 0.

Definition 2.2. For any sequence {xi} we set α({xi}, P, L) to be the infimum of A({xi}, L)
(in particular if A({xi}, L) = ∅ then α({xi}, P, L) =∞). We call α({xi}, P, L) the approx-
imation constant of {xi} with respect to L.

Definition 2.3. The approximation constant α(P,L) of P with respect to L is defined to
be the infimum of all approximation constants of sequences of points in X(k) converging
v-adically to P . If no such sequence exists, we set α(P,L) =∞.

Remark 2.4. Note that α satisfies

α(P, aL) = aα(P,L)

for any positive integer a and so the definition extends to Q-Cartier divisors.

For further details on α, we refer the reader to [MR15]. We will record two useful obser-
vations here.

Proposition 2.5 ([MR15, Proposition 2.14(b)]). Let {xi} be any sequence of k-rational
points converging to P . Then for any positive rational numbers a and b, and any Q-Cartier
divisors L1 and L2 (with the exception of the case that {α({xi}, P, L1), α({xi}, P, L2)} =
{−∞,∞}) we have

α({xi}, P, aL1 + bL2) ≥ aα({xi}, P, L1) + bα({xi}, P, L2)

Lemma 2.6 ([MS21, Lemma 4.7]). Let π : X → Y be a surjective birational morphism of
projective Q-factorial varieties over a number field k. Let P ∈ X(k) be a point which is not
in the exceptional locus Exc(π) and let D′ be a Q-Cartier Q-divisor on Y . Suppose either
that {xi} is a Zariski dense sequence on X converging to P and let x′i := π(xi), or suppose
{x′i} is a Zariski dense sequence on X ′ converging to π(P ) and let xi := π−1(x′i) whenever
x′i /∈ π(Exc(π)). Then αP,{xi}(π

∗D′) = απ(P ),{x′
i}(D

′).
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Definition 2.7. The essential approximation constant of a variety V over a number field k
with respect to a point P and a Q-Cartier divisor L on V is

αess(P,L) = inf
{xi}Zariski dense

α({xi}, P, L)

where {xi} ranges over all Zariski dense sequences that converge to P . In other words, it is
the infimum of all the approximation constants of Zariski dense sequences.

Given the above definition, the following corollary of Proposition 2.5 is immediate.

Corollary 2.8. For any Q-Cartier divisors L1 and L2 and any rational numbers a and b,
we have

α(P, aL1 + bL2) ≥ aα(P,L1) + bα(P,L2)

unless {α(P,L1), α(P,L2)} = {−∞,∞}, and
αess(P, aL1 + bL2) ≥ aαess(P,L1) + bαess(P,L2)

unless {αess(P,L1), αess(P,L2)} = {−∞,∞}.
As stated in Proposition 1.4, Vojta’s conjectures imply that every k-rational point P is

essentially bounded. We will prove this result after first recalling for the reader’s convenience
the statement of Conjecture 2.9 from [Vo87]. We refer the reader to [Vo87] for the definition
of the various quantities used in the statement of the conjecture.

Conjecture 2.9 (Vojta’s Main Conjecture). Let X be a smooth, projective variety defined
over a number field k, with canonical divisor KX . Let S be a finite set of places of k.
Let A be a big divisor on X, and let D be a normal crossings divisor on X. Choose
height functions hKX

and hA for KX and A, respectively, and define a proximity function
mS(D,P ) =

∑
v∈S hD,v(P ) for D with respect to S, where hD,v is a local height function for

D at v. Choose any ϵ > 0. Then there exists a nonempty Zariski open set U = U(ϵ) ⊆ X
such that for every k-rational point Q ∈ U(k), we have the following inequality:

(2.10) mS(D,Q) + hKX
(Q) ≤ ϵhA(Q) +B

where B is a constant that does not depend on Q.

We are now ready to prove Proposition 1.4.

