
REDUCTION MAPS AND MINIMAL MODEL THEORY

YOSHINORI GONGYO AND BRIAN LEHMANN

Abstract. We use reduction maps to study the minimal model
program. Our main result is that the existence of a good minimal
model for a klt pair (X,∆) can be detected on a birational model of
the base of the (KX +∆)-trivial reduction map. We then interpret
the main conjectures of the minimal model program as a natural
statement about the existence of curves on X.
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1. Introduction

The minimal model program relates the geometry of a complex pro-
jective variety X to properties of its canonical divisor KX . One of the
central ideas of the program is that X should admit a birational model
X ′ where KX′ has particularly close ties to geometry. More precisely:

Definition 1.1. Let (X,∆) be a Q-factorial projective kawamata log
terminal pair. We say that (X,∆) has a good minimal model if there is
a sequence of (KX + ∆)-flips and divisorial contractions ϕ : X 99K X ′

such that some multiple of KX′ + ϕ∗∆ is basepoint free.

The following conjecture, implicit in [Ka1], lies at the heart of the
minimal model program:
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Conjecture 1.2. Let (X,∆) be a Q-factorial projective kawamata log
terminal pair such that KX + ∆ is pseudo-effective. Then (X,∆) has
a good minimal model.

An important principle from [Ka1] is that Conjecture 1.2 can be
naturally interpreted using numerical properties of KX + ∆. Recall
that the numerical dimension ν(D) of a pseudo-effective divisor D as
defined by [N] and [BDPP] is a numerical measure of the “positivity”
of D (see Definition 2.10). Conjecture 1.2 is known in the two extremal
cases: when ν(KX +∆) = dimX by [BCHM] and when ν(KX +∆) = 0
by [N] and [D] (cf. [G]). Furthermore, recent results of [Lai] show that
the existence of a good minimal model is equivalent to the equality
κ(KX + ∆) = ν(KX + ∆).

From this viewpoint, it is very natural to focus on morphisms f :
X → Z for which KX+∆ has good numerical behavior along the fibers.
Our main theorem shows that the existence of a good minimal model
can be detected on (birational models of) the base of such maps.

Theorem 1.3 ((=Corollary 4.5)). Let (X,∆) be a Q-factorial pro-
jective kawamata log terminal pair. Suppose that f : X → Z is a
morphism with connected fibers to a normal projective variety Z such
that for a general fiber F of f we have ν((KX + ∆)|F ) = 0. Then there
exist a smooth projective birational model Z ′ of Z and a kawamata log
terminal pair (Z ′,∆Z′) such that (X,∆) has a good minimal model if
and only if (Z ′,∆Z′) has a good minimal model.

We use the techniques of [A1] which proves the special case of The-
orem 1.3 when KX + ∆ is nef. Our theorem has the important advan-
tage that it can be applied to deduce the existence of a minimal model
(rather than requiring that KX +∆ be nef in the first place). Some low
dimension cases were worked out in [BDPP]; related results appear in
[Fu] and independently in the recent preprint [Siu].

In order to apply Theorem 1.3 in practice, the key question is whether,
perhaps after a birational modification, one can find a map such that
the numerical dimension of (KX + ∆)|F vanishes for a general fiber
F . The (KX + ∆)-trivial reduction map constructed in [Leh1] satisfies
precisely this property. We develop a birational version of this theory
better suited for working with the minimal model program. Finally, we
reinterpret the existence of good minimal models as a statement about
curves. Recall that an irreducible curve C is said to be movable if it
is a member of a family of curves dominating X. Movable curves are
used to construct the (KX + ∆)-reduction map and are thus related to
the existence of good minimal models by Theorem 1.3. Conjecture 1.2
implies the following well-known prediction:
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Conjecture 1.4. Let (X,∆) be a Q-factorial projective kawamata log
terminal pair. Suppose that (KX + ∆).C > 0 for every movable curve
C on X. Then KX + ∆ is big.

We show that the two conjectures are equivalent:

Theorem 1.5 ((=Corollary 4.7)). Conjecture 1.4 holds up to dimen-
sion n if and only if Conjecture 1.2 holds up to dimension n.

The paper is organized as follows. Section 2 is devoted to preliminary
definitions and results. Section 3 develops the theory of the D-trivial
reduction map to allow for applications to the minimal model program.
In Section 4, we first discuss the relationship between abundance and
the existence of good minimal models. We then prove Theorem 1.3 and
Theorem 1.5.
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2. Preliminaries

In this section, we introduce definitions and collect some lemmas for
the proof of main results.

Convention 2.1. Throughout this paper we work over C.

2.1. Log pairs. We start by discussing log pairs and their resolutions.

Definition 2.2. A log pair (X,∆) consists of a normal variety X and
an effective Q-Weil divisor ∆ such that KX + ∆ is Q-Cartier. We say
that (X,∆) is kawamata log terminal if the discrepancy a(E,X,∆) >
−1 for every prime divisor E over X.

Definition 2.3. Let (X,∆) be a kawamata log terminal pair and ϕ :
W → X a log resolution of (X,∆). Choose ∆W so that

KW + ∆W = ϕ∗(KX + ∆) + E
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where ∆W and E are effective Q-Weil divisors that have no common
component. We call (W,∆W ) a log smooth model of (X,∆).

Note that a minimal model of (W,∆W ) may not be a minimal model
of (X,∆). To compensate for this deficiency, define for any ε > 0

F =
∑

Fi a ϕ-exceptional prime divisor

Fi and ∆ε
W = ∆W + εF.

We call (W,∆ε
W ) an ε-log smooth model.

Remark 2.4. Note that our definition of a log smooth model differs
from that of Birkar and Shokurov (cf. [Bi]). Under our definition, for
sufficiently small ε a good minimal model for (W,∆ε

W ) is also a good
minimal model for (X,∆) ([BCHM, Lemma 3.6.10]).

2.2. R-Cartier divisors. We next turn to the birational theory of
pseudo-effective R-Cartier divisors.

Suppose that D =
∑r

j=1 djDj is an R-Weil divisor such that Dj is
a prime divisor for every j and Di 6= Dj for i 6= j. We define the
round-down xDy =

∑r
j=1xdjyDj, where for every real number x, xxy

is the integer defined by x− 1 < xxy ≤ x.

Definition 2.5. For an R-Cartier divisor D on a normal projective
variety X, the Iitaka dimension is

κ(D) = max{k ∈ Z≥0| lim sup
m→∞

m−kdimH0(X, xmDy) > 0}

if H0(X, xmDy) 6= 0 for infinitely many m ∈ N or κ(D) = −∞ other-
wise.

Definition 2.6 (cf. [ELMNP]). Let X be a normal projective variety
and D be an R-Cartier divisor on X. Fix an ample divisor A. Define

B(D) =
⋂

D∼RE,E≥0

SuppE, and B−(D) =
⋃

ε∈R>0

B(D + εA).

As suggested by the notation B−(D) is independent of the choice of A.

As mentioned in the introduction, numerical properties of divisors
play an important role this paper. The essential technical tools we need
were first introduced in [N]: the σ-decomposition and the numerical
dimension.

Definition 2.7. Let X be a smooth projective variety and D be a
pseudo-effective R-Cartier divisor on X. Fix an ample divisor A on X.
Given a prime divisor Γ on X, define

σΓ(D) = min{multΓ(D′)|D′ ≥ 0 and D′ ∼Q D + εA for some ε > 0}.
This definition is independent of the choice of A.
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It is shown in [N] that for any pseudo-effective divisor D there are
only finitely many prime divisors Γ such that σΓ(D) > 0. Thus, the
following definition make sense:

Definition 2.8. Let X be a smooth projective variety and D be a
pseudo-effective R-Cartier divisor on X. Define the R-Cartier divisors
Nσ(D) =

∑
Γ σΓ(D)Γ and Pσ(D) = D −Nσ(D). The decomposition

D = Pσ(D) +Nσ(D)

is known as the σ-decomposition. It is also known as the sectional
decomposition ([Ka2]), the divisorial Zariski decomposition ([Bo]), and
the numerical Zariski decomposition ([Ka3]).

The basic properties of the σ-decomposition are:

Lemma 2.9 ([N]). Let X be a smooth projective variety and D a
pseudo-effective R-Cartier divisor. Then

(1) κ(D) = κ(Pσ(D)),
(2) Supp(Nσ(D)) ⊂ B−(D),
(3) for any prime divisor Γ on X, Pσ(D)|Γ is pseudo-effective, and
(4) if 0 ≤ D′ ≤ Nσ(D), then D−D′ is pseudo-effective and Nσ(D−

D′) = Nσ(D)−D′.

Proof. The proof of [Bo, Theorem 5.5] shows that the inclusion

im : H0(X,OX(bmPσ(D)c))→ H0(X,OX(bmDc))
is an isomorphism for any positive integer m. This implies (1). (2) is
immediate from the definition. We see (4) by [N, III, 1.8 Lemma]. (3)
follows from (4) and [N, III, 1.14 Proposition (1)]. �

Closely related to the σ-decomposition is the numerical dimension,
a numerical measure of the positivity of a divisor.

Definition 2.10. Let X be a normal projective variety, D an R-Cartier
divisor and A an ample divisor on X. Set

ν(D,A) = max{k ∈ Z≥0| lim sup
m→∞

m−kdimH0(X, xmDy+ A) > 0}

if H0(X, xmDy+A) 6= 0 for infinitely many m ∈ N or σ(D,A) = −∞
otherwise. Define

ν(D) = max
A ample

ν(D,A).

Remark 2.11. By the results of [Leh2], this definition coincides with
the notions of κν(D) from [N, V, 2.20, Definition] and ν(D) from
[BDPP, 3.6, Definition].
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Lemma 2.12 ([N, V, 2.7 Proposition], [Leh2, Theorem 6.7]). Let X
be a normal projective variety, D be an R-Cartier divisor on X, and
ϕ : W → X be a birational map from a normal projective variety W .
Then:

(1) ν(D) = ν(D′) for any R-Cartier divisor D′ such that D′ ≡ D,
(2) ν(ϕ∗D) = ν(D),
(3) ν(D) ≥ κ(D), and
(4) if X is smooth then ν(D) = ν(Pσ(D)).

Furthermore, if X is smooth then ν(D) = 0 if and only if Pσ(D) ≡ 0.

2.3. Exceptional divisors. Finally, we identify several different ways
a divisor can be “exceptional” for a morphism.

Definition 2.13. Let f : X → Y be a morphism of normal projective
varieties and let D be an R-Cartier divisor on X. We say that D is
f -horizontal if f(Supp(D)) = Y or that D is f -vertical otherwise.