Proof of Proposition 1.4. Choose any rational ϵ > 0 and any ample divisor A on X. Let D
be a normal crossings divisor defined over k with multiplicity dimX at P . (For example,
D could be the union of dimX transversely intersecting smooth divisors containing P in
the class of mA for some large m.) Let U(ϵ) be chosen as in Conjecture 2.9 and suppose
Q ∈ U(ϵ) is a k-rational point. Due to our choice of D, for some additive constants M and
M ′ not depending on Q we have:

mS(D,Q) = − log dist(D,Q) +M ≥ − log dist(P,Q)dimX +M ′

Plugging this into inequality 2.10, exponentiating, and rearranging, we find that for some
constant N not depending on Q:

dist(P,Q)dimXH−KX+ϵA(Q) ≥ N.

This means that for every sequence {xi} of k-rational points in U(ϵ) with dist(P, xi)→ 0,
and for every γ < dimX, the quantity

dist(P, xi)
γH−KX+ϵA(xi)
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goes to infinity as i→∞. Therefore for any sequence in U(ϵ), we have

α({xi}, P,−KX + ϵA) ≥ dimX

Since any Zariski dense sequence must intersect U(ϵ) in a cofinal subsequence, this imme-
diately implies that

αess(P,−KX + ϵA) = inf
{xi}Zariski dense

α({xi}, P, L) ≥ dimX

as desired. □

3. General Results

In this section, we describe the strategy for proving Conjecture 1.7 in full generality. Our
first step is to notice that we can rescale our ample divisor A.

Proposition 3.1. Let A be an ample Q-Cartier divisor and y a positive rational number. If
Conjecture 1.2 is true for A, then it is true for yA.

Proof. This follows immediately from the fact that α({xi}, P, yA) = yα({xi}, P, A) for any
sequence {xi}. □

Proposition 3.2. Let X be a smooth, projective variety defined over a number field k, P
a k-rational point of X, A an ample Q-Cartier divisor on X such that KX + A is in the
closure of the effective cone. Then if P is essentially bounded, we have

αess(P,A) ≥ dimX

Proof. We first note that by Theorem 1.1 of [BCHM10], some multiple of KX+A is effective.
Applying for example Theorem B.3.2.(e) of [HS00], we conclude there is a constant N > 0
such that for all k-rational Q not in the support of KX + A, we have

HKX+A(Q) ≥ N

In particular, for every ϵ > 0, we get

H(1+ϵ)A(Q) ≥ NH−KX+ϵA(Q)

and therefore

αess(P, (1 + ϵ)A) ≥ αess(P,−KX + ϵA) ≥ dimX

by essential boundedness. Since αess(P, (1 + ϵ)A) = (1 + ϵ)αess(P,A), as ϵ → 0 we deduce
the proposition. □

It remains to find a curve that contains a sequence of approximation whose α-value is no
larger than dimX. To do this, we need to be able to calculate α on a curve. For this we
make use of the following result.

Theorem 3.3 ([MR15, Theorem 2.16]). Let C be any rational curve defined over k and
φ : P1 → C the normalization map. Then for any nef line bundle L on C, and any x ∈ C(k)
we have the equality:

αx,C(L) = min
q∈φ−1(x)

d/rqmq
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where d = deg(L), mq is the multiplicity of the branch of C through x corresponding to q,
and

rq =


0 if κ(q) ̸⊆ kv

1 if κ(q) = k

2 otherwise.

For the purposes of this paper, the relevant consequence of this theorem is the following
corollary.

Corollary 3.4. Let X be a projective variety defined over a number field k, and let C be
a rational curve on X, also defined over k. Let A be a Q-Cartier divisor on X such that
A ·C ≥ 0. For any k-rational point P ∈ C(k) that is a v-adic limit of other k-rational points
on C, we have

α(P,A|C) =MA · C

where M is a rational number independent of A with 0 ≤M ≤ 1.

Proof. We apply Theorem 3.3 with d = A.C. Thus α(P,A|C) = minq{(A.C)/rqmq} ≤ A.C
unless rq = 0 for all q. Since rq = 0 for all q if and only if P is v-adically isolated on C, the
corollary follows with M = minq{1/rqmq}. □

Remark 3.5. Note that if the curve C is smooth at P , then M = 1.