Definition 2.14 ([N, III, Section 5.a], [Lai, Definition 2.9] and [Ta,
Definition 2.4]). Let f : X → Y be a surjective morphism of nor-
mal projective varieties with connected fibers and D be an effective
f -vertical R-Cartier divisor. We say that D is f -exceptional if

codim f(SuppD) ≥ 2.

We call D f -degenerate if for any prime divisor P on Y there is some
prime divisor Γ on X such that f(Γ) = P and Γ 6⊂ Supp(D). Note
that every f -exceptional divisor is also f -degenerate.

Lemma 2.15. Let f : X → Y be a surjective morphism of normal pro-
jective varieties where Y is Q-factorial. Suppose that D is an effective
f -vertical R-Cartier divisor such that f∗OX(xkDy)∗∗ ∼= OY for every
positive integer k. Then D is f -degenerate.

Proof. If D were not f -degenerate, there would be an effective f -
exceptional divisor E on X and a nonzero effective Q-Cartier divisor
T on Y such that f ∗T ≤ D+E. But since E is f -exceptional we have
f∗OX(xk(D + E)y)∗∗ ∼= OY for every k, yielding a contradiction. �

Degenerate divisors behave well with respect to the σ-decomposition.

Lemma 2.16 (cf. [N, III.5.7 Proposition]). Let f : X → Y be a surjec-
tive morphism from a smooth projective variety to a normal projective
variety and let D be an effective f -degenerate divisor. For any pseudo-
effective R-Cartier divisor L on Y we have D ≤ Nσ(f ∗L + D) and
Pσ(f ∗L+D) = Pσ(f ∗L).
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Proof. [N, III.5.1 Lemma] and [N, III.5.2 Lemma] together show that
for an f -degenerate divisor D there is some component Γ ⊂ Supp(D)
such that D|Γ is not pseudo-effective. Since Pσ(f ∗L + D)|Γ is pseudo-
effective, we see that Γ must occur in Nσ(f ∗L+D) with positive coef-
ficient.

Set D′ to be the coefficient-wise minimum of the effective divisors
Nσ(f ∗L+D) and D. Since D′ ≤ Nσ(f ∗L+D), we may apply Lemma
2.9 (4) to see that

Nσ(f ∗L+D) = Nσ(f ∗L+D −D′) +D′.

Suppose that D′ < D. Then D − D′ is still f -degenerate, so there is
some component of D − D′ that appears in Nσ(f ∗L + (D − D′)) =
Nσ(f ∗L + D) − D′ with positive coefficient, a contradiction. Thus
D = D′ ≤ Nσ(f ∗L + D). The final claim follows from Lemma 2.9
(4). �

3. Reduction maps and τ̃(X,∆)

For a pseudo-effective divisor D on a variety X, the D-trivial re-
duction map can be thought of as the “quotient” of X by all movable
curves C satisfying D.C = 0. A priori the (KX + ∆)-trivial reduction
map may change if we pass to a log smooth model. The main goal of
this section is to develop a birational theory that takes this discrepancy
into account.

Theorem 3.1 ([Leh1, Theorem 1.1]). Let X be a normal projective
variety and D be a pseudo-effective R-Cartier divisor on X. Then
there exist a birational morphism ϕ : W → X from a smooth projective
variety W and a surjective morphism f : W → Y with connected fibers
such that

(1) ν(ϕ∗D|F ) = 0 for a general fiber F of f ,
(2) if w ∈ W is a very general point and C is an irreducible curve

through w with dim f(C) = 1, then ϕ∗D.C > 0, and
(3) for any birational morphism ϕ′ : W ′ → X from a smooth pro-

jective variety W ′ and dominant morphism f ′ : W ′ → Y ′ with
connected fibers satisfying condition (2), f ′ factors birationally
through f .

We call the composition f ◦ϕ−1 : X 99K Y the D-trivial reduction map.
Note that it is only unique up to birational equivalence.

Remark 3.2. Property (2) is equivalent to the following:

(2’) if C is an irreducible movable curve with dim f(C) =
1, then ϕ∗D.C > 0.
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Remark 3.3. TheD-trivial reduction map is different from the pseudo-
effective reduction map (cf. [E2] and [Leh1]), the partial nef reduction
map (cf. [BDPP]), and Tsuji’s numerically trivial fibration with mini-
mal singular metrics (cf. [Ts] and [E1]).

Definition 3.4. Let X be a normal projective variety and D be a
pseudo-effective R-Cartier divisor on X. If f : X 99K Y denotes the
D-trivial reduction map, we define

τ(D) := dim Y.

Lemma 3.5. Let X be a normal projective variety and D be a pseudo-
effective R-Cartier divisor on X. Then

(1) τ(D) ≥ ν(D) ≥ κ(D),
(2) if D′ is a pseudo-effective R-Cartier divisor on X such that

D′ ≥ D, then τ(D′) ≥ τ(D), and
(3) τ(f ∗D) = τ(D) for every surjective morphism f : Y → X from

a normal variety.

Proof. Since κ(D) ≤ ν(D) by Lemma 2.12, it suffices to prove the first
inequality of (1). Write f : W → Y for the D-trivial reduction map as
in Theorem 3.1. [N, V, 2.22 Proposition] states that ν(D) ≤ ν(D|F ) +
dimY for a general fiber F of f . Since ν(D|F ) = 0, we find ν(D) ≤
dimY = τ(D). (2) and (3) follow easily from the definition. �

As mentioned above, a priori τ(KX + ∆) may change if we replace
(X,∆) by a log smooth model. Thus we need to introduce a variant of
this construction that accounts for every ε-log smooth model simulta-
neously.

Definition 3.6. Let (X,∆) be a kawamata log terminal pair such that
KX + ∆ is pseudo-effective. We define

τ̃(X,∆) = max{ τ(KW+∆ε
W ) | (W,∆ε

W ) is an ε-log smooth model of (X,∆) for some ε > 0 }.
Remark 3.7. Note that the maximum value of τ in the previous def-
inition can be achieved by any sufficiently small ε > 0. More precisely,
suppose that (X,∆) is a kamawata log terminal pair with KX + ∆
pseudo-effective and that ϕ : W → X is a log resolution of (X,∆).
Then the value of τ(KW + ∆ε

W ) for the ε-log smooth model (W,∆ε
W )

is independent of the choice of ε > 0: if C is a movable curve with
(KW + ∆ε

W ).C = 0 then (by the pseudo-effectiveness of KX + ∆ and
[BDPP, 0.2, Theorem]) we must have ϕ∗(KX + ∆).C = 0 and E.C = 0
for any ϕ-exceptional divisor E.

Lemma 3.8. Let (X,∆) be a projective kawamata log terminal pair
such that KX + ∆ is pseudo-effective. For any ε > 0, there exists an
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ε-log smooth model ϕ : (W,∆ε
W ) → (X,∆) such that the (KW + ∆ε

W )-
trivial reduction map can be realized as a morphism on W whose image
has dimension τ̃(X,∆).

Proof. By Remark 3.7, the construction of the reduction map for any
ε-log smooth model is completely independent of the choice of ε > 0.
So we may fix an arbitrary ε > 0 for the remainder of the proof.

First choose an ε-log smooth model (W ′,∆ε
W ′) such that τ(KW ′ +

∆ε
W ′) = τ̃(X,∆). Let (W,∆ε

W ) be an ε-log smooth model such that
there is a birational map ϕ : W → W ′ and a morphism f : W → Z
resolving the (KW ′ + ∆ε

W ′)-trivial reduction map. Note that there is
some effective ϕ-exceptional divisor E such that KW + ∆ε

W + E ≥
ϕ∗(KW ′ +∆ε

W ′). If KW +∆ε
W has vanishing intersection with a movable

curve on W , then E does as well, and hence so does ϕ∗(KW ′ + ∆ε
W ′).

This means that f factors birationally through the (KW + ∆ε
W )-trivial

reduction map by the universal property of reduction maps. Since
τ(KW ′ + ∆ε

W ′) is maximal over all ε-log smooth models, f must in
fact be (birationally equivalent to) the (KW + ∆ε

W )-trivial reduction
map. �

Remark 3.9. If D is a nef divisor, the D-trivial reduction map is
birationally equivalent to the nef reduction map of D (see [BCEK+]).
Thus n(D) = τ(D), where n(D) is the nef dimension of D in [BCEK+,
Definition 2.7]. Moreover, for a projective kawamata log terminal pair
(X,∆) such that KX + ∆ is nef, τ(KX + ∆) = τ̃(X,∆) since the nef
reduction map is almost holomorphic.

The remainder of this section is devoted to proving that τ̃(X,∆) is
preserved upon passing to a minimal model. In fact τ̃ does not change
under any flip or divisorial contraction.

Definition 3.10. Let X be a normal projective variety and T ⊂
Chow(X) be an irreducible proper subvariety parametrizing 1-cycles.
We say that the family of 1-cycles {Ct}t∈T is a covering family if the
map to X is dominant.

Let D be a R-Cartier divisor on X. A covering family {Ct}t∈T is
D-trivial if D.Ct = 0 for all t ∈ T . A covering family {Ct}t∈T is 1-
connected if for general points x and y ∈ X there is t ∈ T such that Ct
is an irreducible curve containing x and y.

Proposition 3.11 (cf. [Leh1, Proposition 4.8]). Let X be a normal
projective variety and D an R-Cartier divisor on X. Suppose that there
exists a D-trivial 1-connected covering family {Ct}t∈T . Then ν(D) = 0.

Proof. For any birational map ϕ : W → X, the strict transforms of
the curves Ct are still 1-connecting. Thus, the generic quotient (in the
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sense of [Leh1, Construction 3.2]) of X by the family {Ct}t∈T contracts
X to a point. Thus ν(D) = ν(f ∗D) = 0 by [Leh1, Theorem 1.1]. �

Proposition 3.12. Let (X,∆) be a projective kawamata log terminal
pair. Then ν(KX +∆) = 0 if and only if there exists a (KX +∆)-trivial
1-connected covering family {Ct}t∈T such that Ct ∩ B−(KX + ∆) = ∅
for general t ∈ T .

Proof. The reverse implication follows from Proposition 3.11. Now
assume that ν(KX + ∆) = 0. By [D, Corollaire 3.4], there is a good
minimal model ϕ : X 99K X ′ of (X,∆) with KX′ + ϕ∗∆ ∼Q 0. Take a
log resolution of (X,∆) and (X ′, ϕ∗∆):

W
p

~~

q

!!
X // X ′.

Set E to be the effective q-exceptional divisor such that

p∗(KX + ∆) = q∗(KX′ + ϕ∗∆) + E.

Now, since KX′ + ϕ∗∆ ∼Q 0,

p∗(KX + ∆) ∼Q E.