The following is a variant of [MS21, Lemma 4.3].

Lemma 3.6. Let X be a projective, Q-factorial algebraic variety over a number field k which
is essentially bounded at P ∈ X(k). Let A be an ample Q-divisor on X such that KX +A is
nef. Suppose C is an irreducible curve through P with −KX · C ≤ dimX and

α(P, (KX + A)|C) ≤ αess(P,KX + A) <∞.

Then we have

α(P,A|C) ≤ αess(P,A)

Proof. Since α(P, (KX + A)|C) <∞, the curve C must be rational and P must be a v-adic
limit of rational points on C, so Corollary 3.4 gives us that α(P, F |C) = MF · C for every
nef Q-divisor F , where M is independent of F and satisfies 0 ≤M ≤ 1. In particular,

α(P,A|C) =MA · C =M(KX + A) · C −MKX · C ≤ α(P, (KX + A)|C) + dimX.

Using the defining property of C and the fact that X is essentially bounded at P , we see
that for an arbitrary ϵ > 0 and ample B, we have

α(P,A|C) ≤ αess(P,KX + A) + αess(P,−KX + ϵB).

Lastly, concavity of αess, shown in Corollary 2.8, yields

α(P,A|C) ≤ αess(P,A+ ϵB).

Since αess(P, ·) is continuous at A (it is concave on the ample cone), we are done. □
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3.1. Running the MMP. Using the convexity of α, one can bound the essential approx-
imation constant for an ample divisor A using the essential approximation constants for
KX+A and for −KX . The latter is controlled by the essential boundedness assumption. We
can use the minimal model program to reduce the computation of the former to an easier
situation.

When X is a smooth, projective variety and A is an ample Q-Cartier divisor on X then
[BCHM10] guarantees that we can run the (KX + A)-MMP. The outcome is described by
the following definition:

Definition 3.7. Let X be a normal Q-factorial projective variety and let D be a Q-Cartier
divisor on X. A D-negative birational contraction is a rational map φ : X 99K X ′ satisfying
the following properties:

(1) The inverse map φ−1 does not extract any divisors.
(2) The divisor D′ = φ∗D is Q-Cartier.

(3) Let X
Φ← W

Φ′
→ X ′ denote any smooth birational model that resolves the map φ.

Then we can write Φ∗(D) = Φ′∗(D′)+E where E is an effective Φ′-exceptional divisor
whose support contains every divisor contracted by Φ′ but not by Φ.

Lemma 3.38 of [KM98] and Lemma 3.6.3 of [BCHM10] show that any sequence of birational
steps in the (KX+A)-MMP will define a (KX+A)-negative birational contraction φ : X 99K
X ′.

Next, we must relate rational approximation on X with rational approximation on X ′.
We consider the behavior of approximation constants along curves.

Proposition 3.8. Let X be a smooth, geometrically integral, projective variety defined over
a number field k. Let φ : X 99K X ′ be a birational contraction. Suppose that P ∈ X(k) lies
in the locus where φ is an isomorphism and let P ′ denote its image in X ′.

Suppose C ′ is a k-rational curve in X ′ containing P ′. Then the strict transform C of C ′

is a k-rational curve in X containing P which satisfies

α(P,A|C) ≤ α(P ′, (φ∗A)|C′).

where A is any ample Q-divisor on X.

Proof. First, note that A · C ≤ (φ∗A) · C ′. This is because we can choose a divisor linearly
equivalent to A whose intersection with C is entirely supported on the open set on which φ
is an isomorphism.

We now appeal to Theorem 3.3. For a rational point P on C the approximation constant
α(P,A|C) is determined by the intersection number A·C and the multiplicities of the branches
of C through P . Since φ is an isomorphism on a neighborhood of P , the branch multiplicities
of C ′ do not change upon taking a strict transform. Then the description of α(P,A|C) in
Theorem 3.3 yields the desired statement. □

This discussion yields the following result.