Because codim q(SuppE) ≥ 2, there exists a complete intersection irre-
ducible curve C on X ′ with respect to very ample divisors H1, . . . , Hn−1

containing two general points x, y such that C ∩ q(SuppE) = ∅. Let
C̄ be the strict transform of C on X. Then

(KX + ∆).C̄ = 0.

In general, B−(D) ⊆ SuppD for an effective R-Cartier divisor D.
Moreover, when ν(D) = 0, B−(D) = SuppD by the equality D =
Nσ(D) and Lemma 2.9 (2). Thus we have p(SuppE) = B−(KX + ∆).
(See [BBP, Theorem A (i)] and [CD, Theorem 1.2] for more general
results.) The desired family can be constructed by taking the strict
transform of deformations of C which avoid q(SuppE). �

Proposition 3.13. Let (X,∆) be a Q-factorial projective kawamata
log terminal pair such that KX + ∆ is pseudo-effective. Suppose that

ϕ : (X,∆) 99K (X ′,∆′)

is a (KX+∆)-flip or divisorial contraction. Then τ̃(X,∆) = τ̃(X ′,∆′).
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Proof. Consider a log resolution of (X,∆) and (X ′,∆′):

W
p

~~

q

!!
X // X ′.

For a sufficiently small positive number ε, write

KW + ∆ε
W = p∗(KX + ∆) +G

for the ε-log smooth structure induced by (X,∆) and

KW + ∆′εW = q∗(KX′ + ∆′) +G′,

for the ε-log smooth structure induced by (X ′,∆′). (Note that these
structures might differ, if for example ϕ is centered in a locus along
which the discrepancy is negative.) Using Lemma 3.8, we may assume
that the log resolution W satisfies

(1) the (KW+∆ε
W )-trivial reduction map is a morphism f : W → Y

with dim Y = τ̃(X,∆), and
(2) the (KW + ∆′εW )-trivial reduction map is a morphism f ′ : W →

Y ′ with dim Y ′ = τ̃(X ′,∆′) and Y ′ is smooth.

When ϕ is a flip, then there is some effective q-exceptional divisor E ′

such that KW + ∆ε
W = KW + ∆′εW +E ′. From Lemma 3.5 (2), it holds

that τ̃(X,∆) ≥ τ̃(X ′,∆′). When ϕ is a divisorial contraction, then
there is some effective q-exceptional divisor E ′ such that KW + ∆ε

W +
εT = KW + ∆′εW + E ′, where T denotes the strict transform on W of
the ϕ-exceptional divisor. In this case, we know that KW + ∆ε

W − δT
is pseudo-effective for some δ > 0. Thus any movable curve C with
(KW + ∆ε

W ).C = 0 also satisfies (KW + ∆ε
W + εT ).C = 0, and in

particular τ̃(X,∆) = τ(KW + ∆ε
W + εT ). Again applying Lemma 3.5

(2) we have τ̃(X,∆) ≥ τ̃(X ′,∆′). Conversely, by Proposition 3.12
a very general fiber F ′ of f ′ admits a 1-connecting covering family of
KW +∆′εW -trivial curves {Ct}t∈T such that Ct∩B−((KW +∆′εW )|F ′) = ∅
for general t ∈ T . Let E ′ denote the q-exceptional divisor defined
earlier. Note that since E ′ is q-exceptional and (W,∆′εW ) is an ε-log
smooth model with ε > 0, we have µE ′ ≤ Nσ(KW + ∆′εW ) for some
µ > 0. Furthermore, since E ′|F ′ is effective and ν((KW + ∆′εW )|F ′) = 0,
we know that µE ′|F ′ ≤ Nσ((KW +∆′εW )|F ′). Thus E ′.Ct = 0 for general
t since Ct avoids B−((KW + ∆′εW )|F ′). So

(KW + ∆ε
W ).Ct ≤ (KW + ∆′εW + E ′).Ct

= 0.
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Since the Ct form a 1-connected covering family in a very general fiber
of f ′, the universal property of the (KW + ∆′εW )-trivial reduction map
implies that f factors birationally through f ′. This demonstrates the
reverse inequality τ̃(X,∆) ≤ τ̃(X ′,∆′).

�

Corollary 3.14. Let (X,∆) be a Q-factorial projective kawamata log
terminal pair such that KX+∆ is pseudo-effective. Suppose that (X,∆)
has a good minimal model. Then

τ̃(X,∆) = τ(KX + ∆) = κ(KX + ∆).

Proof. We always have τ̃(X,∆) ≥ τ(KX + ∆) ≥ κ(KX + ∆). Since
τ̃(X,∆) is preserved by steps of the minimal model program, the equal-
ity of the outer two quantities can be checked on the good minimal
model.

So suppose that KX + ∆ is semiample and let f : X → Z denote
the morphism defined by a sufficiently high multiple of KX + ∆. For
any birational map ϕ : W → X, we can intersect a general fiber F of f
with general very ample divisors to find a movable curve C contained
in F and avoiding the image of the ϕ-exceptional locus. In particular,

if (W,∆ε
W ) is an ε-log smooth model of (X,∆), the strict transform C̃

of C satisfies (KW + ∆ε
W ).C̃ = 0 and the (KW + ∆ε

W )-trivial reduction
map is f ◦ ϕ. This shows that τ(KW + ∆ε

W ) = κ(KX + ∆) for every
ε-log smooth model (W,∆ε

W ). �

4. Applications to the minimal model program

In this section we first discuss how the existence of a good minimal
model can be reinterpreted using the notion of abundance. We then
prove Lemma 4.4, the main technical tool, and conclude with proofs of
the theorems.