Theorem 3.9. Let X be a smooth, geometrically integral, projective variety defined over
a number field k. Suppose that P ∈ X(k) is a essentially bounded point and that A is an
ample Q-Cartier divisor on X such that (KX + A) is pseudo-effective. Let φ : X 99K X ′ be
a (KX + A)-negative birational contraction such that P is contained in the locus where φ is
an isomorphism.

8



Suppose that there is a rational curve C ′ through φ(P ) such that

φ∗A · C ′ ≤ dim(X)

and such that φ(P ) is a v-adic limit of k-rational points. Then the strict transform C of C ′

satisfies

α(P,A|C) ≤ αess(P,A).

Proof. By Proposition 3.8 we see that

α(P,A|C) ≤ α(P, (φ∗A)|C′).

Since φ∗A · C ′ ≤ dim(X) by assumption, it follows by Theorem 3.3 that

α(P, (φ∗A)|C′) ≤ dimX

But by Proposition 3.2, we have

αess(P,A) ≥ dimX.

□

3.2. Finding rational curves. Let X be a smooth, geometrically integral, projective vari-
ety defined over a number field k and let A be an ample Q-Cartier divisor on X such that
KX + A is pseudo-effective. Given an essentially bounded point P ∈ X(k), we would like
to find a k-rational curve C such that α(P,A|C) ≤ αess(P,A). According to Theorem 3.9,
we should find a run φ : X 99K X ′ of the (KX + A)-MMP that is an isomorphism on a
neighborhood of P and a k-rational curve C ′ satisfying φ∗A · C ′ ≤ dim(X).

Note that the inequality φ∗A · C ′ ≤ dim(X) is implied by the following two inequalities:

(KX′ + φ∗A) · C ′ ≤ 0 −KX′ · C ′ ≤ dim(X).

The first inequality will automatically be satisfied by curves C ′ contracted by the next step
of the (KX +A)-MMP. The second inequality will be satisfied when these contracted curves
have small anticanonical degree.

Altogether we obtain the following strategy in higher dimensions: suppose P ∈ X(k). Run
the (KX +A)-MMP until we reach a step φ : X 99K X ′ such that P lies in contracted locus
for the next step. If we can find a contracted rational curve C ′ of small anticanonical degree
that contains P (and such that P is a v-adic limit of k-rational points), its strict transform
C will satisfy α(P,A|C) ≤ αess(P,A) on X, verifying Conjecture 1.7 for P on X.
When X ′ ∼= Pn then there is no curve with anticanonical degree ≤ dim(X) and so we need

a different argument, given by the following lemma. Note that any birational contraction
from X to Pn must be a divisorial contraction.

Lemma 3.10. Suppose that X is a smooth projective variety, ψ : X → Pn is a birational
morphism, and P ⊂ X(k) is an essentially bounded point not contained in the contracted
locus. Then there is a smooth irreducible curve C through P such that −KX · C ≤ dimX
and therefore by Theorem 3.9, α(P,A|C) ≤ αess(P,A).

Proof. Let Z ⊂ Pn be the sublocus where ψ−1 is not an isomorphism. Let ℓ be a line in
Pn that contains both ψ(P ) and at least one point of Z. Since X and Pn are smooth, the
exceptional locus for ψ is divisorial. In particular, letting C be the strict transform of ℓ on
X we see that C · E ≥ 1 for some ψ-contracted divisor E.
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Since KX − ψ∗KPn − E is effective and does not contain C in its support, we have

−KX · C ≤ −ψ∗KPn · C − E · C = −KPn · ℓ− E · C ≤ n = dimX.

The concluding statement follows from the fact that ℓ is smooth at ψ(P ) and therefore
ψ(P ) is a v-adic limit of k-rational points.

□

In the remainder of this subsection we give a brief overview of the existence of rational
curves with small intersection against the anticanonical divisor. We first discuss the situation
over an algebraically closed field of characteristic 0, and then pass to a number field.