4.1. Abundance and the existence of good minimal models.
The notion of abundance was introduced to capture those divisors with
particularly good numerical behavior.

Lemma 4.1 ([N, V.4.2 Corollary]). Let (X,∆) be a projective kawa-
mata log terminal pair such that KX + ∆ is pseudo-effective. Then the
following are equivalent:

(1) κ(KX + ∆) = ν(KX + ∆).
(2) κ(KX + ∆) ≥ 0 and if ϕ : X ′ → X is a birational morphism

and f : X ′ → Z ′ a morphism resolving the Iitaka fibration for
KX + ∆, then

ν(ϕ∗(KX + ∆)|F ) = 0
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for a general fiber F of f .

If either of these equivalent conditions hold, we say that KX + ∆ is
abundant.

To relate abundance to the existence of minimal models, we will use
the following special case.

Theorem 4.2 ([N, V.4.9 Corollary] and [D, Corollaire 3.4] (cf. [G])).
Let (X,∆) be a Q-factorial projective kawamata log terminal pair such
that ν(KX + ∆) = 0. Then KX + ∆ is abundant and (X,∆) admits a
good minimal model.

The following theorem is known to experts; for example, see [DHP,
Remark 2.6]. The theorem is a consequence of [Lai, Theorem 4.4]. Note
that the statement does not involve any inductive assumptions.

Theorem 4.3 (cf. [DHP]). Let (X,∆) be a Q-factorial projective
kawamata log terminal pair. Then KX + ∆ is abundant if and only
if (X,∆) has a good minimal model.

Proof. First suppose that (X,∆) has a good minimal model (X ′,∆′).
Let Y be a common resolution of X and X ′ (with morphisms f and g
respectively) and write

f ∗(KX + ∆) = g∗(KX′ + ∆′) + E

where E is an effective g-exceptional Q-divisor. Thus

Pσ(f ∗(KX + ∆)) = Pσ(g∗(KX′ + ∆′))

and since the latter divisor is semi-ample, the first is semi-ample as
well. The abundance of KX + ∆ follows from the fact that the Iitaka
and numerical dimensions are invariant under pulling-back and passing
to the positive part.

Conversely, suppose that KX + ∆ is abundant. Let f : (X,∆) 99K Z
be the Iitaka fibration of KX + ∆. Choose an ε-log smooth model
ϕ : (W,∆ε

W ) → X with sufficiently small ε > 0 so that f is resolved
on W . By [BCHM, Lemma 3.6.10] we can find a minimal model for
(X,∆) by constructing a minimal model of (W,∆ε

W ) . Moreover we see
that f ◦ϕ is also the Iitaka fibration of KW + ∆ε

W and ν(KW + ∆ε
W ) =

ν(KX + ∆). Replacing (X,∆) by (W,∆ε
W ), we may suppose that the

Iitaka fibration f is a morphism on X.
By [N, V.4.2 Corollary], ν(KF + ∆F ) = 0 where F is a general fiber

of f and KF + ∆F = (KX + ∆)|F . Thus (F,∆F ) has a good minimal
model by Theorem 4.2. The arguments of [Lai, Theorem 4.4] for (X,∆)
now show that (X,∆) has a good minimal model. �
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4.2. Main results. The following lemma is key for proving our main
results.

Lemma 4.4. Let (X,∆) be a projective kawamata log terminal pair.
Suppose that f : X → Z is a projective morphism with connected fibers
to a projective normal variety Z such that ν((KX + ∆)|F ) = 0 for a
general fiber F of f . Then there exists a log resolution µ : X ′ → X
of (X,∆), a projective smooth birational model Z ′ of Z, a kawamata
log terminal pair (Z ′,∆Z′), and a morphism f ′ : X ′ → Z ′ birationally
equivalent to f such that

Pσ(µ∗(KX + ∆)) ∼Q Pσ(f ′∗(KZ′ + ∆Z′)).

Proof. We first reduce to the case when f satisfies the stronger property
that (KX + ∆)|F ∼Q 0 for a general fiber F of f . Run the relative
minimal model program with scaling of an ample divisor on (X,∆)
over Z. By [F, Theorem 2.3], after finitely many steps we obtain a
birational model ψ : X 99K Xi with a morphism fi : Xi → Z such
that B−((KXi

+ ψ∗∆)|Fi
) has no divisorial components for a general

fiber Fi of fi. Moreover ν((KXi
+ ψ∗∆)|Fi

) = κ((KXi
+ ψ∗∆)|Fi

) = 0
by Theorem 4.2. Thus we have the property (KXi

+ψ∗∆)|Fi
∼Q 0 (see

the proof of Proposition 3.12).
Furthermore, recall that for any common log resolution W of (X,∆)

and (Xi, ψ∗∆)

W
p

~~

q

!!
X

ψ // Xi.

there is an effective q-exceptional divisor M on W such that p∗(KX +
∆) = q∗(KXi

+ψ∗∆)+M . In particular Pσ(p∗(KX+∆)) = Pσ(q∗(KXi
+

ψ∗∆)) by Lemma 2.16. If we prove the statement of the theorem for
(Xi, ψ∗∆) for the morphism f : X ′ → Z ′, the conclusion also holds for
any composition f ◦q′ : W → X ′ → Z ′ where W is a smooth birational
model of X ′. Letting W be a common log resolution as above, we
conclude the statement of the theorem for (X,∆).

So we assume from now on that (KX + ∆)|F ∼Q 0 for a general fiber
F of f . We may apply the techniques of [FM, 4.4] to find a morphism
birationally equivalent to f that satisfies nice properties. That is, there
exist:

• a log smooth model (X ′,∆′) of (X,∆) with birational map µ :
X ′ → X, where we write KX′ + ∆′ = µ∗(KX + ∆) + E for an
effective µ-exceptional divisor E,
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• a Q-Cartier divisor B on X ′ which we express as the difference
B = B+−B− of effective divisors B+ and B− with no common
components,
• a smooth variety Z ′ and a divisor ∆Z′ , and
• a morphism f ′ : X ′ → Z ′ birationally equivalent to f

satisfying the properties:

(1) KX′ + ∆′ ∼Q f
′∗(KZ′ + ∆Z′) +B,

(2) there is a positive integer b such that

H0(X ′,mb(KX′ + ∆′)) = H0(Z ′,mb(KZ′ + ∆Z′))

for any positive integer m,
(3) B− is f ′-exceptional and µ-exceptional, and
(4) f ′∗OX′(xlB+y) = OZ′ for every positive integer l.

We next apply the results of [A2]. Choose an integer m so that m(KX+
∆) is a Cartier divisor andm(KX+∆)|F ∼ 0 for the general fiber F of f .
Then f∗OX(m(KX+∆)) 6= 0 since it is invertible over an open subset of
Z by Grauert’s theorem. Thus there is an ample divisor A on Z so that
H0(X,m(KX + ∆) + f ∗A) 6= 0. Choose an effective divisor Ω in this
linear system. Ω must be f -vertical since Ω|F ≡ 0 for the general fiber
F of f . In the notation of [A2], f : (X,∆− 1

m
Ω)→ Z is an LC-trivial

fibration. [A2, Theorem 3.3] allows us to conclude the additional key
property that (Z ′,∆Z′) may be taken to be a kawamata log terminal
pair (perhaps after additional birational modifications which we absorb
into the notation).

We conclude by comparing Pσ(KX + ∆) and Pσ(KZ′ + ∆Z′). Write
B+ = B+

h +B+
v for the decomposition into the f ′-horizontal components

B+
h and the f ′-vertical components B+

v . We analyze in turn B−, then
B+
h , then B+

v .
First consider B−. Since B− and E are µ-exceptional, Lemma 2.16

shows that E+B− ≤ Nσ(µ∗(KX + ∆) +E+B−). Thus we may apply
Lemma 2.9 (4) to B− to obtain

Nσ(KX′ + ∆′ +B−) = Nσ(µ∗(KX + ∆) + E +B−)

= Nσ(µ∗(KX + ∆) + E) +B− by Lemma 2.9 (4),

= Nσ(KX′ + ∆′) +B−.(∗)

Next consider B+
h . Note that ν((KX′ + ∆′)|F ′) = 0 for a general

fiber F ′ of f ′. Indeed, for a general F ′ the map µ|F ′ is birational so
that E|F ′ is µ|F ′-exceptional. By Lemma 2.16 Pσ((KX′ + ∆′)|F ′) =
Pσ(µ∗(KX + ∆)|F ′) and so by Lemma 2.12

ν((KX′ + ∆′)|F ) = ν(µ∗(KX + ∆)|F ′) = 0.
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This implies that if D is an effective divisor on F ′ such that (KX′ +
∆′)|F ′ −D is pseudo-effective then D ≤ Nσ((KX′ + ∆′)|F ′). Applying
this fact to B+

h |F ′ we obtain

B+
h |F ′ ≤ Nσ((KX′ + ∆′)|F ′) ≤ Nσ(KX′ + ∆′)|F ′ .

As F ′ is general, this equation implies that B+
h ≤ Nσ(KX′ + ∆′). By

our earlier work for B−, it is also true that B+
h ≤ Nσ(KX′ + ∆′+B−).

Finally, consider B+
v . By Lemma 2.15, property (4) shows that B+

v

is f ′-degenerate. Again applying Lemma 2.16,

Pσ(f ′∗(KZ′ + ∆Z′) +B+
v ) = Pσ(f ′∗(KZ′ + ∆Z′)).(∗∗)

Putting it all together, we find

Pσ(µ∗(KX + ∆)) = Pσ(KX′ + ∆′) since E is µ-exceptional,

= Pσ(KX′ + ∆′ +B−) by (∗),
= Pσ(KX′ + ∆′ +B− −B+

h ) by analysis of B+
h ,

∼Q Pσ(f ′∗(KZ′ + ∆Z′) +B+
v ) by property (1),

= Pσ(f ′∗(KZ′ + ∆Z′)) by (∗∗).
�

Corollary 4.5. Let (X,∆) be a projective Q-factorial kawamata log
terminal pair. Suppose that f : X → Z is a morphism with connected
fibers to a projective normal variety Z such that ν((KX +∆)|F ) = 0 for
a general fiber F of f . Then there exists a smooth projective birational
model Z ′ of Z and a kawamata log terminal pair (Z ′,∆Z′) such that
(X,∆) has a good minimal model if and only if (Z ′,∆Z′) has a good
minimal model.