3.2.1. Finding rational curves: algebraically closed field. There is an extensive literature on
the lengths of extremal rays over an algebraically closed field of characteristic 0. We highlight
two such results:

• Suppose that X is a smooth projective variety. In [Mo82], Mori shows that every
KX-negative extremal ray is spanned by a rational curve C satisfying −KX · C ≤
dim(X) + 1.
• Suppose that X is a Q-factorial klt variety. In [Ka91], Kawamata shows that KX-
negative extremal ray is spanned by a rational curve C satisfying−KX ·C ≤ 2 dim(X).

The following question asks whether there is a better bound on the lengths of extremal
rays for varieties with terminal singularities.

Question 3.11. Let X be a terminal Q-factorial projective variety of dimension n over an
algebraically closed field of characteristic 0. Suppose that φ : X → X ′ is a contraction of a
KX-negative extremal ray R.

(1) For every point P in the φ-exceptional locus, is there a rational curve C through P
that generates R and satisfies −KX · C ≤ n+ 1?

(2) Suppose that X ̸∼= Pn. For every point P in the φ-exceptional locus, is there a rational
curve C through P that generates R and satisfies −KX · C ≤ n?

Question (1) has an affirmative answer in dimension ≤ 3 due to [CT09]. For threefolds
Question (2) is known for “many” types of contractions due to [Be85], [Ka05]. Both questions
are answered affirmatively for split toric varieties in [MS21].

3.2.2. Finding rational curves: number fields. Finding rational curves over a number field is
more difficult. To the best of our knowledge the following question is open:

Question 3.12. Let X be a smooth del Pezzo surface over a number field k. Suppose that
P ∈ X(k) is a k-rational point. Is there a curve C birational to P1

k through P satisfying
−KX · C ≤ 6?

4. Surfaces

We now specialize to the case of split surfaces. We begin with a definition.

Definition 4.1. A smooth algebraic surface X is said to be split over a field k if the Galois
action on Pic(X) is trivial.
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As noted in the introduction, this definition is slightly more general than some others,
e.g. it includes Brauer-Severi varieties: although the line bundle O(1) admits no nonzero
rational sections, the Galois action on Pic(X) is still trivial.

We now prove the main theorem of this paper.

Proof of Theorem 1.5. If X has non-negative Kodaira dimension, then this result is essen-
tially Theorem 4.2 of [McK07], and indeed one need not assume that the surface is split.
The hypothesis in [McK07] is the truth of Conjecture 2.9, but all that is used in the proof
is essential boundedness at P .

Thus, we may assume that X has negative Kodaira dimension. If X is geometrically ruled
over a curve B of positive genus, then αess(P,A) =∞ for all ample divisors A simply because
the rational points of X are not Zariski dense. We immediately conclude that Conjecture
1.2 is vacuously true for X.
This reduces to the case where X is a rational surface. (Since X is split, it admits over

k a birational map to a Brauer-Severi surface, which since X has a rational point must be
isomorphic to P2.)

We almost run the MMP for KX + A on X. By “almost” we mean that we run the
(KX +A)-MMP until we obtain a (KX +A)-negative birational contraction φ : X → Y from
X to a surface Y such that the next step of the (KX +A)-MMP contains P ′ = φ(P ) in the
exceptional locus.

If Y ∼= P2
k, then we obtain a birational morphism φ′ : X → P2 such that φ′ is an isomor-

phism near P . In this case, Lemma 3.10 immediately implies that the theorem is true.
Thus, we may assume that Y is not isomorphic to P2

k. If P ′ lies on a (−1)-curve, let C ′

be that (−1)-curve. If P does not lie on a (−1)-curve, then Y is isomorphic to a Hirzebruch
surface (remember we dispatched the P2

k case earlier!), so let C ′ be the fibre through P of a
morphism π : Y → P1.
In both cases, we have

(KX′ + φ∗A) · C ′ ≤ 0 −KX′ · C ′ ≤ dim(X).

because C ′ is contracted by the next step of the (KX + A)-MMP.
But these two inequalities immediately imply that φ∗A · C ′ ≤ dimX, which means that

Theorem 3.9 finishes the proof. □
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