Proof. By Lemma 4.4 and the fact that the Iitaka and numerical dimen-
sions are invariant under pull-back and under passing to the positive
part Pσ, we see that KX + ∆ is abundant if and only if KZ′ + ∆Z′ is
abundant. We conclude by Theorem 4.3. �

Theorem 4.6. Assume the existence of good minimal models for Q-
factorial projective kawamata log terminal pairs in dimension d. Let
(X,∆) be a Q-factorial projective kawamata log terminal pair such that
KX + ∆ is pseudo-effective and τ̃(X,∆) = d. Then there exists a good
log minimal model of (X,∆).

Proof. Using Lemma 3.8, we can find a birational morphism ϕ : W →
X from an ε-log smooth model (W,∆ε

W ) of (X,∆) for a sufficiently
small positive number ε and a morphism f : W → Z with connected
fibers such that
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(i) ν((KW + ∆ε
W )|F ) = 0 for the general fiber F of f and

(ii) dim Z = τ̃(X,∆).

Corollary 4.5 implies that (W,∆ε
W ) has a good minimal model. (X,∆)

then has a good minimal model by [BCHM, Lemma 3.6.10]. �

Corollary 4.7. Conjecture 1.4 holds up to dimension n if and only
Conjecture 1.2 holds up to dimension n.

Proof. Assume that Conjecture 1.4 holds up to dimension n. By in-
duction on dimension, we may assume that Conjecture 1.2 holds up to
dimension n − 1. Let (X,∆) be a projective kawamata log terminal
pair of dimension n. If τ̃(X,∆) < n then KX + ∆ is abundant by The-
orem 4.6 and the induction hypothesis. If τ̃(X,∆) = n then some ε-log
smooth model (W,∆ε

W ) does not admit a (KW + ∆ε
W )-trivial covering

family of curves. Since we are assuming Conjecture 1.4, KW +∆ε
W must

be big. [BCHM] then gives the existence of a good minimal model for
(W,∆ε

W ) and hence also for (X,∆).
Conversely, assume that Conjecture 1.2 holds up to dimension n.

Suppose that (X,∆) is a projective kawamata log terminal pair of
dimension at most n admitting a (KX + ∆)-trivial covering family
of curves. Then τ(KX + ∆) < dimX. Corollary 3.14 shows that
κ(KX + ∆) < dimX so KX + ∆ is not big. �

Remark 4.8. It seems likely that one could formulate a stronger
version of Corollary 4.7 using the pseudo-effective reduction map for
KX+∆ (cf. [E2] and [Leh1]). The difficulty is that the pseudo-effective
reduction map only satisfies the weaker condition ν(Pσ(KX+∆)|F ) = 0
on a general fiber F , so it is unclear how to use the inductive hypothesis
to relate F with X.
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totic invariants of base loci, Ann. Inst. Fourier (Grenoble) 56 (2006), no.
6, 1701–1734.

[F] O. Fujino, Semi-stable minimal model program for varieties with trivial
canonical divisor, Proc. Japan Acad. Ser. A Math. Sci. 87 (2011), no. 3,
25–30.

[FM] O. Fujino and S. Mori, A canonical bundle formula, J. Differential Geom.
56 (2000), no. 1, 167–188.

[Fu] S. Fukuda, Tsuji’s numerically trivial fibrations and abundance, Far East
Journal of Mathematical Sciences, Volume 5, Issue 3, Pages 247–257.

[G] Y. Gongyo, On the minimal model theory for dlt pairs of numerical log
Kodaira dimension zero, Math. Res. Lett. 18 (2011), no. 5, 991–1000.

[Ka1] Y. Kawamata, Pluricanonical systems on minimal algebraic varieties. In-
vent. Math. 79 (1985), no. 3, 567–588.

[Ka2] Y. Kawamata, Crepant blowing-up of 3-dimensional canonical singularities
and its application to degenerations of surfaces. Ann. of Math. 127(1988),
93–163.

[Ka3] Y. Kawamata, On the abundance theorem in the case of ν = 0, preprint,
arXiv:1002.2682., to appear in Amer. J. Math.

[Lai] C.-J. Lai, Varieties fibered by good minimal models, Math. Ann., 350
(2011), no. 3, 533–547.

[Leh1] B. Lehmann, On Eckl’s pseudo-effective reduction map,
arXiv:1103.1073v1, to appear in Trans. of the A.M.S.

[Leh2] B. Lehmann, Comparing numerical dimensions, arXiv:1103.0440v1.
[N] N. Nakayama, Zariski decomposition and abundance, MSJ Memoirs, 14.

Mathematical Society of Japan, Tokyo, 2004.
[Siu] Y. T. Siu, Abundance conjecture, preprint, arXiv:0912.0576v3.
[Ta] S. Takayama, On uniruled degenerations of algebraic varieties with trivial

canonical divisor, Math. Z. 259 (2008), no. 3, 487–501.



REDUCTION MAPS AND MINIMAL MODEL THEORY 19

[Ts] H. Tsuji, Numerically trivial fibration, preprint, math.AG/0001023.

Graduate School of Mathematical Sciences, the University of Tokyo,
3-8-1 Komaba, Meguro-ku, Tokyo 153-8914, Japan.

E-mail address: gongyo@ms.u-tokyo.ac.jp

Department of Mathematics, University of Michigan, Ann Arbor,
MI 48109

E-mail address: blehmann@umich.edu


